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PREFACE TO THE 


FIFTH EDITION 


. “Analysis has been the dominant branch of 
Mathematics for three hundred years, 
and differential equations are the 
heart of Analysis.” 
— George F. Simmons (1972) 


Taking up where our fourth edition left off, we are pleased to present the fifth edition of our book on differ- 
ential equations. This classic area of mathematics bridges the “pure” and “applied” aspects of the Queen of 
Sciences. There has never really been a time, since the discovery of The Calculus, when differential equations 
were not either explicitly or implicitly involved in life issues. Anytime rates or accumulations are discussed, 
differential equations are somehow involved. Think COVID-19. 

In this edition, we have appended five more chapters (35 through 39). For the user’s convenience, we have 
not changed the numbering of previous chapters. We followed this policy to preserve numerical continuity with 
past (and future) corresponding supplemental videos, which are available online. 

When addressing difficult problems (many times having no easily obtainable analytical solution), we took 
holistic and comprehensive approaches, as the reader will read in Chapter 36 (Solving Systems of Differential 
Equations via Eigenvalues Using Mathematica). 

We have also taken advantage of technology by providing solution techniques, which are greatly enhanced 
using two powerful, yet “easy to use” tools: a computer algebra system (Mathematica®) and a spreadsheet 
(Excel®). For example, see Chapter 35 (Solving Differential Equations Using Mathematica) and Chapter 38 
(Euler’s Method Using Microsoft Excel®). 

This book has been a labor of love. 

Before we leave, the authors re-echo their gratitude to all who have assisted us in the past, either from our 
Academic Institutions or from McGraw Hill (and, of course, to the junior author’s Archbishop, Joseph Cardinal 
Tobin, CSsR). 

Finally, we also give a special thank you to Diane Grayson of McGraw Hill. 

We hope you enjoy our book. 


Richard Bronson 


Gabriel B. Costa 
Summer 2021 
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Basic Concepts 


DIFFERENTIAL EQUATIONS 


A differential equation is an equation involving an unknown function and its derivatives. 


Example 1.1. The following are differential equations involving the unknown function y. 


OY 544 (1.1) 
dx 
2 2 
e anes =1 (1.2) 
dy | @& 
475 + (sin) 5 + Say =0 (1.3) 
d’y ’ dy : dy ' 
Se a By ee a (ac =5x 14 
(2 (Z) *(f] (14) 
ay dy 
a eee, 15 
or’ Ox? ve) 


A differential equation is an ordinary differential equation (ODE) if the unknown function depends on 
only one independent variable. If the unknown function depends on two or more independent variables, the 
differential equation is a partial differential equation (PDE). With the exceptions of Chapters 31 and 34, the 
primary focus of this book will be ordinary differential equations. 


Example 1.2. Equations (/./) through (/ 4) are examples, of ordinary differential equations, since the unknown function y 
depends solely on the variable x. Equation (/.5) is a partial differential equation, since y depends on both the independent 
variables ¢ and x. 


The order of a differential equation is the order of the highest derivative appearing in the equation. 


Example 1.3. Equation (/./) is a first-order differential equation; (/.2), (1.4), and (/.5) are second-order differential 
equations. [Note in (/ .4) that the order of the highest derivative appearing in the equation is two.] Equation (/.3) is a third-order 
differential equation. 
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NOTATION 


The expressions y’, yy”, ’”, y, ..., y are often used to represent, respectively, the first, second, third, fourth, 
..., nth derivatives of y with respect to the independent variable under consideration. Thus, y” represents dy/dx? 
if the independent variable is x, but represents d*y/dp? if the independent variable is p. Observe that parentheses 
are used in y” to distinguish it from the nth power, y". If the independent variable is time, usually denoted by f, 
primes are often replaced by dots. Thus, y, ,and ¥ represent dy/dt, dy/dt*, and d>y/dt°, respectively. 


SOLUTIONS 


A solution of a differential equation in the unknown function y and the independent variable x on the interval 
£, is a function y(x) that satisfies the differential equation identically for all x in #. 


Example 1.4. Is y(x) =c, sin 2x + cy cos 2x, where c, and c, are arbitrary constants, a solution of y” + 4y =0? 


Differentiating y, we find 
y’ =2c, cos 2x — 2c, sin 2x and y’ =—4c, sin 2x — 4c cos 2x 
Hence, y’+4y =(—4c, sin 2x — 4c, cos 2x) + 4(c, sin 2x + cy cos 2x) 
= (— 4c, + 4c,) sin 2x + (— 4c) + 4c) cos 2x 
=0 


Thus, y =c, sin 2x + c, cos 2x satisfies the differential equation for all values of x and is a solution on the interval (— », ©). 


Example 1.5. Determine whether y = x7 — 1 is a solution of (y’)* + y?=—-1. 


Note that the left side of the differential equation must be nonnegative for every real function y(x) and any x, since it is 
the sum of terms raised to the second and fourth powers, while the right side of the equation is negative. Since no function 
y(x) will satisfy this equation, the given differential equation has no solution. 


We see that some differential equations have infinitely many solutions (Example 1.4), whereas other dif- 
ferential equations have no solutions (Example 1.5). It is also possible that a differential equation has exactly 
one solution. Consider (y’)* + y? = 0, which for reasons identical to those given in Example 1.5 has only one 
solution y =0. 

A particular solution of a differential equation is any one solution. The general solution of a differential 
equation is the set of all solutions. 


Example 1.6. The general solution to the differential equation in Example 1.4 can be shown to be (see Chapters 8 and 9) 
y =c, sin 2x + c) cos 2x. That is, every particular solution of the differential equation has this general form. A few particular 
solutions are: (a) y =5 sin 2x — 3 cos 2x (choose c; = 5 and cy = — 3), (b) y = sin 2x (choose c; = 1 and cy = 0), and (c) y =0 
(choose c, = cz, =0). 


The general solution of a differential equation cannot always be expressed by a single formula. As an example 
consider the differential equation y’ + y* = 0, which has two particular solutions y = 1/x and y =0. 


INITIAL-VALUE AND BOUNDARY-VALUE PROBLEMS 


A differential equation along with subsidiary conditions on the unknown function and its derivatives, all 
given at the same value of the independent variable, constitutes an initial-value problem. The subsidiary condi- 
tions are initial conditions. If the subsidiary conditions are given at more than one value of the independent 
variable, the problem is a boundary-value problem and the conditions are boundary conditions. 
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Example 1.7. The problem y” + 2y’ =e*; y(a) =1, y(@ =2 is an initial-value problem, because the two subsidiary con- 
ditions are both given at x = z. The problem y” + 2y’ = e*; y(0) = 1, y(1) = 1 is a boundary-value problem, because the two 
subsidiary conditions are given at the different values x =0 and x= 1. 


A solution to an initial-value or boundary-value problem is a function y(x) that both solves the differential 


equation and satisfies all given subsidiary conditions. 


1.1. 


1.2. 


13. 


Solved Problems 


Determine the order, unknown function, and the independent variable in each of the following differential 
equations: 


(a) yy" —5xy=e4+1 (b) ti+0y—(sint),Jy =0? -t4+1 
2 dit | 4, dt (d) (22) 4 7[ 48) 57 as = 
(c) S$ Is er dp* dp Dp 


(a) Third-order, because the highest-order derivative is the third. The unknown function is y; the independent 
variable is x. 

(b) Second-order, because the highest-order derivative is the second. The unknown function is y; the independent 
variable is ¢. 

(c) Second-order, because the highest-order derivative is the second. The unknown function is ¢; the independent 
variable is s. 

(d) Fourth-order, because the highest-order derivative is the fourth. Raising derivatives to various powers does 
not alter the number of derivatives involved. The unknown function is b; the independent variable is p. 


Determine the order, unknown function, and the independent variable in each of the following 
differential equations: 


2 2 
(a) ye aya (b) y al =x +1 
dy dy 
(c) 2%43%—-5x=0 (d) 1Ty® — by® — 4.2y =3 cos t 


(a) Second-order. The unknown function is x; the independent variable is y. 

(b) First-order, because the highest-order derivative is the first even though it is raised to the second power. The 
unknown function is x; the independent variable is y. 

(c) Third-order. The unknown function is x; the independent variable is t. 

(d) Fourth-order. The unknown function is y; the independent variable is t. Note the difference in notation 
between the fourth derivative y, with parentheses, and the fifth power y, without parentheses. 


Determine whether y(x) = 2e~* + xe™ is a solution of y” + 2y’+ y=0. 


Differentiating y(x), it follows that 


y(x) = —2e*+ e* — xe“ =- e* — xe™* 


y"(x) = e* —e* + xe% = xe™* 


Substituting these values into the differential equation, we obtain 
y" + 2y’ +y =xe™* + 2(- e* — xe) + (2e* + xe“) = 0 


Thus, y(x) is a solution. 


14. 


15. 


1.6. 


1.7. 


18. 


1.9. 
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Is y(x) = | a solution of y” + 2y’ + y =x? 


From y(x) = | it follows that y’(x) =0 and y”(x) = 0. Substituting these values into the differential equation, 
we obtain 


y’+2y'+y=04+20)4+1=1¥x 


Thus, y(x) = | is not a solution. 


Show that y = In x is a solution of xy” + y =0 on £ = (0, ©) but is not a solution on # = (— %, ©), 


On (0, ©) we have y’=I/x and y”=—1/x. Substituting these values into the differential equation, 
we obtain 


Thus, y = In x is a solution on (0, ©). 
Note that y = 1n x could not be a solution on (— ©, ©), since the logarithm is undefined for negative numbers 
and zero. 


Show that y= 1/(x?— 1) is a solution of y’ +2xy?=0 on #=(-1, 1) but not on any larger interval 
containing £. 


On (-1, 1), y=1/ (x? — 1) and its derivative y = 2x/ (x? — 1)? are well-defined functions. Substituting these 
values into the differential equation, we have 


2 
, 2x 1 
y + 2xy? = | | =0 


Thus, y = 1/(x? — 1) is a solution on ¥ = (-1, 1). 


Note, however, that 1/ (x? — 1) is not defined at x = +1 and therefore could not be a solution on any interval 
containing either of these two points. 


Determine whether any of the functions (a) y, = sin 2x, (b) y2(x) = x, or (c) y,(x) = }sin 2x is a solution 
to the initial-value problem y” + 4y =0; y(0) =0, y((0) = 1. 

(a) y,(x) is a solution to the differential equation and satisfies the first initial condition y(0)=0. However, 
y,(x) does not satisfy the second initial condition (y/(x)=2cos2x; y/(0)=2 cos0 =2 #1); hence it is not a solution 
to the initial-value problem. (b) y.(x) satisfies both initial conditions but does not satisfy the differential equation; 
hence y,(x) is not a solution. (c) y3(x) satisfies the differential equation and both initial conditions; therefore, it is a 
solution to the initial-value problem. 


Find the solution to the initial-value problem y’ + y = 0; y(3) = 2, if the general solution to the differential 
equation is known to be (see Chapter 8) y(x) = c,e™, where c, is an arbitrary constant. 


Since y(x) is a solution of the differential equation for every value of c,, we seek that value of c; which will also 
satisfy the initial condition. Note that y(3) =c,e7>. To satisfy the initial condition (3) = 2, it is sufficient to choose 
c, so that c,e~> = 2, that is, to choose c, = 2e°. Substituting this value for c, into y(x), we obtain y(x) = 2e%e~ = 2e** 
as the solution of the initial-value problem. 


Find a solution to the initial-value problem y’ + 4y = 0; y(0) = 0, y’(0) = 1, if the general solution to the 
differential equation is known to be (see Chapter 9) y(x) = c, sin 2x + c cos 2x. 
Since y(x) is a solution of the differential equation for all values of c, and cy (see Example 1.4), we seek those 


values of c; and c, that will also satisfy the initial conditions. Note that y(O) = c,; sin 0 + cy cos 0 = c). To satisfy 
the first initial condition, y(0)=0, we choose c,=0. Furthermore, y’(x)=2c, cos 2x—2c) sin 2x; thus, 
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1.10. 


1.11. 


1.12. 


y(0) =2c,; cos 0- 2c, sin 0=2c,. To satisfy the second initial condition, y’(0)=1, we choose 2c,=1, or 
c, = 5. Substituting these values of c; and c, into y(x), we obtain y(x) = +sin2x as the solution of the initial-value 
problem. 


Find a solution to the boundary-value problem y” + 4y = 0; y(1/8) =0, y(1/6) = 1, if the general solution 
to the differential equation is y(x) = c; sin 2x + cy cos 2x. 


iF rosn(£} eoon{% Joe (502 rol $2] 


To satisfy the condition y(7/8) =0, we require 


aay? Jee (5? Jno (1) 


f 1 1 
Furthermore, y ua =c, sin = + c, cos it =c V3 + C5 
6 3 3 2 2 


To satisfy the second condition, y(7/6) = 1, we require 


Note that 


1 1 
53a a (2) 


Solving (/) and (2) simultaneously, we find 


Substituting these values into y(x), we obtain 


(sin2x — cos2x) 


2 
y(x) ae. 


as the solution of the boundary-value problem. 


Find a solution to the boundary-value problem y’ + 4y = 0; y(0) = 1, y(7/2) = 2, if the general solution 
to the differential equation is known to be y(x) = c, sin 2x + c) cos 2x. 


Since y(0) =c, sin 0 +c) cos 0=cy, we must choose cy =1 to satisfy the condition y(0) = 1. Since y(7/2) 
=c, Sin 7+ cy cos H=— Cy, we must choose c, = —2 to satisfy the second condition, y(7/2) = 2. Thus, to satisfy both 
boundary conditions simultaneously, we must require cy to equal both | and — 2, which is impossible. Therefore, 
there does not exist a solution to this problem. 


Determine c, and c2 so that y(x) =c, sin 2x +c, cos 2x+ 1 will satisfy the conditions y(7/8) =0 and 


y (1/8) =~2. 
{e}n(tjoals}lde a) 


Note that 
To satisfy the condition y(7/8) = 0, we require c(4V2) + o(4V2) +1=0, or equivalently, 


c, +c, =-V2 (1) 


1.13. 
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Since y'(x) = 2c, cos 2x — 2c) sin 2x, 


A T sh Ie 
— |=2c,cos| — |—2c, sin} — 


=20 (52 | 2es 57 }= Ve, — Ve 


To satisfy the condition y(a/8) = V2.we require 2c, - 2c, = 2, or equivalently, 
cy =1 (2) 
Solving (/) and (2) simultaneously, we obtain c, =— 1/2 —1) and c, =- 4/2 +1). 


Determine c, and c, so that y(x) = c,e** + c,e* + 2 sin x will satisfy the conditions y(0) = 0 and y’(0) = 1. 


Because sin 0 =0, (0) =c, + co. To satisfy the condition y(O) =0, we require 
cy tc =0 () 


From y’ (x) = 2ce* + cye* + 2 cos x 
we have y’ (0) = 2c, +c) + 2. To satisfy the condition y’ (0) = 1, we require 2c; +c) +2 =1, or 


2c; +c, =-1 (2) 


Solving (/) and (2) simultaneously, we obtain c; =— and cy = 1. 


Supplementary Problems 


In Problems 1.14 through 1.23, determine (a) the order, (b) the unknown function, and (c) the independent 
variable for each of the given differential equations. 


1.14. 


1.16. 


1.18. 


1.20. 


1.22. 


1.24. 


1.25. 


(y”)? — 3yy’ + xy =0 1.15. x4y 4+ xy" =e 
?$—ts=1-sint 1.17. yO + xy" +2°y” — xy’ + sin y=0 
n 2, 2 
OF 224 1.19. dr een, 
dy" dy’) dy’ ~ dy 
& 3/2 P 
kal 2 d'b 
ta +y=x 1.21. eo 
db) ©) 4 AytyQ) 4 58 — ot 
— | =3p 1.23. y+ 2y*y + Sy? =e 
dp 
Which of the following functions are solutions of the differential equation y’ — Sy = 0? 


(a) y=5, (b) y =5x, (oO var, (d) y=e™, (e) y=2e™, (f) y=5e* 


Which of the following functions are solutions of the differential equation y’ — 3y = 6? 
(a) y=-2, — (b) y=0, (c) y=e*-2, (d) y=e*-3, (¢) y=4e*-2 


CHAP. 1] BASIC CONCEPTS 7 


1.26. Which of the following functions are solutions of the differential equation y — 2ty = t? 
(a) y=2, () y=-+, ©yze, @ yre-3, ( y=-Te -} 


1.27. Which of the following functions are solutions of the differential equation dy/dt = y/t? 
(a) y=0, (b) y=2, (c) y=2t, (d) y=-3t, (e) y=r 
1.28. Which of the following functions are solutions of the differential equation shown below? 


dy _ 2y' +x" 
dx xy® 


(a) y=x, (6) y=x8-x4, (0) ya yx'-x*, = @ y=O8-x4y!4 


1.29. Which of the following functions are solutions of the differential equation y” — y =0? 


(a) y=e", (b) y=sin x, (c) y=4e™, (d) y=0, (e) y=ix +l 


1.30. Which of the following functions are solutions of the differential equation y” — xy’ + y=0? 
(a) y=x", (b) y=x, (c) y=1-x, (d@) y=2-2, (e) y=0 


1.31. Which of the following functions are solutions of the differential equation x-4x+4x=e'? 


(a) x=e', (b) x=e7, (c) x=e%+e', (d) x=te*+e, (e-) x=e*+1e! 
In Problems 1.32 through 1.35, find c so that x(t) = ce~ satisfies the given initial condition. 
132. x(0)=0 1.33. x()=1 134. x1)=1 1.35. x(2)=-3 
In Problems 1.36 through 1.39, find c so that y(x) = c(1 — x°) satisfies the given initial condition. 
1.36. yO)=1 1.37. yd)=0 1.38. y2)=1 1.39. y1)=2 


In Problems 1.40 through 1.49, find c, and c, so that y(x) = c; sin x + c cos x will satisfy the given conditions. 
Determine whether the given conditions are initial conditions or boundary conditions. 


1.40. y(0)=1, y(0)=2 1.41. y(0) =2, y’(0)=1 

1 jm )_ 4 w= 
1.44. y(O)=1, o(E} 1.45. y0)=1, y(m= 
1.46. y0)=1, y(n) =2 1.47. y(0) =0, y’(0) =0 


1.48. (Fro (5 J! 1.49. y(0)=0, “(Es 
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In Problems 1.50 through 1.54, find values of c, and c, so that the given functions will satisfy the prescribed 
initial conditions. 

1.50. yx)=cye*+me*%+4sinx; y(O)=1, y(0)=-1 

151. yx)=cyxte,+x°-1; y)=1, y’(1)=2 

1.52. y(x) =c,e* + coe + 3e*; y(0)=0, y(0)=0 

1.53. y(x)=c, sinx+c,cosx+1; y(m=0, y(m)=0 


1.54. y(x)=cye* + cyxe* + xe"; yd)=1, Yq)=-1 


An Introduction 
to Modeling 
and Qualitative 
Methods 


MATHEMATICAL MODELS 


Mathematical models can be thought of as equations. In this chapter, and in other parts of the book 
(see Chapter 7, Chapter 14, and Chapter 31, for example), we will consider equations which model certain 
real-world situations. 

For example, when considering a simple direct current (DC) electrical circuit, the equation V = RI models 
the voltage drop (measured in volts) across a resistor (measured in ohms), where / is the current (measured in 
amperes). This equation is called Ohm’s Law, named in honor of G. S. Ohm (1787-1854), a German physicist. 

Once constructed, some models can be used to predict many physical situations. For example, weather 
forecasting, the growth of a tumor, or the outcome of a roulette wheel, can all be connected with some form of 
mathematical modeling. 

In this chapter, we consider variables that are continuous and how differential equations can be used in 
modeling. Chapter 34 introduces the idea of difference equations. These are equations in which we consider 
discrete variables; that is, variables which can take on only certain values, such as whole numbers. With few 
modifications, everything presented about modeling with differential equations also holds true with regard to 
modeling with difference equations. 


THE “MODELING CYCLE” 


Suppose we have a real-life situation (we want to find the amount of radio-active material in some ele- 
ment). Research may be able to model this situation (in the form of a “very difficult” differential equation). 
Technology may be used to help us solve the equation (computer programs give us an answer). The technologi- 
cal answers are then interpreted or communicated in light of the real-life situation (the amount of radio-active 
material). Figure 2-1 illustrates this cycle. 
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Interpretation/ 
Communication 
Fig. 2-1 
QUALITATIVE METHODS 


To build a model can be a long and arduous process; it may take many years of research. Once they 


are formulated, models may be virtually impossible to solve analytically. Then the researcher has two 
options: 


Simplify, or “tweak,” the model so that it can be dealt with in a more manageable way. This is a valid 
approach, provided the simplification does not overly compromise the “real-world” connection, and 
therefore, its usefulness. 


Retain the model as is and use other techniques, such as numerical or graphical methods (see 
Chapter 18, Chapter 19, and Chapter 20). This represents a qualitative approach. While we do not 
possess an exact, analytical solution, we do obtain some information which can shed some light on 
the model and its application. Technological tools can be extremely helpful with this approach. 


See Chapter 37 (Qualitative Methods) and Chapter 39 (Some Interesting Modeling Problems). 


Solved Problems 


Problems 2.1 through 2.11 deal with various models, many of which represent real-world situations. Assume 
the models are valid, even in the cases where some of the variables are discrete. 


2.1. 


2.2. 


2.3. 


Discuss the model: 7, = 32 + 1.8 Tc. 


This model converts temperatures from degrees on the Celsius scale to degrees on the Fahrenheit scale. 


Discuss the model: PV = nRT. 


This models ideal gases and is known as the Perfect Gas Law. Here, P is the pressure (in atmospheres), V is the 
volume (liters), 7 is the number of moles, R is the universal gas constant (R = 8.3145 J/mol K), and T is the temperature 
(degrees Kelvin). 


What does Boyle’s law tell us? 


Boyle’s law states that, for an ideal gas at a constant temperature, PV =k, where P (atmospheres), V (liters), 
and k is a constant (atmosphere-liters). 
Another way of stating this is that the pressure and volume are inversely proportional. 
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24. 


25. 


2.6. 


2.7. 


28. 


2.9. 


2.10. 


Discuss the model: J = ag 


dt 
This formula is used in electricity; / represents the current (amperes), g represents the charge (coulombs), ¢ is 
the time (seconds). Problems involving this model will be presented in both Chapter 7 and Chapter 14. 


2 
Discuss the model: m 2 + ao +ky=F(t). 
dt dt 

This is a classic model: a forced, mass-spring system. Here, y is a displacement (m), ¢ is time (sec), m is the mass 
(kg), a is a friction or damping constant (kg/sec), k is a spring constant (kg/sec?), and F(t) is a forcing function (N). 

Variations of this model can be used in problems ranging from shock absorbers on an automobile to answering 
questions about the human spinal column. 

The differential equation uses a number of classical concepts, including Newton’s second law and Hooke’s law. 
We will revisit this equation in Chapter 14. 


Assume M(t) represents the mass of an element in kgs. Suppose research has shown that the instantane- 
ous rate of decay of this element (kg/yr) is proportional to the amount present: M’(t) M(t). Set up a 
model for this relationship. 


The proportionality relationship M’(t) e< M(t) can be converted into an equation by introducing a 
proportionality constant, k (1/yr). So our model becomes M’(t) = kKM(t). We note that k <0, because M(t) is decreasing 
in size. 

This equation will be classified as a “separable equation” (see Chapter 3). The solution to this differential 
equation, which is qualitatively described as “exponential decay,” will be explored in Chapter 4. 


Consider the previous problem. Assume research revealed that the rate of decay is proportional to the 


square root of the amount present. Model this situation. 
1/2 


M(t) < .{M(t) implies M’(t) = k.,/M(t). We note here that the units of k are kg . The solution of this type 
of differential equation will be explored in Chapter 4. ie 


Model a population P(), if its rate of growth is proportional to the amount present at time f. 


This is the sister problem to Problem 2.6; that is, we have an “exponential growth” model, P’(t) = kP(?), 
where k > 0. 


Assume the population described in Problem 2.8 has an initial composition of 1000. That is, P(O) = 1000. 
You are also told that the solution of the differential equation P’(t) = kP(f) is given by P(t) = 1000e*", 
where f is in years. Discuss this model. 


Since k >0, we know that P(t) will increase exponentially as t > ©. We are forced to conclude that this is 
(most probably) not a reasonable model, due to the fact that our growth is unlimited. 

We do add, however, that this model might be helpful over a short period of time. “How helpful?” and “How 
short a period?” are questions which must be looked at qualitatively, and depend on the constraints and require- 
ments of the particular posed problem. 


Consider the assumptions in the two previous problems. Further, suppose the rate of growth of P(A) is pro- 
portional to the product of the amount present and some “maximum population” term, 100,000 — P(t), 
where the 100,000 represents the carrying capacity. That is, P(t) > 100,000, as t > ©. Introduction of a 
proportionality constant k, leads to the differential equation, P’(t) = kP(t)(100,000 — P(t)). Discuss this 
model. 


If P(t) is much less than 100,000, the differential equation can be approximated as P’(t) ~ kP(t) 
(100,000) = KP(t), where K = k(100,000). This would closely approximate exponential growth. So, for “small” 
P(t), there would be little difference between this model and the previous model discussed in Problems 2.8 and 2.9. 
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2.11. 


2.12. 


2.13. 


2.14. 


2.15. 


2.16. 


2.17. 


2.18. 


2.19. 
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If P(t) is close to 100,000 (meaning that 100,000 — P(r) = 0), then the differential equation can be approxi- 
mated as P’(t) = kP(t)(0) = 0. An approximate solution to this is P(t) = 100,000, since only a constant has a deriva- 
tive equal to 0. So “in the large,” P(t) “levels off’ to 100,000, the carrying capacity of the population. 

In this problem, we used a qualitative approach: we were able to decipher some information and express it in 
a descriptive way, even though we did not possess the solution to the differential equation. This type of equation 
is an example of a logistic population model and is used extensively in sociological studies. Also see Problem 7.7. 


Sometimes differential equations are “coupled” (see Chapter 17 and Chapter 25); consider the following 
system: 


= 2R-3RF 

t 

ae (1) 
~~ =-4F +5RF 

dt 


Here, let R represent the number of rabbits in a population, while F represents the number of foxes, and 
t is time (months). Assume this model reflects the relationship between the rabbits and foxes. What does 
this model tell us? 


This system of equations (/) mirrors a “predator-prey” relationship. The RF terms in both equations can be 
interpreted as an “interaction term.” That is, both factors are needed to have an effect on the equations. 

We see that the coefficient of R in the first equation is +2; if there was no RF term in this equation, R would 
increase without bound. The —3 coefficient of RF has a negative impact on the rabbit population. 

Turning our attention to the second equation, we see that F is multiplied by a —4, indicating that the fox 
population would decrease if they did not interact with rabbits. The positive coefficient for RF indicates a positive 
impact on the fox population. 

Predator-prey models are used extensively in many fields ranging from wildlife populations to military strategic 
planning. In many of these models qualitative methods are employed. 


Supplementary Problems 


Using Problem 2.1, find a model which converts temperatures from degrees on the Fahrenheit scale to degrees on 
the Celsius scale. 


V . : 
Charles’ law states that, for an ideal gas at a constant pressure, — =k, where V (liters), T (degrees Kelvin), and k 
is a constant (lit/°K). What does this model tell us? r 
dv d°x 


Discuss Newton’s second law of motion: F =ma=m 7 =m ae 
t t 


Suppose a room is being cooled according to the model T(t) = ./576 —t, where f (hours) and T (degrees Celsius). 
If we begin the cooling process at t= 0, when will this model no longer hold? Why? 


Suppose the room in Problem 2.15 was being cooled in such a way that T(t) = t? —20t + /576, where the variables 
and conditions are as above. How long would it take for the room to cool down to its minimum temperature? Why? 


Consider the model discussed in Problem 2.5. If we assume that the system is both “undamped” and “unforced,” 
2 


d’y 


that is F(t) =O and a = 0, the equation reduces to ers + ky =0. If we let m= 1 and k = 4 for further simplicity, we 
£ 


2 
have — + 4y =0. Suppose we know that y(f) = sin 21, satisfies the model. Describe the motion of displacement, y(¢). 
t 


Consider the previous problem. Find (a) the velocity function; (b) the acceleration function. 


d 
Consider the differential equation i =(y—1)(y — 2). Describe (a) the behavior of y at y=1 and y=2; (b) what 
x 
happens to y if y < 1; (c) what happens to y if 1 <y <2; (d) what happens to y if y>2? 
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2.20. 


2.21. 


2.22. 


Assume a chemical compound, X, is such that its rate of decay is proportional to the cube of its difference from a 
given amount, M, where both X and M are given in grams and time is measured in hours. Model this relationship 
with a differential equation. 


Suppose A and B are two vats interconnected with a number of pipes and drains. If A(t) and B(t) represent the number 
of gallons of liquid sugar in the respective vats at time ¢ (hours), what do A’(t) and B’(1) represent? 


Consider Problem 2.21. Suppose the following system of differential equations models the mixing of the vats: 


dA 


are 

t 

AB () 
—=dA+eB+f 

dt 


where a, b, c,d, e, and f are constants. What is happening to the liquid sugar and what are the units of the six constants? 


Classifications 
of First-Order 
Differential Equations 


STANDARD FORM AND DIFFERENTIAL FORM 


Standard form for a first-order differential equation in the unknown function y(x) is 


y =f(x, y) (3.1) 


where the derivative y’ appears only on the left side of (3./). Many, but not all, first-order differential equations 
can be written in standard form by algebraically solving for y’ and then setting f(x, y) equal to the right side of 
the resulting equation. 

The right side of (3./) can always be written as a quotient of two other functions M(x, y) and —N(x, y). Then 
(3.1) becomes dy/dx = M(x, y)/—N(x, y), which is equivalent to the differential form 


M(x, y)dx + N(x, y)dy =0 (3.2) 


LINEAR EQUATIONS 


Consider a differential equation in standard form (3./). If f(x, y) can be written as f(x, y) =-p@)y + gQ) 
(that is, as a function of x times y, plus another function of x), the differential equation is /inear. First-order 
linear differential equations can always be expressed as 


y + p(x)y = q(x) (3.3) 


Linear equations are solved in Chapter 6. 


BERNOULLI EQUATIONS 


A Bernoulli differential equation is an equation of the form 


y +p(x)y = q(x)y" (3.4) 


where n denotes a real number. When n = | or n =0,a Bernoulli equation reduces to a linear equation. Bernoulli 
equations are solved in Chapter 6. 
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HOMOGENEOUS EQUATIONS 
A differential equation in standard form (3.1) is homogeneous if 


f(tx, ty) =f(, y) (3.5) 


for every real number t. Homogeneous equations are solved in Chapter 4. 

Note: In the general framework of differential equations, the word “homogeneous” has an entirely different 
meaning (see Chapter 8). Only in the context of first-order differential equations does “homogeneous” have the 
meaning defined above. 


SEPARABLE EQUATIONS 


Consider a differential equation in differential form (3.2). If M(x, y) = A(x) (a function only of x) and 
N(x, y) = By) (a function only of y), the differential equation is separable, or has its variables separated. 
Separable equations are solved in Chapter 4. 


EXACT EQUATIONS 


A differential equation in differential form (3.2) is exact if 


OM(x,y) _ ON(x,y) (3.6) 
dy ox 


Exact equations are solved in Chapter 5 (where a more precise definition of exactness is given). 


Solved Problems 


3.1. Write the differential equation xy’ — y* = 0 in standard form. 


Solving for y’, we obtain y’ = y?/x which has form (3./) with f(x, y) = y7/x. 


3.2. Write the differential equation e*y’ + e**y = sin x in standard form. 
Solving for y’, we obtain 
e*y =-e*y + sin x 
or y =-e*y+e™ sin x 


which has form (3./) with f(x, y) =—e*y + e™ sin x. 


3.3. Write the differential equation (y’ + y)° = sin (y’/x) in standard form. 


This equation cannot be solved algebraically for y’, and cannot be written in standard form. 


3.4. Write the differential equation y(yy’ — 1) =x in differential form. 
Solving for y’, we have 
yy -y=x 
yy=sxt+y 
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or y (/) 


which is in standard form with f(x, y) = (x + y)/y. There are infinitely many different differential forms associated 
with (/). Four such forms are: 


(a) Take M(x, y)=x+y, M(x, y) = —y’. Then 


M(x,y) _ KEY EY 
-N(x.y) --y) » 


and (/) is equivalent to the differential form 


(x + y)dx + (-y*)dy =0 


2 


(b) Take M(x, y)=—1, N(x,y) =——. Then 
x+ y 


M(x,y) _ -l _xty 
-N(x,y) -ylaty) y° 


and (/) is equivalent to the differential form 


2 
( bac y oro 
x+y 


+ 9 
(c) Take M(x) ==> ,N(x,y) = : . Then 


M(x,y) _(@ty)/2 _ x+y 
-N(x,y) -(-y/2) y? 


and (/) is equivalent to the differential form 


2 


(d) Take M(x,y)=——, N(x,y) =. Then 
x x 


2 


M(x,y) _(-x-y)/x° _xty 


2 


-N(x,y) yx? y 


and (/) is equivalent to the differential form 
2 
~x7y y 
2 ye ae veo 


3.5. Write the differential equation dy/dx = y/x in differential form. 


This equation has infinitely many differential forms. One is 
dy= » ie 
x 


which can be written in form (3.2) as 


2 dx + (-Idy =0 (1) 
x 
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3.6. 


3.7. 


3.8. 


3.9. 


Multiplying (/) through by x, we obtain 


y dx + (-x)dy =0 (2) 
as a second differential form. Multiplying (/) through by 1/y, we obtain 
ae + ay =0 (3) 
x y 


as a third differential form. Still other differential forms are derived from (/) by multiplying that equation through 
by any other function of x and y. 


Write the differential equation (xy + 3)dx + (2x — y? + 1)dy = 0 in standard form. 


This equation is in differential form. We rewrite it as 
(2x — y* + 1)dy =—-(xy + 3) dx 


which has the standard form 


dy _ ~Gy +3) 
dx 2x-y +1 
> +3 
ot oe 
y -2x-1 


Determine if the following differential equations are linear: 

(a) y’ = (sin x)y +e (b) y =xsiny+e (c) Y=5 (d) y=y +x 

(e) y' +xy=0 (f) xy’ +y=Jy (g) y txy=e'y (i 4 6 
y 


(a) The equation is linear; here p(x) = —sin x and q(x) = e*. 

(b) The equation is not linear because of the term sin y. 

(c) The equation is linear; here p(x) =0 and q(x) =5. 

(d) The equation is not linear because of the term y’. 

(e) The equation is not linear because of the y* term. 

(f) The equation is not linear because of the y!” term. 

(g) The equation is linear. Rewrite it as y’ + (x — e*)y = 0 with p(x) =x — e* and q(x) =0. 
(h) The equation is not linear because of the 1/y term. 


Determine whether any of the differential equations in Problem 3.7 are Bernoulli equations. 


All of the linear equations are Bernoulli equations with n=0. In addition, three of the nonlinear 
equations, (e), (f ), and (A), are as well. Rewrite (e) as y’ = —xy°; it has form (3.4) with p(x) =0, g(x) =x, and n=5. 
Rewrite (f) as 


, 1 1 
y +oyscy!? 
x x 


It has form (3.4) with p(x) = q(x) = 1/x and n= 1/2. Rewrite (A) as y’ =—xy! with p(x) =0, q(x) =-x, and n=-1. 


Determine if the following differential equations are homogeneous: 


2 


) y= © y= 
x 


2xye"!” x+y 
——— @ y= = 


yx 


(a) y= 
x? + ysin— 
y 
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(a) The equation is homogeneous, since 


tyt+ix ty+x) yx _ 
1x 1x 


I (tx, ty) = f(x,y) 


(b) The equation is not homogeneous, since 
2 2.2 2 
5 
(yy _ty _,y 2s) 
aa aa x 


f (tx, ty) = 


(c) The equation is homogeneous, since 


tx /ty 2 x/y 
Fine 2(tx)(ty)e - _ tt 2xye - 
(tx) +(y)sin— x? +P y’sin— 
ty y 
2xyer!” 
= — = flay) 
x? +y’sin— 
y 


(d) The equation is not homogeneous, since 


(tx) +ty Px +ty a +y 
(tx) Px Px 


f(x, ty) = # f(x,y) 


3.10. Determine if the following differential equations are separable: 
(a) sinxdx+y'dy=0 = (b) xy*dx—-x’y’*dy=0 = (c) (1+ xy)dx + y dy=0 
(a) The differential equation is separable; here M(x, y) = A(x) = sin x and N(x, y) = B(y) = y’. 
(b) The equation is not separable in its present form, since M(x, y) = xy’ is not a function of x alone. But if we 
divide both sides of the equation by xy”, we obtain the equation (1/x)dx + (-l)dy =0, which is separable. 
Here, A(x) = 1/x and B(y) =-1. 
(c) The equation is not separable, since M(x, y) = 1 + xy, which is not a function of x alone. 


3.11. Determine whether the following differential equations are exact: 
(a) 3x*ydx+(y+x*)dy=0 (b) xy dx+y'dy=0 


(a) The equation is exact; here M(x, y) = 3x’y, N(x, y) =y +.x°, and OM/dy = AN/dx = 327. 
(b) The equation is not exact. Here M(x, y) = xy and N(x, y) = y?; hence OM/dy = x, ON/dx = 0, and OM/dy # ON/ox. 


3.12. Determine whether the differential equation y’ = y/x is exact. 


Exactness is only defined for equations in differential form, not standard form. The given differential equation 
has many differential forms. One such form is given in Problem 3.5, Eq. (/), as 


> dx +(-1)dy =0 
x 


Here M(x, y) = y/x, Nx, y) =—1, 


OM _1 9 ON 
oy x ox 


and the equation is not exact. A second differential form for the same differential equation is given in Eq. (3) of 
Problem 3.5 as 


ea eee er 
x y 
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3.13. 


3.14. 


Here M(x, y) = I/x, Nx, y) =-l/y, 


aM _ 
oy 


_aNn 


oo 
ox 


and the equation is exact. Thus, a given differential equation has many differential forms, some of which may be 
exact. 


Prove that a separable equation is always exact. 


For a separable differential equation, M(x, y) = A(x) and M(x, y) = B(y). Thus, 


oM(x,y) 7 dA(x) 26 aid ON(x,y) _ OB(y) = 
oy oy ox ox 


0 


Since dM/dy = ON/ox, the differential equation is exact. 


A theorem of first-order differential equations states that if f(x, y) and df(x, y)/dy are continuous in a 


rectangle R: lx —xpl < a, ly —yol <b, then there exists an interval about x) in which the initial-value 
problem y’ = f(x, y); y(xo) = yo has a unique solution. The initial-value problem y’ = 2,/I yl; y(0) =0 has 
the two solutions y =x lxl and y =0. Does this result violate the theorem? 


No. Here, f(x,y) =2,/l yl and, therefore, df/dy does not exist at the origin. 


Supplementary Problems 


In Problems 3.15 through 3.25, write the given differential equations in standard form. 


3.15. 


3.17. 


3.19. 


3.21. 


3.23. 


3.25. 


xy +y’=0 3.16. e'y’-x=y’ 
(yP+y? +y=sin x 3.18. xy’ +cos(y’ + y)=1 
et ay 3.20. (y’)? — Sy’ +6=(x+y)0” — 2) 
(x —y)dx + y°dy =0 3.22. A*Y oy —dy=0 
x—y 

ae ty dy =0 3.24. (e*—y)dx t+ e*dy =0 

x—y 
dy + dx =0 


In Problems 3.26 through 3.35, differential equations are given in both standard and differential form. Determine whether 
the equations in standard form are homogeneous and/or linear, and, if not linear, whether they are Bernoulli; determine 
whether the equations in differential form, as given, are separable and/or exact. 


3.26. 


3.27. 


3.28. 


3.29. 


y =xy; xydx -— dy =0 
y =xy; Se S08 
y =xyt+1; (xyt+ l)dx-dy=0 


2 
yas; > dx -dy=0 
y y 
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3.30. 


3.31. 


3.32. 


3.33. 


3.34. 


3.35. 
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y= 5 —xdx + y*dy =0 
y 


, 2 
y =>, 2xydx + xdy =0 
x 


2 
y=; de - (Py + dy =0 
xy+y 


2 

; —Xx 
Y= ss 
xyty 


53 xy"dx + (y+ y)dy =0 


y =xy tay; G? +y)dx- oa =0 
xy 


y =2xy +x; (2xye* +xe™ )dx — e” dy =0 


[CHAP. 3 


Separable First-Order 
Differential Equations 


GENERAL SOLUTION 


The solution to the first-order separable differential equation (see Chapter 3) 
A(x) dx + B(y) dy =0 (4.1) 


is [AQ d+ [BO) dy=c (4.2) 


where c represents an arbitrary constant. 

The integrals obtained in Eq. (4.2) may be, for all practical purposes, impossible to evaluate. In such cases, 
numerical techniques (see Chapters 18, 19, 20) are used to obtain an approximate solution. Even if the indicated 
integrations in (4.2) can be performed, it may not be algebraically possible to solve for y explicitly in terms of 
x. In that case, the solution is left in implicit form. 


SOLUTIONS TO THE INITIAL-VALUE PROBLEM 


The solution to the initial-value problem 
A(x) dx + B(y) dy =0; y(Xo) = yo (4.3) 
can be obtained, as usual, by first using Eq. (4.2) to solve the differential equation and then applying the initial 


condition directly to evaluate c. 
Alternatively, the solution to Eq. (4.3) can be obtained from 


I. A(x) dx + le B(y) dy =0 (4.4) 


Equation (4.4), however, may not determine the solution of (4.3) uniquely; that is, (4.4) may have many solutions, 
of which only one will satisfy the initial-value problem. 
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REDUCTION OF HOMOGENEOUS EQUATIONS 


The homogeneous differential equation 


= = f(x,y) (4.5) 


having the property that f(tx, ty) =f(x, y) (see Chapter 3) can be transformed into a separable equation by making 
the substitution 


y=xv (4.6) 


along with its corresponding derivative 


—=vtx— (4.7) 


The resulting equation in the variables v and x is solved as a separable differential equation; the required solution 
to Eq. (4.5) is obtained by back substitution. 
Alternatively, the solution to (4.5) can be obtained by rewriting the differential equation as 


dx 1 


ae (4.8) 
dy f(x,y) 
and then substituting 
x=yu (4.9) 
and the corresponding derivative 
dx du 
—=ut y— 
dy dy (4.10) 


into Eq. (4.8). After simplifying, the resulting differential equation will be one with variables (this time, wu and 
y) separable. 

Ordinarily, it is immaterial which method of solution is used (see Problems 4.12 and 4.13). Occasionally, 
however, one of the substitutions (4.6) or (4.9) is definitely superior to the other one. In such cases, the better 
substitution is usually apparent from the form of the differential equation itself. (See Problem 4.17.) 


Solved Problems 


41. Solve x dx—y’ dy=0. 
For this differential equation, A(x) =x and B(y) =—y’. Substituting these values into Eq. (4.2), we have 


Jx dx + Jor dy=c 


which, after the indicated integrations are performed, becomes x7/2 — y*/3 = c. Solving for y explicitly, we obtain 


the solution as 
3 iW ae 
=|—x +k] 3; k=-3c 
y é 
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4.2. 


43. 


44. 


45. 


Solve y’ = y’x?. 


We first rewrite this equation in the differential form (see Chapter 3) x° dx — (1/y”) dy = 0. Then A(x) =2° and 
B(y) =—1/y*. Substituting these values into Eq. (4.2), we have 


te dx + Jian”) dy=c 
or, by performing the indicated integrations, x*/4 + 1/y =c. Solving explicitly for y, we obtain the solution as 


A 
y= 


=>Z , k=-4c 
x'+k 


2 
Solve dy = x +2 
dx y 


This equation may be rewritten in the differential form 
(x? + 2) dx —y dy =0 


which is separable with A(x) =x? +2 and B(y) =-y. Its solution is 


J? +2) de -[ydy=c 


1 
or eee er 
3 2 


Solving for y, we obtain the solution in implicit form as 


2 
yaar raerk 


with k =—2c. Solving for y implicitly, we obtain the two solutions 


y= x 44x and y=- x tax 


Solve y’ = 5y. 


First rewrite this equation in the differential form 5 dx — (1/y) dy =0, which is separable. Its solution is 


fo dx + fy) dy=c 


or, by evaluating, 5x — In lyl=c. 

To solve for y explicitly, we first rewrite the solution as In lyl = 5x —c and then take the exponential of both 
sides. Thus, e"! = e**~°, Noting that e'"»' = Lyl, we obtain lyl = e*e~, or y =+ ee. The solution is given explicitly 
by y=ke*,k=+e~. 

Note that the presence of the term (—1/y) in the differential form of the differential equation requires the 
restriction y # 0 in our derivation of the solution. This restriction is equivalent to the restriction k # 0, since y = ke™. 
However, by inspection, y =0 is a solution of the differential equation as originally given. Thus, y = ke* is the solution 
for all k. 


The differential equation as originally given is also linear. See Problem 6.9 for an alternate method of solution. 


x+1 
4 


Solve y= 
y +1 


This equation, in differential form, is (x + 1) dx + (-y* — 1) dy =0, which is separable. Its solution is 


Jae+Dde+ Joy -1)dy=c 
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4.6. 


4.7. 


SEPARABLE FIRST-ORDER DIFFERENTIAL EQUATIONS 


or, by evaluating, 


2 5 


y 


—+x- +-y=e 


2 


5 


[CHAP. 4 


Since it is impossible algebraically to solve this equation explicitly for y, the solution must be left in its present 


implicit form. 


Solve dy = 2t(y + 9) dt. 


This equation may be rewritten as 


which is separable in variables y and ¢. Its solution is 


or, upon evaluating the given integrals, 


Solving for y, we obtain 


or 


with k = 3c. 


Solve a x? -2x42. 
dt 


2 _myat=0 
y +9 
2 — [2tdtr=c 
y +9 


acan(5 } 3(t? +c) 


Ed 
3 
y 


= tan (3f° + 3c) 


=3 tan (37° +k) 


This equation may be rewritten in differential form 


3 
x 


which is separable in the variables x and ¢. Its solution is 


Evaluating the first integral by first completing the square, we obtain 


or 


Solving for x as a function of t, we obtain 


or 


I 


J 


(x 


-1) +1 


a nr er, 
—2x+2 

= a fale 
—2x+2 


ok -fdr=c 


arctan (x-1)-t=c 


arctan (x-1)=tf+c 


x 


— | =tan (t+c) 
x=1+tan (t+c) 
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4.8. Solve e* dx—y dy=0; yO) =1. 
The solution to the differential equation is given by Eq. (4.2) as 
Je* dx + Jo» dy=c 


or, by evaluating, as y?=2e*+k, k=—2c. Applying the initial condition, we obtain (1)?=2e°+k, 1=2+k, or 
k =—1. Thus, the solution to the initial-value problem is 


y°=2e°-1 or y= 2e*-1 


[Note that we cannot choose the negative square root, since then y(0)=—1, which violates the initial 
condition.] 

To ensure that y remains real, we must restrict x so that 2e*— 10. To guarantee that y’ exists [note that 
y (x) = dy/dx = e*/y], we must restrict x so that 2e‘-— 1 #0. Together these conditions imply that 2e*- 1 >0, or 
x >In. 


4.9. Use Eq. (4.4) to solve Problem 4.8. 
For this problem, x)= 0, yo= 1, A(x) = e*, and B(y) =—y. Substituting these values into Eq. (4.4), we obtain 


fe dx + fo dy =0 


Evaluating these integrals, we have 


Thus, y*= 2e* — 1, and, as in Problem 4.8, y=2e" -1, x>In}. 


4.10. Solve x cos x dx + (1 — 6y°) dy =0; y(m) =0. 
Here, xp = 7, yp=0, A(x) =x cos x, and B(y) = 1 - 6y°. Substituting these values into Eq. (4.4), we obtain 


fx cos x dx + fa —6y°) dy =0 
Evaluating these integrals (the first one by integration by parts), we find 
xsin x|_ + cos.x|_ +(y- yl, =0 
or xsinx+cosxt+1=y—y 


Since we cannot solve this last equation for y explicitly, we must be content with the solution in its present 
implicit form. 


yx 


4.11. Solve y= 
x 


This differential equation is not separable, but it is homogeneous as shown in Problem 3.9(a). Substituting 
Eqs. (4.6) and (4.7) into the equation, we obtain 


dv xv+x 
v+tx—= 


x 


which can be algebraically simplified to 


ght ai or | home 
dx x 
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This last equation is separable; its solution is 
1 
—dx—|dv=c 
@-] 


which, when evaluated, yields v = In lxl —c, or 
v=In Ika (1) 
where we have set c = —In Ikl and have noted that In Ix + In [kl = In IAxl. Finally, substituting v = y/x back into (/), 


we obtain the solution to the given differential equation as y = x In Ikx1. 


2y* + x4 
-—__—.. 


4.12. Solve y’= 


This differential equation is not separable. Instead it has the form y’ = f(x, y), with 
2y* +x" 
fay= 
xy 
2(ty)* +(m)* _ tQy* +x*) _ 2y* +x" 


h (tx, ty) = 7 = f(x,y) 
eee fey) (tx)(ty) t*(xy’) xy’ aoe 


so it is homogeneous. Substituting Eqs. (4.6) and (4.7) into the differential equation as originally given, we obtain 


dv 2(xv) +x4 
v+x— = 
dx x(xvy° 


which can be algebraically simplified to 


dv _vitl 1 v 


x 
dx v Bs vit 


This last equation is separable; its solution is 


1 3 
Joae- [Tease 


Integrating, we obtain in In Ix|— {In (v* +1) =c, or 


vt +1=(kx)* (/) 


where we have set c = —In Ikl and then used the identities 


In bel + In Il =1n Ixl and 4 In lkxl = In (kx)* 


Finally, substituting v = y/x back into (/), we obtain 


Yecwe—x4 (=k) (2) 


4.13. Solve the differential equation of Problem 4.12 by using Eqs. (4.9) and (4./0). 
We first rewrite the differential equation as 
dx _ ay 
dy 2y*+x* 
Then substituting (4.9) and (4.10) into this new differential equation, we obtain 


3 
gays (yu)y 


dy 2y'+(u)* 
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4.14. 


which can be algebraically simplified to 


du__utu 
dy 24+u‘ 
4 
or diy 42 t* au a0 () 
y utu 


Equation (/) is separable; its solution is 


The first integral is in In lyl. To evaluate the second integral, we use partial fractions on the integrand to 
obtain 


2+us 2+u' _2 uw 
utu ultu‘’) u 1+ut* 


Therefore, 


2+u' 2: ue 1 
du=|— du du =21\nlul—-—In (1 +u* 
lier, iF liege 4 j 


The solution to (/) is in In ly! + 21n lul— 41n (1 + u*) =c, which can be rewritten as 


ky = 14 u4 (2) 


where c = —+In Ik|. Substituting u = x/y back into (2), we once again have (2) of Problem 4.12. 


2 
Solve y’ =< = 
x"-y 
This differential equation is not separable. Instead it has the form y’ =f(x, y), with 
2xy 
x,y)= 
S(x,y) eae 
2 
where f(t, ty) = OE EM) 3 S(x,y) 


G@y-oy F@-y) ey 


so it is homogenous. Substituting Eqs. (4.6) and (4.7) into the differential equation as originally given, we obtain 


which can be algebraically simplified to 


dv vv? +1) 
ppc reg da Sl 


dx vl 
2 —_ 
or i+ av=0 (J) 
x viv +1) 
Using partial fractions, we can expand (/) to 
* dx +(-+ +" |av=0 (2) 
x vovettl 


The solution to this separable equation is found by integrating both sides of (2). Doing so, we obtain In Ixl— 
In lvl + In (v2 + 1) =c, which can be simplified to 


xv7+ 1) =kv (c= In Ikl) (3) 


Substituting v = y/x into (3), we find the solution of the given differential equation is x7 + y*=ky. 
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4.15. 


4.16. 


4.17. 


4.18. 


SEPARABLE FIRST-ORDER DIFFERENTIAL EQUATIONS 


x+y 
xy : 
This differential equation is homogeneous. Substituting Eqs. (4.6) and (4.7) into it, we obtain 


Solve y = 


dv x? +(xvy 
v+x— = 
dx x(xv) 


which can be algebraically simplified to 
dv 1 


x— = or Lie vdv=0 
dx v x 


The solution to this separable equation is In lxl — v?/2 = c, or equivalently 
weInxvt+k (k=-2c) 
Substituting v = y/x into (/), we find that the solution to the given differential equation is 


y? = x7 In x? + kx? 


? 


2 2 
Solve y’= aa, y(1) =-2. 
xy 
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() 


The solution to the differential equation is given in Problem 3.15 as y?=x? In x*+kx’. Applying the initial 
condition, we obtain (-2)* = (1)* In (1)° + k(1), or k=4. (Recall that In 1 =0.) Thus, the solution to the initial-value 


problem is 


yaxinx? +4x? or y=—x7Inx? +4x° 


The negative square root is taken, to be consistent with the initial condition. 


eo” 


2xy 
y + yer +2x 


Solve y’ = : 
y 2 eo 


This differential equation is not separable, but it is homogeneous. Noting the (x/y)-term in the exponential, we 


try the substitution u =x/y, which is an equivalent form of (4.9). Rewriting the differential equation as 
dx y + yer” 42x20 


dy 2xye"!" 


we have, upon using substitutions (4.9) and (4./0) and simplifying, 


du 1+e" 1 2ue 
a or 


z dy 2ue" y l+e" 
This equation is separable; its solution is 
Inlyl—Ind +e" )=c 
which can be rewritten as 


y=k(l+e") (c=InIkl) 


Substituting u = x/y into (/), we obtain the solution of the given differential equation as 


y=kt+e*] 


Prove that every solution of Eq. (4.2) satisfies Eq. (4./). 


() 


Rewrite (4./) as A(x) + B(y)y’ = 0. If y(x) is a solution, it must satisfy this equation identically in x; hence, 


A(x) + Bly@)ly’@) = 0 
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Integrating both sides of this last equation with respect to x, we obtain 
JAG) dx + [BLy@)1y’() de =e 


In the second integral, make the change of variables y = y(x), hence dy = y'(x) dx. The result of this substitution is (4.2). 


4.19. Prove that every solution of system (4.3) is a solution of (4.4). 


Following the same reasoning as in Problem 4.18, except now integrating from x = x9 to x =x, we obtain 
J A@ ae + f° BLyColy@)dx =0 


The substitution y = y(x) again gives the desired result. Note that as x varies from x, to x, y will vary from y(x9) = yo 
to ya) =y. 


4.20. Prove that if y’ =f(x, y) is homogeneous, then the differential equation can be rewritten as y’ = g(y/x), 
where g(y/x) depends only on the quotient y/x. 


We have that f(x, y) =f(tx, ty). Since this equation is valid for all f, it must be true, in particular, for t = 1/x. 
Thus, f(x, y)=f(1, y/x). If we now define g(y/x) =f(1, y/x), we then have y’ =f(x, y)=f(1, y/x) = g(y/x) as 
required. 

Note that this form suggests the substitution v = y/x which is equivalent to (4.6). If, in the above, we had set 
t= 1/y, then f(x, y) = f(x/y, 1) = h(x/y), which suggests the alternate substitution (4.9). 


4.21. A function g(x, y) is homogeneous of degree n if g(tx, ty) =t"g(x, y) for all t. Determine whether the 
following functions are homogeneous, and, if so, find their degree: 


(a) xy + v, (b) x+y sin (y/x)*, (c) + xy’e", and (d) x+xy. 


(a) (tx)(ty) + (ty)? = P(xy + y*); homogeneous of degree two. 
2 2 
(b) tx + psin( = () + vsin( 2] } homogeneous of degree one. 
x x 


(c) (tx)? + (tx)(ty)?e"”? = B(x? + xye"”); homogeneous of degree three. 


(d) tx + (tx)(ty) = tx + Pxy; not homogeneous. 


4.22. An alternate definition of a homogeneous differential equation is as follows: A differential equation 
M(x, y) dx + N(x, y) dy =0 is homogenous if both M(x, y) and N(x, y) are homogeneous of the same 
degree (see Problem 4.21). Show that this definition implies the definition given in Chapter 3. 


If M(x, y) and N(x, y) are homogeneous of degree n, then 


M(x,ty) _ t"M(x,y) _ M(x, y) 
—N(tx, ty) —t"N(x, y) —N(x, y) 


f(x, ty) = = f(x,y) 


Supplementary Problems 


In Problems 4.23 through 4.45, solve the given differential equations or initial-value problems. 


4.23. xdx+ydy=0 424. xdx-y'dy=0 


4.25. dx++dy=0 (p>) 428 ¢+Nar—tay=0 
y y 
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4.27. 


4.29. 


431. 


433. 


435. 


437. 


439. 


4.41. 


4.43. 


4.45. 
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ae eer et 4.28. 
x ¥ 
1 
xdx +—dy=0 4.30. 
y 
Sie = 0 432. 
t y 
1 
ae -————ay=0 434, 
y -—6y +13 
(a 4.36. 
2y 
dy 
hs 4.38. 
oe 
a& _* 4.40. 
dt t 
sin x dx+ydy=0; yO) =-2 4.42. 
xe’ dx +(y°-l)dy=0; (0) =0 4.44, 


a a re x(0) =4 
dt 


J jee p=0 
x 


(+1) dt+(y’+y) dy =0 


1 
l+y 


dx — dy =0 


2 


dy 
=345 
dt ‘ 


(x? + dr +d =0 y(-1) =1 


2 — 
ye ; yG3)=-l 
y 
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In Problems 4.46 through 4.54, determine whether the given differential equations are homogenous and, if so, solve them. 


4.48. 


4.50. 


4.52. 


4.54, 


y= (>) 447. 
x 


2 2 
yor ee 4.49, 
xy 
2 2; 
led 451. 
2xy 
, y 
y= 4.53. 
xt [xy 


, 2y+x 
y= 


Exact First-Order 
Differential Equations 


DEFINING PROPERTIES 
A differential equation 
M(x, y) dx + NG, y) dy =0 (5.1) 
is exact if there exists a function g(x, y) such that 
dg(x, y) = M(x, y) dx + N(x, y) dy (5.2) 


Test for exactness: If M(x, y) and N(, y) are continuous functions and have continuous first partial derivatives 
on some rectangle of the xy-plane, then (5./) is exact if and only if 


OM(x,y) _ ON(x.y) (5.3) 
oy Ox 


METHOD OF SOLUTION 


To solve Eq. (5./), assuming that it is exact, first solve the equations 


28D ox,y) (5.4) 
Ag(x,y) = N(x,y) (5.5) 
oy 


for g(x, y). The solution to (5./) is then given implicitly by 
g(x, y)=c (5.6) 


where c represents an arbitrary constant. 

Equation (5.6) is immediate from Eqs. (5./) and (5.2). If (5.2) is substituted into (5./), we obtain 
dg(x, y(x)) = 0. Integrating this equation (note that we can write 0 as 0 dx), we have J dg(x, y(x)) = J 0 dx, which, 
in turn, implies (5.6). 
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INTEGRATING FACTORS 


In general, Eq. (5./) is not exact. Occasionally, it is possible to transform (5./) into an exact differential 
equation by a judicious multiplication. A function /(x, y) is an integrating factor for (5.1) if the equation 


I(x, y)[M(x, y)dx + N(x, y)dy] =0 (5.7) 


is exact. A solution to (5./) is obtained by solving the exact differential equation defined by (5.7). Some of the 
more common integrating factors are displayed in Table 5-1 and the conditions that follow: 


a ues - ay = g(x), a function of x alone, then 
N\ dy oO 
I(x, y) = ee (5.8) 
If Liou en =h(y), a function of y alone, then 
M\ dy Ox 
Ia, yy =e MOe (5.9) 
Table 5-1 


Group of terms Integrating factor I(x, y) Exact differential dg (x, y) 


y dx-—x dy OO a al® 
Xx 


: y 


gaeae ooo -(* 
y 


y dx—xdy Bat Aan 


xy 


pana “Oe aa 


°) 7) arctan > 
x+y 


x 


d. d 
y dx +x dy SOX *EY — dn xy) 


ydx+x dy 


sess | -1 


n 


(xy) (n—=1)(xy)"! 


ydy+xdx 


ydy+xdx oo 
x+y 


al imc + | 


ydy+xdx 


ydy + xdx —1 
2: 2\n =d 2 2\n-1 
(x+y) 2(n-DQx +y") 


ay dx + bx dy 


xo b-1 dx + bx dy) = d(x@ b 
(a, b constants) y'(ay dx + bx dy) = d(x*y") 
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If M = yf(xy) and N= xg(xy), then 


a (5.10) 
xM — yN 


In general, integrating factors are difficult to uncover. If a differential equation does not have one of the 
forms given above, then a search for an integrating factor likely will not be successful, and other methods of 
solution are recommended. 


Solved Problems 


5.1. Determine whether the differential equation 2xy dx + (1 +.x*)dy =0 is exact. 


This equation has the form of Eq. (5./) with M(x, y) =2xy and M(x, y)=1+.7. Since OM/dy = ON/Ox = 2x, 
the differential equation is exact. 


5.2. Solve the differential equation given in Problem 5.1. 


This equation was shown to be exact. We now determine a function g(x, y) that satisfies Eqs. (5.4) and (5.5). 
Substituting M(x, y) = 2xy into (5.4), we obtain dg/dx = 2xy. Integrating both sides of this equation with respect to 
x, we find 


Og 
\5.% = foxy dx 
or gx, y) =°y + A(y) (J) 
Note that when integrating with respect to x, the constant (with respect to x) of integration can depend on y. 
We now determine h(y). Differentiating (/) with respect to y, we obtain dg/dy =x" + h’(y). Substituting this 
equation along with N(x, y) = 1 +x? into (5.5), we have 
+h (yy=14+x? or A(y)=1 


Integrating this last equation with respect to y, we obtain A(y) = y +c; (c,=constant). Substituting this expression 
into (/) yields 


gs Naxytyte 
The solution to the differential equation, which is given implicitly by (5.6) as g(x, y) =c, is 
Vyty=c,  (cg=c¢-¢}) 


Solving for y explicitly, we obtain the solution as y = c)/(x*+ 1). 


5.3. Determine whether the differential equation y dx — x dy = 0 is exact. 
This equation has the form of Eq. (5.7) with M(x, y) = y and M(x, y) =—x. Here 


which are not equal, so the differential equation as given is not exact. 
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5.4. 


5.5. 


5.6. 
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Determine whether the differential equation 
(x+ sin y) dx + (x cos y — 2y) dy =0 
is exact. 


Here M(x, y) =x+sin y and N(x, y) =x cos y — 2y. Thus, M/dy = ON/Ox = cos y, and the differential equation 
is exact. 


Solve the differential equation given in Problem 5.4. 


This equation was shown to be exact. We now seek a function g(x, y) that satisfies (5.4) and (5.5). Substituting 
M(x, y) into (5.4), we obtain dg/dx = x + sin y. Integrating both sides of this equation with respect to x, we find 


jseax = ie + sin y)dx 
x 


or say =50° +xsiny + h(y) (1) 


To find h(y), we differentiate (1) with respect to y, yielding dg/dy =x cos y + h’(y), and then substitute this 
result along with N(x, y) =x cos y — 2y into (5.5). Thus we find 


xcosy+h'(y)=xcosy-2y or h'(y)=-2y 


from which it follows that h(y) =—y*+ c,. Substituting this h(y) into (/), we obtain 
1 7 
g(x,y) = ul +xsiny—y +¢, 
The solution of the differential equation is given implicitly by (5.6) as 


1 . 
oa +xsiny-y=c, (c,=c-«q) 


Solve y’= Zee 
2y — xe” 


Rewriting this equation in differential form, we obtain 
(2 + ye) dx + (xe” — 2y) dy =0 


Here, M(x, y) =2 + ye and N(x, y) = xe — 2y and, since AM/dy = ON/dx = e*® + xye™, the differential equation is 
exact. Substituting M(x, y) into (5.4), we find dg/dx = 2 + ye; then integrating with respect to x, we obtain 


Og a 
J5-% =r + ye” ] dx 
or g(x, y) =2x+e*+h(y) (1) 


To find h(y), first differentiate (/) with respect to y, obtaining dg/dy = xe’ + h’(y); then substitute this result 
along with N(x, y) into (5.5) to obtain 


xe + h'(y) =xe%-2y or h'(y) =-2y 
It follows that h(y) = —y* + c,. Substituting this h(y) into (7), we obtain 
g(x,y) =2xte-y+e, 
The solution to the differential equation is given implicitly by (5.6) as 


2x te -y* =e) (co =C¢-C)) 
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5.7. 


58. 


5.9. 


Determine whether the differential equation y” dt + (2yt + 1) dy =0 is exact. 
This is an equation for the unknown function y(t). In terms of the variables t and y, we have M(t, y) = y’, 
N(t, y) = 2yt + 1, and 
aM _ oO 
dy oy 


ON 
ot 


(*)=2y=4 (2yt +1) = 
t 


so the differential equation is exact. 


Solve the differential equation given in Problem 5.7. 


This equation was shown to be exact, so the solution procedure given by Eqs. (5.4) through (5.6), with ¢ 
replacing x, is applicable. Here 


Integrating both sides with respect to t, we have 
dg 2 
—dt=|ydt 
or g(y, ) =y"t + A(y) (1) 


Differentiating (/) with respect to y, we obtain 


a8 =2yt+ a 
dy dy 
Hence, dye a oyp 61 
dy 


where the right side of this last equation is the coefficient of dy in the original differential equation. It follows 
that 


dh _ 


“=1 
dy 


h(y) =y +c), and (1) becomes g(t, y) = y*t + y +c). The solution to the differential equation is given implicitly by 
(5.6) as 
Ytty=c, (c,=¢-cy) (2) 


We can solve for y explicitly with the quadratic formula, whence 


_ nti +4er 


7 2t 
Determine whether the differential equation 


(2x°t — 2x3) dt + (4x° — 6x7t + 2xt”) dx =0 
is exact. 


This is an equation for the unknown function x(t). In terms of the variables t and x, we find 
0 2 3 2: o 3 2 2 
—(2x°t —2x°) =4xt — 6x° = —(4x° - 6x't + 2x1") 
Ox Ot 


so the differential equation is exact. 
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5.10. 


5.11. 


5.12. 
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Solve the differential equation given in Problem 5.9. 


This equation was shown to be exact, so the solution procedure given by Eqs. (5.4) through (5.6), with t and x 
replacing x and y, respectively, is applicable. We seek a function g(t, x) having the property that dg is the right side 
of the given differential equation. Here 


Integrating both sides with respect to t, we have 
Og 2 3 
dt = |(2x°t-—2x°)dt 
Jspaalc ) 
or g(x, )= Xt — 2x7t + h(x) (1) 


Differentiating (/) with respect to x, we obtain 


dh 
28 =2xt? —6x°t + 
x dx 
dh 
Qxt? — 6x°t + — =4x7 — 6x7 + 2x0? 
Hence, x 


where the right side of this last equation is the coefficient of dx in the original differential equation. It follows that 


dh _ 


—=4; 
dx 


Now h(x) = x*+c,, and (1) becomes 


g(t, xX) =P? — t+ x44 c= (x? — xt)? + (on 


The solution to the differential equation is given implicitly by (5.6) as 
G2—xP=c. (Q=e-cy) 
or, by taking the square roots of both sides of this last equation, as 
xX —xt=c; ¢;=+.Je, (2) 


We can solve for x explicitly with the quadratic formula, whence 


ttt? +4c, 


2 


x 


Solve y’=—"%. (2) =-5. 
1+x 
The differential equation has the differential form given in Problem 5.1. Its solution is given in (2) of Problem 5.2 
as x°y + y =c». Using the initial condition, y = —5 when x = 2, we obtain (2)?(—5) + (5) = c, or c= —25. The solution 
to the initial-value problem is therefore xy + y = —25 or y =—25/(x?+ 1). 


2, 


Solve p=—2—;_ y(1)=-2. 
2yt+1 


This differential equation in standard form has the differential form of Problem 5.7. Its solution is given in (2) 
of Problem 5.8 as y*t + y = c. Using the initial condition y = —2 when t = 1, we obtain (-2)?(1) + (-2) = co, orc, =2. 
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5.13. 


5.14. 


5.15. 


5.16. 


The solution to the initial-value problem is y*t + y = 2, in implicit form. Solving for y directly, using the quadratic 


formula, we have 
-1—./1+8r 
a ae 


where the negative sign in front of the radical was chosen to be consistent with the given initial condition. 


2x’ (x—-t) 


Solve x = 
4x7 —6x°t + 2x0? 


3 x(2)=3. 


This differential equation in standard form has the differential form of Problem 5.9. Its solution is given in (2) 
of Problem 5.10 as x*—xt= c3. Using the initial condition x =3 when f= 2, we obtain (3)? - 3(2) = c3, OF C3=3. 
The solution to the initial-value problem is x7 + xf = 3, in implicit form. Solving for x directly, using the quadratic 
formula, we have 


x= AG +4/t? +12) 


where the positive sign in front of the radical was chosen to be consistent with the given initial condition. 


Determine whether —1/x’ is an integrating factor for the differential equation y dx — x dy =0. 


It was shown in Problem 5.3 that the differential equation is not exact. Multiplying it by —I/x’, we obtain 


-1 -y 1 
= (vdx-xdy)=0 or —~dx+—dy=0 
x x x (J) 


Equation (/) has the form of Eq. (5.7) with M(x, y) =—y/x? and N(x, y) = 1/x. Now 
OM_od(-y)\_-1_A({1)\_oAN 
Oy dy\x? J x Axlx J ax 


so (/) is exact, which implies that —1/x* is an integrating factor for the original differential equation. 


Solve y dx —x dy =0. 
Using the results of Problem 5.14, we can rewrite the given differential equation as 


x dy—ydx 
—~-— =0 
x 


which is exact. Equation (/) can be solved using the steps described in Eqs. (5.4) through (5.6). 
Alternatively, we note from Table 5-1 that (/) can be rewritten as d(y/x) =0. Hence, by direct integration, we 
have y/x =c, or y =cx, as the solution. 


Determine whether —1/(xy) is also an integrating factor for the differential equation defined in Problem 5.14. 


Multiplying the differential equation y dx — x dy =0 by —1/(xy), we obtain 


eee or ages geet (1) 
xy x y 


Equation (/) has the form of Eq. (5./) with M(x, y) =—1/x and N(x, y) = 1/y. Now 


dM _9(_1)_5_9(1)\_aN 
Oy oy\ x aox\y] ox 


so (/) is exact, which implies that —1/xy is also an integrating factor for the original differential equation. 
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5.17. 


5.18. 


5.19. 
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Solve Problem 5.15 using the integrating factor given in Problem 5.16. 
Using the results of Problem 5.16, we can rewrite the given differential equation as 
xdy—ydx _ 
xy 


0 () 


which is exact. Equation (/) can be solved using the steps described in Eqs. (5.4) through (5.6). 
Alternatively, we note from Table 5-1 that (/) can be rewritten as d[In (y/x)] =0. Then, by direct integration, 
In (y/x) = c,. Taking the exponential of both sides, we find ylx= e" or finally, 


y=cx (c=e") 


Solve (y?— y) dx +x dy =0. 
This differential equation is not exact, and no integrating factor is immediately apparent. Note, however, that 
if terms are strategically regrouped, the differential equation can be rewritten as 
-(y dx —x dy) + y* dx =0 () 


The group of terms in parentheses has many integrating factors (see Table 5-1). Trying each integrating factor 
separately, we find that the only one that makes the entire equation exact is [(x, y) = 1/y’. Using this integrating factor, 
we can rewrite (/) as 


_ ydx — xdy 
y 


+1dx =0 (2) 


Since (2) is exact, it can be solved using the steps described in Eqs. (5.4) through (5.6). 
Alternatively, we note from Table 5-1 that (2) can be rewritten as —d(x/y)+1dx=0, or as d(x/y) = ldx. 
Integrating, we obtain the solution 


Solve (y — xy’) dx + (x + xy’) dy =0. 


This differential equation is not exact, and no integrating factor is immediately apparent. Note, however, that 
the differential equation can be rewritten as 


(y dx +x dy) + (-xy’ dx +. x°y’ dy) =0 (J) 


The first group of terms has many integrating factors (see Table 5-1). One of these factors, namely I(x, y) = 1/(xy)’, 
is an integrating factor for the entire equation. Multiplying (/) by 1/(xy)’, we find 


ydx + xdy n — xy dx +x’y dy =0 


(xy)? (xy)? 
or equivalently, 
edad 2 dae id 
(xy) x (2) 


Since (2) is exact, it can be solved using the steps described in Eqs. (5.4) through (5.6). 
Alternatively, we note from Table 5-1 


so that (2) can be rewritten as 
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5.20. 


5.21. 


5.22. 


Integrating both sides of this last equation, we find 


—e=lInIxl-yt+e 
which is the solution in implicit form. 


2. 


3 yx 
Solve y’= a 
x +2y 

Rewriting this equation in differential form, we have 

(3yx?) dx + (-23— 2y*) dy=0 


which is not exact. Furthermore, no integrating factor is immediately apparent. We can, however, rearrange this 
equation as 


x°(3y dx — x dy) — 2y* dy =0 (J) 


The group in parentheses is of the form ay dx + bx dy, where a =3 and b =—1, which has an integrating factor x*y~. 
Since the expression in parentheses is already multiplied by x”, we try an integrating factor of the form I(x, y) =y~. 
Multiplying (/) by y~?, we have 


xy 2(3y dx — x dy) — 2y* dy =0 
which can be simplified (see Table 5-1) to 
d(x°y!) = 2y? dy (2) 


Integrating both sides of (2), we obtain 


as the solution in implicit form. 


Convert y’ = 2xy — x into an exact differential equation. 


Rewriting this equation in differential form, we have 
(-2xy + x)dx + dy =0 () 


Here M(x, y) =—2xy + x and N(x, y) = 1. Since 


are not equal, (/) is not exact. But 


1f/O0M ON \_(-2x)-(0) _ dy 

N\ dy ox 1 
is a function of x alone. Using Eq. (5.8), we have I(x,y) =e Tad e* as an integrating factor. Multiplying (/) 
by e~”, we obtain 

(- 2xye* +xe* ydx +e = dy=0 (2) 


which is exact. 


Convert y” dx + xy dy = 0 into an exact differential equation. 
Here M(x, y) = y* and M(x, y) = xy. Since 
aM _ an 


2y and —= 
ay aye 
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5.23. 
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are not equal, (/) is not exact. But 


‘ae a 


M\ oy ox y y 


is a function of y alone. Using Eq. (5.9), we have as an integrating factor J(x, y) = eldlydy = g-iny = 1/y. Multiplying 
the given differential equation by /(x, y) = 1/y, we obtain the exact equation y dx +x dy =0. 


Convert = into an exact differential equation. 


Rewriting this equation in differential form, we have 
yl — xy) dx+ x dy =0 (J) 
Here M(x, y) = y(1 — xy) and N(x, y) = x. Since 
as =1-2xy and oN =1 
oy Ox 
are not equal, (/) is not exact. Equation (5./0), however, is applicable and provides the integrating factor 
1 _ 
xfy(l—xy)]—yx Gy)’ 


I(x, y) = 


Multiplying (/) by J(x, y), we obtain 


TT dys 
xy 


xy 


which is exact. 


Supplementary Problems 


In Problems 5.24 through 5.40, test whether the differential equations are exact and solve those that are. 


5.24. 


(p) sx 


5.28. 


5.30. 


5.32. 
5.34. 


5.36. 
5.38. 


5.40. 


(y + 2xy3) dx + (1 + 3x?y?+.x) dy =0 5.25. (xy +1) dv+(ay- 1) dy=0 
e* (3x’y — x?) dx +e" dy =0 5.27. 3x2y* de + (2x3y + 4y) dy =0 
ydx+xdy=0 5.29. (x—y) dx+(x+y)dy=0 
(y sin x +.xy cos x) dx + (x sinx + 1) dy=0 531. — Zar + ay =0 
- Pat + dy =0 5.33. y-dt+f dy=0 
(4 y — 2ty) dt + (3rty?- 7) dy =0 5.35. = u dt — +a =0 

ty ty 
(?—x) dt—tdx=0 5.37. (? +x) dt + (2tx—x) dx=0 
2xe”' dt + (1 +e”) dx =0 5.39. sin t cos x dt—sin x cos t dx =0 


(cos x +x cos t) dt + (sin t—t sin x) dx =0 
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In Problems 5.41 through 5.55, find an appropriate integrating factor for each differential equation and solve. 


5.41. (y+1)dx-xdy=0 5.42. ydx+(1—-x)dy=0 

5.43. (x°+y+ty*) dx—xdy=0 (>) 5.44. (y+xy*) dxt+xdy=0 

545. (y+x4y*) dv +x dy=0 5.46. (3x°y —x°) dx + dy =0 

5.47. dx—2xydy=0 5.48. 2xydx+y> dy=0 

5.49. ydx+3xdy=0 5.50. [20 . = |e + 4x’y dy =0 
551. xy det (ay? +2’) dy=0 5.52. xy? dx+x°y dy=0 

5.53. (ytxt+xy’) dx—x dy =0 5.54. (x°y?—y) dx + (x°*yt— x) dy =0 


5.55. 3x°y* dv + (2x°y +7 y4) dy =0 


In Problems 5.56 through 5.65, solve the initial-value problems. 


5.56. Problem 5.10 with x(0) =2 5.57. Problem 5.10 with x(2) =0 

5.58. Problem 5.10 with x(1) =—5 5.59. Problem 5.24 with y(1) =—5 
5.60. Problem 5.26 with y(0O) =—-1 5.61. Problem 5.31 with y(0) =—2 
5.62. Problem 5.31 with y(2) =-2 5.63. Problem 5.32 with y(2) =-2 


5.64. Problem 5.36 with x(1) =5 5.65. Problem 5.38 with x(1) =—2 


CHAPTER 6 


Linear First-Order 
Differential Equations 


METHOD OF SOLUTION 
A first-order linear differential equation has the form (see Chapter 3) 
y + p@y = q(x) (6.1) 
An integrating factor for Eq. (6./) is 


I(x) = el? & (6.2) 


which depends only on x and is independent of y. When both sides of (6./) are multiplied by /(x), the resulting 
equation 


I(x)y’ + p@@)y = Ix)q(x) (6.3) 


is exact. This equation can be solved by the method described in Chapter 5. A simpler procedure is to rewrite 
(6.3) as 


d(yl) 
xX 


= Iq(x) 


integrate both sides of this last equation with respect to x, and then solve the resulting equation for y. 


REDUCTION OF BERNOULLI EQUATIONS 


A Bernoulli differential equation has the form 
y + p@y = q@y" (6.4) 
where n is a real number. The substitution 
zeyi™” (6.5) 


transforms (6.4) into a linear differential equation in the unknown function z(x). 
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6.1. 


6.2. 


63. 


6.4. 


6.5. 


Solved Problems 


Find an integrating factor for y’ — 3y = 6. 
The differential equation has the form of Eq. (6./), with p(x) = —3 and q(x) = 6, and is linear. Here 


Ip(@) dx =) -3 dx =-3x 
so (6.2) becomes 


I(x) = eP@) dx — ex ; 


Solve the differential equation in the previous problem. 


Multiplying the differential equation by the integrating factor defined by (/) of Problem 6.1, we obtain 


Sat —3x 


- d 
ey’ —3e*"y =6e or —(ye™")=6e 
dx 
Integrating both sides of this last equation with respect to x, we have 


ffoe" dx = foe*ax 
ke 


ye** =-2e* +e 


y=ce* —2 


Find an integrating factor for y’ — 2xy =x. 
The differential equation has the form of Eq. (6./), with p(x) = —2x and q(x) =x, and is linear. Here 


Ip(~) dx = S(-2x) dx = x? 
so (6.2) becomes 


_ J p(x) de as =x? 
I(x) =e =e (J) 


Solve the differential equation in the previous problem. 


Multiplying the differential equation by the integrating factor defined by (/) of Problem 6.3, we obtain 


a: E28 ae d a) 2a 
e* y—-2xe* y=xe* or —[ye* ]=xe™ 
dx 
Integrating both sides of this last equation with respect to x, we find that 


fioe") dx = fre" ae 


Find an integrating factor for y’ + (4/x)y =x". 
The differential equation has the form of Eq. (6./), with p(x) = 4/x and q(x) = x4, and is linear. Here 


f(s ae = [= de=4 in txl=in x4 
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6.6. 


6.7. 


68. 


6.9. 


6.10. 
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so (6.2) becomes 


— lp@ae _ oinxt 4 
I(x) =e =e"* =x (1) 


Solve the differential equation in the previous problem. 


Multiplying the differential equation by the integrating factor defined by (/) of Problem 6.5, we obtain 
7 d 
xy’ +4¢y=x* or —(x*)=2x° 
dx 


Integrating both sides of this last equation with respect to x, we obtain 


4 


1 
yxt=—x° +c or y= +—x 
9 9 


4 
x 


Solve y + y=sin x. 


Here p(x) = 1; hence I(x) = el!“ 


=e*, Multiplying the differential equation by (x), we obtain 
: x x * d x x A 
eytey=e sinx or —(je")=e" sinx 
dx 


Integrating both sides of the last equation with respect to x (to integrate the right side, we use integration by parts 
twice), we find 


ae ee Mee dee 1 
e =—e (sinx—cosx)+c or =ce’ +-—sin x ——COS xX 
y 5 ( ) y 5 5 


Solve the initial-value problem y’ + y= sin x; y(a) = 1. 
From Problem 6.7, the solution to the differential equation is 


x 


lon 1 
y=ce~ +—sin x ——cos x 
2 2 


Applying the initial condition directly, we obtain 


1 1 
1=y(m)=ce™ + or c=—e” 
ya) 5 5 
Tee bs 1 ee ee 
Thus y=r-ee* + —sin x cos x =—(e +sin x —cos x) 
2 2 2 2 


Solve y’ — 5y=0. 
Here p(x) =—5 and J(x) = eli) dr = gS, Multiplying the differential equation by /(x), we obtain 


ey —5e°y=0 or é (ye) =0 
dx 


Integrating, we obtain ye>* = c or y=ce™. 


Note that the differential equation is also separable. (See Problem 4.4.) 


d: 
Solve aie XZ =—%X. 
dx 


This is a linear differential equation for the unknown function z(x). It has the form of Eq. (6./) with y replaced 
by z and p(x) = q(x) =—x. The integrating factor is 


I(x) = el-nae = er? 
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Multiplying the differential equation by /(x), we obtain 


-x? dz =x2/2 ay) 
et ye 7 = xe? 
dx 


| (agit) Sao? 
or dx 


Upon integrating both sides of this last equation, we have 


—x7/2 = x2/2 


ze e FC 


whereupon ex)=ce* +1 


6.11. Solve the initial-value problem 2’ — xz = —x; z(0) = —4. 


The solution to this differential equation is given in Problem 6.10 as 
2(x)=1+ ce"? 
Applying the initial condition directly, we have 


4=2(0)=1+ce°=14+c 


or c=—5. Thus, 
z(x) =1-5e"” 
a? 2 
6.12. Solve z’—-—z==x"*. 
x 3 


This is a linear differential equation for the unknown function z(x). It has the form of Eq. (6./) with y replaced 
by z. The integrating factor is 


-2/ x)di 2 In Ixl Inx? -2 
I(x) =e! adv — p-2inixl _ pine? _ 


Multiplying the differential equation by /(x), we obtain 


x? -2x%z= 23 
3 


or Ais - 2 2 
dx 3 


Upon integrating both sides of this last equation, we have 


2 
x°z= =x +e 
9 


2 
whereupon 2(x) =ex? + ral 


Cid. “Sele 6 a: 
dt 10 +21 


This is a linear differential equation for the unknown function Q(f). It has the form of Eq. (6./) with y replaced 
by Q, x replaced by ¢, p(t) = 2/(10 + 21), and q(t) = 4. The integrating factor is 


I(t) = ell20 + 21)] dt — en [10422] _ 10 + 2t (t > —5) 
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6.14. 


6.15. 


6.16 
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Multiplying the differential equation by J(t), we obtain 


(10 +27) 2 +29 =40 +8t 
t 


or “110 +21)0]=40 + 8¢ 
t 


Upon integrating both sides of this last equation, we have 


(10+ 2NQ =40t+4P +c 


2 
whereupon Q(t) = sear Se (t >—5) 
10+2t 
ee dQ 2 
Solve the initial-value problem — + Q=4, Q()=100. 


dt 10+2t 


The solution to this differential equation is given in Problem 6.13 as 


40t +41? +¢ 
H= t>-5 

ge) 10 +2t ( ) 
Applying the initial condition directly, we have 

100 = 0(2) = 40(2) + 4(4) +¢ 

10 + 2(2) 
or c = 1304. Thus, 
4t° + 40r +1304 
O(t) = (t>—5) 


2t+10 


Solve - +kT =100k, where k denotes a constant. 
t 


[CHAP. 6 


This is a linear differential equation for the unknown function 7(7). It has the form of Eq. (6./) with y replaced 


by T, x replaced by f¢, p(t) =k, and q(t) = 100k. The integrating factor is 
I(t) = elk dt = okt 
Multiplying the differential equation by /(t), we obtain 


dT ’ 
e” — + ke"T =100ke" 
dt 


or 4 te) =100ke" 
dt 


Upon integrating both sides of this last equation, we have 


Te™ = 100e" + ¢ 


whereupon T(t) = ce + 100 


Solve y’ + xy =xy’. 


This equation is not linear. It is, however, a Bernoulli differential equation having the form of Eq. (6.4) with 


D(x) = q(x) =x, and n= 2. We make the substitution suggested by (6.5), namely, z 


1 , 
y= and yo 
& z 


yl? = yt, from which follow 
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6.17. 


6.18. 


6.19. 


Substituting these equations into the differential equation, we obtain 


This last equation is linear. Its solution is found in Problem 6.10 to be z=ce “? 41. The solution of the original 
differential equation is then 
1 1 


y=-=— 
Z ce? +] 


4.1/3 


Solve yoty=a y. 


This is a Bernoulli differential equation with p(x) = —3/x, g(x) =x*, and n= +. Using Eq. (6.5), we make the 


1-13) — 28 3 1/27 


substitution z = y . Thus, y = 2°” and y= 3z''°z’, Substituting these values into the differential equation, 


we obtain 


3 12, 3 3/2 _ 4 1/2 4 
= Z—--Z = 


ew 2: 2 
Zz Xx°Z or Z-—zZ=—x 
x 3 


2/3 


This last equation is linear. Its solution is found in Problem 6.12 to be z= cx? + 2x° . Since z= y”’”, the solution of 


2/3 


the original problem is given implicitly by y*’* = cx? + 23°, or explicitly by y=+(cx? + 2, 


Show that the integrating factor found in Problem 6.1 is also an integrating factor as defined in Chapter 5 
Eq. (5.7). 


The differential equation of Problem 6.1 can be rewritten as 


dy 
—=3y+6 
es y 
which has the differential form 
dy = (3y + 6) dx 
or (3y + 6) dx + (-1) dy =0 (1) 
Multiplying (/) by the integrating factor I(x) = e~**, we obtain 
(3ye>* + 6") dx + (-e™) dy = 0 (2) 
Setting M(x, y) = 3ye** + 6e** and Mx, y) =-e** 
OM ON 
we have eg Py pa 
oy Ox 


from which we conclude that (2) is an exact differential equation. 


Find the general form of the solution of Eq. (6./). 
Multiplying (6.7) by (6.2), we have 


oP) dxy/ a Po) 4 p(x)y = elP®) a(x) (/) 


d 
Since se sepa) 
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d 
it follows from the product rule of differentiation that the left side of (/) equals ra PO#y) Thus, (1) can be 
Ix 


rewritten as 


felnnaty = el? 4 g(x) 


Integrating both sides of (2) with respect to x, we have 


faery d= fe??*qan dx 
Xx 


or, el Pary +c, = fe *a(x) iy 


Finally, setting c; =—c and solving (3) for y, we obtain 


—| p(xydx —| p(x)dy (x)dx 
y=ce ee +e [ee “fel” “q(x) dx 


Supplementary Problems 


In Problems 6.20 through 6.49, solve the given differential equations. 


6.20. 


6.22. 


6.24. 


6.26. 


6.28. 


6.30. 


6.32. 


6.34. 


6.36. 


6.38. 


6.40. 


6.42. 


6.44. 


6.46 


dy 


@ +5y=0 6.21. 
x 
© oo1y=0 6.23. 
y’ + 3x’y =0 6.25. 
y’ —3x4y =0 6.27. 
yt ay =0 6.29. 
x 
iia 2 y=0 631. 
y —Ty= 14x 6.33. 
y txry =x? 6.35. 
y’ =cos x 6.37. 
xy +y=xy 6.39. 
yty=y 6.41. 
y ty=yrer 6.43. 
a = J =0 6.45. 
dt 2t 
@ aA pat+e-2 6.47. 
t 


pose 
y’ — Ty =sin 2x 


, 3. 1 
y mE x 


yr 
y + xy =6x,/y 
a a 


Y 1 soy=0 
dt 


dN 


—=kN, (k =aconstant) 


dt 


a2 
dt 20-t 


O=4 


(2) 


(3) 


(4) 
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6.48. as at +T =80e°™ 6.49. 


dt 


Solve the following initial-value problems. 


, a 
650, y+ y=, 901) =0 651. 
x 

652. y+ 2xy=2x3 (0) =1 (>) 6.53. 
dv 

654, 9% 42y=32:0(0)=0 GRE: 
dt 

656. Na NenNayes 6.57. 
dt t 


y’ + 6xy =0; v(m) =5 


,. 2 
re =— xy; (-1) =2 


Of godonaiia 
dt 


= +0.069T = 2.07; T(0) =—30 
t 
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Applications 
of First-Order 
Differential Equations 


GROWTH AND DECAY PROBLEMS 


Let M(t) denote the amount of substance (or population) that is either growing or decaying. If we assume 
that dN/dt, the time rate of change of this amount of substance, is proportional to the amount of substance 
present, then dN/dt = kN, or 

dN 


—-KN=0 (7.1) 
dt 


where k is the constant of proportionality. (See Problems 7.1—7.7.) 

We are assuming that M(f) is a differentiable, hence continuous, function of time. For population 
problems, where M(t) is actually discrete and integer-valued, this assumption is incorrect. Nonetheless, 
(7.1) still provides a good approximation to the physical laws governing such a system. (See Problem 7.5.) 


TEMPERATURE PROBLEMS 


Newton’s law of cooling, which is equally applicable to heating, states that the time rate of change of 
the temperature of a body is proportional to the temperature difference between the body and its surround- 
ing medium. Let T denote the temperature of the body and let T,,, denote the temperature of the surrounding 
medium. Then the time rate of change of the temperature of the body is dT/dt, and Newton’s law of cooling can 
be formulated as dT/dt = —k(T — T,,,), or as 


aT RP =k (7.2) 
dt 


m 


where k is a positive constant of proportionality. Once k is chosen positive, the minus sign is required in 
Newton’s law to make dT/dt negative in a cooling process, when T is greater than T,,,, and positive in a heating 
process, when 7 is less than T,,,. (See Problems 7.8—7.10.) 
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FALLING BODY PROBLEMS 


Consider a vertically falling body of mass m that is being influenced only by gravity g and an air resistance 
that is proportional to the velocity of the body. Assume that both gravity and mass remain constant and, for 
convenience, choose the downward direction as the positive direction. 


Newton’s second law of motion: The net force acting on a body is equal to the time rate of change of the 
momentum of the body; or, for constant mass, 


F=m— (7.3) 


where F is the net force on the body and v is the velocity of the body, both at time t. 


For the problem at hand, there are two forces acting on the body: (1) the force due to gravity given by 
the weight w of the body, which equals mg, and (2) the force due to air resistance given by —kv, where k = 0 
is a constant of proportionality. The minus sign is required because this force opposes the velocity; that is, it 
acts in the upward, or negative, direction (see Fig. 7-1). The net force F on the body is, therefore, F = mg — kv. 
Substituting this result into (7.3), we obtain 


dv 
mg —kv=m— 
° dt 
or Og (7 4) 
dt m 


as the equation of motion for the body. 
If air resistance is negligible or nonexistent, then k = 0 and (7.4) simplifies to 
dv _ 


mee 75 
ra (7.5) 


Falling body 


Positive x-direction 


Fig. 7-1 


52 APPLICATIONS OF FIRST-ORDER DIFFERENTIAL EQUATIONS [CHAP. 7 


(See Problem 7.11.) When k > 0, the limiting velocity v, is defined by 


mg 
v= a8 (7) 
Caution: Equations (7.4), (7.5), and (7.6), are valid only if the given conditions are satisfied. These equa- 
tions are not valid if, for example, air resistance is not proportional to velocity but to the velocity squared, or if 
the upward direction is taken to be the positive direction. (See Problems 7.14 and 7.15.) 


DILUTION PROBLEMS 


Consider a tank which initially holds Vp gal of brine that contains a lb of salt. Another brine solution, 
containing b |b of salt per gallon, is poured into the tank at the rate of e gal/min while, simultaneously, the 
well-stirred solution leaves the tank at the rate of f gal/min (Fig. 7-2). The problem is to find the amount of salt 
in the tank at any time f. 

Let Q denote the amount (in pounds) of salt in the tank at any time ¢. The time rate of change of Q, dQ/dt, 
equals the rate at which salt enters the tank minus the rate at which salt leaves the tank. Salt enters the tank at 
the rate of be lb/min. To determine the rate at which salt leaves the tank, we first calculate the volume of brine 
in the tank at any time ¢, which is the initial volume Vo plus the volume of brine added et minus the volume of 
brine removed ft. Thus, the volume of brine at any time is 


Vo +et—ft (7.7) 


The concentration of salt in the tank at any time is Q/(Vp + et — ff), from which it follows that salt leaves the 


tank at the rate of 
fo ) Ib/min 


V, tet —ft 
Thus, aes be ‘| g 
dt V, tet — ft 
or dQ + f =be (7.8) 


dt V,+(e-f)t 
(See Problems 7.16—7.18.) 


ELECTRICAL CIRCUITS 


The basic equation governing the amount of current J (in amperes) in a simple RL circuit (Fig. 7-3) 
consisting of a resistance R (in ohms), an inductor L (in henries), and an electromotive force (abbreviated emf ) 
E (in volts) is 


LS ge (7.9) 


For an RC circuit consisting of a resistance, a capacitance C (in farads), an emf, and no inductance (Fig. 7-4), 
the equation governing the amount of electrical charge g (in coulombs) on the capacitor is 


“fy g- = (7.10) 
dt RC R 
The relationship between g and / is 
7a 4 (7.11) 
dt 


(See Problems 7.19—7.22.) For more complex circuits see Chapter 14. 
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Fig. 7-3 Fig. 7-4 


ORTHOGONAL TRAJECTORIES 
Consider a one-parameter family of curves in the xy-plane defined by 
F(x, y,c)=0 (7.12) 
where c denotes the parameter. The problem is to find another one-parameter family of curves, called the 
orthogonal trajectories of the family (7.12) and given analytically by 
G(x, y, k) =0 (7.13) 


such that every curve in this new family (7./3) intersects at right angles every curve in the original family (7.12). 

We first implicitly differentiate (7.12) with respect to x, then eliminate c between this derived equation and 
(7.12). This gives an equation connecting x, y, and y’, which we solve for y’ to obtain a differential equation 
of the form 


Ee 
= f(x,y) (7.14) 
dx 
The orthogonal trajectories of (7.12) are the solutions of 
a (7.15) 
dx SF (x,y) 


(See Problems 7.23—7.25.) 
For many families of curves, one cannot explicitly solve for dy/dx and obtain a differential equation of the 
form (7.14). We do not consider such curves in this book. 


Solved Problems 


7.1. A person places $20,000 in a savings account which pays 5 percent interest per annum, compounded 
continuously. Find (a) the amount in the account after three years, and (b) the time required for the 
account to double in value, presuming no withdrawals and no additional deposits. 


Let M(t) denote the balance in the account at any time f. Initially, N(O) = 20,000. The balance in the account 
grows by the accumulated interest payments, which are proportional to the amount of money in the account. The 
constant of proportionality is the interest rate. In this case, k =0.05 and Eq. (7.1) becomes 


ay —0.05N =0 
dt 


This differential equation is both linear and separable. Its solution is 


N(t) = ceo 05t (1) 
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At t=0, N(O) = 20,000, which when substituted into (/) yields 

20,000 = ce° = ¢ 
With this value of c, (/) becomes 

N() = 20,000e°" (2) 
Equation (2) gives the dollar balance in the account at any time f. 
(a) Substituting t= 3 into (2), we find the balance after three years to be 
N(3) = 20,000e°> = 20 ,000(1.161834) = $23,236.68 

(b) We seek the time t at which M(t) = $40,000. Substituting these values into (2) and solving for t, we obtain 


40,000 = 20,000e°" 
2 = 05 


In [21 =0.05t 
t= Ji 121=13.86 years 
0.05 


A person places $5000 in an account that accrues interest compounded continuously. Assuming no 
additional deposits or withdrawals, how much will be in the account after seven years if the interest 
rate is a constant 8.5 percent for the first four years and a constant 9.25 percent for the last three years? 


Let M(t) denote the balance in the account at any time f. Initially, M(O0) =5000. For the first four years, 
k =0.085 and Eq. (7./) becomes 


iio 0.085N =0 
dt 
Its solution is 
N(t) = ce?" (OS t <4) (1) 


At t=0, N() = 5000, which when substituted into (/) yields 


5000 = ce®°85O = ¢ 
and (/) becomes 
N(t) = 5000098 = (0 << 4) (2) 


Substituting t = 4 into (2), we find the balance after four years to be 


N(t) = 5000e°°8 = 5000(1 404948) = $7024.74 


This amount also represents the beginning balance for the last three-year period. 
Over the last three years, the interest rate is 9.25 percent and (7./) becomes 


<~0.0925N =0 (4<t<7) 
t 


Its solution is 
N(t) = ce®° 9?" (4<t <7) (3) 
At t=4, N(4) = $7024.74, which when substituted into (3) yields 


7024.74 = ce? = ¢(1.447735) or c=4852.23 
and (3) becomes 
N(t) = 4852.23¢°99" (4<t<7) (4) 


Substituting t= 7 into (4), we find the balance after seven years to be 


N(7) = 4852.23e9 5 = 4852.23(1.910758) = $9271.44 


CHAP. 7] APPLICATIONS OF FIRST-ORDER DIFFERENTIAL EQUATIONS 35 


73. 


7A. 


What constant interest rate is required if an initial deposit placed into an account that accrues interest 
compounded continuously is to double its value in six years? 


The balance M(t) in the account at any time ¢ is governed by (7./) 


aN _ kN =0 
dt 
which has as its solution 
N(t) = ce“ (J) 


We are not given an amount for the initial deposit, so we denote it as No. At t=0, N(O)=No, which when 
substituted into (/) yields 


No =ce =e 
and (/) becomes 
N(t) = No e (2) 


We seek the value of k for which N=2Np when t=6. Substituting these values into (2) and solving for k, 
we find 


2No = Noe’ 
ek =2 
6k = In 121 


k= ein 121=0.1155 


An interest rate of 11.55 percent is required. 


A bacteria culture is known to grow at a rate proportional to the amount present. After one hour, 
1000 strands of the bacteria are observed in the culture; and after four hours, 3000 strands. Find (a) an 
expression for the approximate number of strands of the bacteria present in the culture at any time ¢ and 
(b) the approximate number of strands of the bacteria originally in the culture. 


(a) Let M(t) denote the number of bacteria strands in the culture at time t. From (6./), dN/dt — kN =0, which is 
both linear and separable. Its solution is 


N(t) = ce“ (J) 
At t=1, N= 1000; hence, 

1000 = ce* (2) 
At t=4, N = 3000; hence, 

3000 = ce** (3) 


Solving (2) and (3) for & and c, we find 
k= sin 3=0.366 and c=1000e°°* = 694 


Substituting these values of k and c into (/), we obtain 
N(t) = 69429" (4) 


as an expression for the amount of the bacteria present at any time f. 


(b) We require N at t= 0. Substituting t= 0 into (4), we obtain N(O) = 6940369 — 694, 
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The population of a certain country is known to increase at a rate proportional to the number of people 
presently living in the country. If after two years the population has doubled, and after three years the 
population is 20,000, estimate the number of people initially living in the country. 


Let N denote the number of people living in the country at any time ¢, and let Ny denote the number of people 
initially living in the country. Then, from (7./), 


aN —kN =0 
dt 
which has the solution 
N=ce" (/) 


At t=0, N=Np; hence, it follows from (/) that No = ce’ or that c= No. Thus, 


N=N e“ (2) 


At t=2, N=2Np. Substituting these values into (2), we have 


2N,=N,e from which k= si 2 =0.347 


Substituting this value into (2) gives 
N= Noe? 347 (3) 


At t=3, N=20,000. Substituting these values into (3), we obtain 


20,000 = Nye© 4?) = No(2.832) or Ny=7062 


A certain radioactive material is known to decay at a rate proportional to the amount present. If initially 
there is 50 milligrams of the material present and after two hours it is observed that the material has lost 
10 percent of its original mass, find (a) an expression for the mass of the material remaining at any time f, 
(b) the mass of the material after four hours, and (c) the time at which the material has decayed to one 
half of its initial mass. 


(a) Let N denote the amount of material present at time t. Then, from (7./), 


OY Sey 6 
dt 


This differential equation is separable and linear; its solution is 
N=ce" (1) 
At t=0, we are given that N = 50. Therefore, from (/), 50 = ce) or c= 50. Thus, 
N=50e* (2) 


At t=2, 10 percent of the original mass of 50 mg, or 5 mg, has decayed. Hence, at t=2, N=50-—5=45. 
Substituting these values into (2) and solving for k, we have 


45=50e* or poli 008 
2 50 


Substituting this value into (2), we obtain the amount of mass present at any time f as 


N=50 e7 9.053¢ (3) 
where ¢ is measured in hours. 


(b) We require N at t= 4. Substituting t = 4 into (3) and then solving for N, we find that 


N=50e 9 = 50 (0.809) = 40.5 mg 
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(c) We require t when N = 50/2 = 25. Substituting N = 25 into (3) and solving for t, we find 


25=50e°"* or -0.053t= ing or t=13 hours 


The time required to reduce a decaying material to one half its original mass is called the half-life of the 
material. For this problem, the half-life is 13 hours. 


Five mice in a stable population of 500 are intentionally infected with a contagious disease to test 
a theory of epidemic spread that postulates the rate of change in the infected population is proportional 
to the product of the number of mice who have the disease with the number that are disease free. 
Assuming the theory is correct, how long will it take half the population to contract the disease? 


Let M(t) denote the number of mice with the disease at time t. We are given that M(0) = 5, and it follows that 
500 — M(t) is the number of mice without the disease at time t. The theory predicts that 


aN _ KN(500 — N) (1) 
dt 


where k is a constant of proportionality. This equation is different from (7./) because the rate of change is no longer 
proportional to just the number of mice who have the disease. Equation (/) has the differential form 
d 
a haat (2) 
N(500 — N) 
which is separable. Using partial fraction decomposition, we have 


1 _ 1/500 , 1/500 
N(S0O-N) N  500—N 


hence (2) may be rewritten as 


u ly : dN —k dt=0 
500| N 500—N 


Its solution is 


J J a d dN Jkat=c 
500°| N 500-—N 


or : (nIN1—1n 1500 — NI) —kt =c 
500 
which may be rewritten as 
In ay =500(c + kt) 
500 —N 
N = elle + kt) (3) 
500 —N 


But e900 +k) = 9500 900K, Setting c, =e, we can write (3) as 
N 
= ae" (4) 
500 — N 


At t=0, N=5. Substituting these values into (4), we find 


5 _, 500K(0) __ 


— =¢e Cy 
495 


so c; = 1/99 and (4) becomes 


N _ | {5000 
500-N 99 


(5) 
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We could solve (5) for N, but this is not necessary. We seek a value of t when N = 250, one half the population. 
Substituting N = 250 into (5) and solving for t, we obtain 


{= J 300% 
99 
99 = eH 
In 99 = 500 kt 


or t=0.00919/k time units. Without additional information, we cannot obtain a numerical value for the constant of 
proportionality k or be more definitive about t. 


A metal bar at a temperature of 100°F is placed in a room at a constant temperature of 0° F. If after 
20 minutes the temperature of the bar is 50° F, find (a) the time it will take the bar to reach a temperature 
of 25° F and (b) the temperature of the bar after 10 minutes. 


Use Eq. (7.2) with T,,, = 0; the medium here is the room which is being held at a constant temperature of 0° F. 
Thus we have 


a +kT =0 
dt 
whose solution is 
T=ce™ (/) 


Since T = 100 at t = 0 (the temperature of the bar is initially 100° F), it follows from (/) that 100 = ce or 100 =. 
Substituting this value into (/), we obtain 


T = 100e" (2) 
At t= 20, we are given that T = 50; hence, from (2), 


50=100e* from which k= Sig = =! 693) = 0.035 
20 100 20 


Substituting this value into (2), we obtain the temperature of the bar at any time ¢ as 
T = 100e° 3" (3) 


(a) We require t when T= 25. Substituting T= 25 into (3), we have 


25=100e°" or -0.0351 = In 


Solving, we find that f = 39.6 min. 


(b) We require T when t= 10. Substituting t = 10 into (3) and then solving for T, we find that 
T = 100e° 0 = 100(0.705) = 70.5° F 


It should be noted that since Newton’s law is valid only for small temperature differences, the above 
calculations represent only a first approximation to the physical situation. 


A body at a temperature of 50° F is placed outdoors where the temperature is 100° F. If after 5 minutes 
the temperature of the body is 60° F, find (a) how long it will take the body to reach a temperature of 
75° F and (b) the temperature of the body after 20 minutes. 


Using (7.2) with T,,, = 100 (the surrounding medium is the outside air), we have 


a? aT =100k 


dt 


CHAP. 7] APPLICATIONS OF FIRST-ORDER DIFFERENTIAL EQUATIONS 59 


7.10. 


This differential equation is linear. Its solution is given in Problem 6.15 as 
T=ce™ + 100 (J) 


Since T =50 when t=0, it follows from (/) that 50 = ce* +100, or c=—50. Substituting this value into (J), 
we obtain 


T =-50e*'+ 100 (2) 


At t=5, we are given that T = 60; hence, from (2), 60 = —50e* + 100. Solving for k, we obtain 


-40=-50e™ or hein = Co oy 0.048 
5 50 5 


Substituting this value into (2), we obtain the temperature of the body at any time f as 
T =-50e 9-4" + 100 (3) 


(a) We require t when T= 75. Substituting T= 75 into (3), we have 


75=-50e°"%" +100 or ee? = 


Nie 


Solving for t, we find 
1 ; 
—0.045t = mG or t=15.4min 
(b) We require T when t = 20. Substituting t = 20 into (3) and then solving for T, we find 


T =—50e 94929) + 100 = -50(0.41) + 100 = 79.5° F 


A body at an unknown temperature is placed in a room which is held at a constant temperature of 30° F. 
If after 10 minutes the temperature of the body is 0° F and after 20 minutes the temperature of the body 
is 15° F, find the unknown initial temperature. 


From (7.2), 
a +kT =30k 
dt 
Solving, we obtain 
T=ce+30 (J) 


At t= 10, we are given that T=0. Hence, from (/), 

O=ce!* +30 or ce !%*=-30 (2) 
At t= 20, we are given that T= 15. Hence, from (/) again, 

15=ce?* +30 or ce? =-15 (3) 
Solving (2) and (3) for & and c, we find 


k =—-In2 =0.069 and c=—30e'* =—30(2) =—60 
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Substituting these values into (/), we have for the temperature of the body at any time t 


T =—60e 9 + 30 (4) 


Since we require 7 at the initial time t= 0, it follows from (4) that 


Ty = 6029) 4 30 = -60 + 30 = -30° F 


A body of mass 5 slugs is dropped from a height of 100 ft with zero velocity. Assuming no air resist- 
ance, find (a) an expression for the velocity of the body at any time f, (b) an expression for the position 
of the body at any time ¢, and (c) the time required to reach the ground. 


(a) 


(b) 


(c) 


Falling body 
Oe 


Ground 
x= 100 


Vis 


Y Positive x-direction 


Fig. 7-5 


Choose the coordinate system as in Fig. 7-5. Then, since there is no air resistance, (7.5) applies: dv/dt = g. This 
differential equation is linear or, in differential form, separable; its solution is v= gt+c. When t=0, v=0 
(initially the body has zero velocity); hence 0 = g(0) +c, or c =0. Thus, v = gf or, assuming g = 32 ft/sec”, 


v= 32t () 


Recall that velocity is the time rate of change of displacement, designated here by x. Hence, v = dx/dt, and 
(1) becomes dx/dt = 32t. This differential equation is also both linear and separable; its solution is 


x=16P +c (2) 
But at t=0, x =0 (see Fig. 7-5). Thus, 0 = (16)(0)? + c;, or c, = 0. Substituting this value into (2), we have 


x= 167 (3) 


We require t when x = 100. From (3) t = (100) /(16) =2.5sec. 


A steel ball weighing 2 lb is dropped from a height of 3000 ft with no velocity. As it falls, the ball 
encounters air resistance numerically equal to v/8 (in pounds), where v denotes the velocity of the ball 
(in feet per second). Find (a) the limiting velocity for the ball and (b) the time required for the ball to 
hit the ground. 


Locate the coordinate system as in Fig. 7-5 with the ground now situated at x = 3000. Here w =2 Ib and 


k= 1/8. Assuming gravity g is 32 ft/sec”, we have from the formula w = mg that 2 = m(32) or that the mass of the 
ball is m = 1/16 slug. Equation (7.4) becomes 


a eoyaag 
dt 
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which has as its solution 
v(t) = ce! + 16 (/) 
At t=0, we are given that v =0. Substituting these values into (/), we obtain 
0=ce? + 16=c +16 
from which we conclude that c = —16 and (/) becomes 
v(t) =-16e~" + 16 (2) 
(a) From (J) or (2), we see that as tf > «©, v > 16 so the limiting velocity is 16 ft/sec’. 


(b) To find the time it takes for the ball to hit the ground (x = 3000), we need an expression for the position of the 
ball at any time ¢. Since v = dx/dt, (2) can be rewritten as 


cae -16e' +16 
at 


Integrating both sides of this last equation directly with respect to t, we have 
x(t) = 8e 7 + 16t + c (3) 


where c, denotes a constant of integration. At t= 0, x =0. Substituting these values into (3), we obtain 
0 =8e? + 1600) +e, =8 +c, 
from which we conclude that c; = —8 and (3) becomes 
x(t) = 8e7 + 16t— 8 (4) 
The ball hits the ground when x(t) = 3000. Substituting this value into (4), we have 


3000 = 8e-7' + 164-8 
or 376 =e" +. 2t (5) 


Although (5) cannot be solved explicitly for t, we can approximate the solution by trial and error, substituting 
different values of t into (5) until we locate a solution to the degree of accuracy we need. Alternatively, we 
note that for any large value of f, the negative exponential term will be negligible. A good approximation is 
obtained by setting 2¢= 376 or t = 188 sec. For this value of f, the exponential is essentially zero. 


A body weighing 64 Ib is dropped from a height of 100 ft with an initial velocity of 10 ft/sec. Assume 
that the air resistance is proportional to the velocity of the body. If the limiting velocity is known to be 
128 ft/sec, find (a) an expression for the velocity of the body at any time ¢ and (b) an expression for the 
position of the body at any time f. 


(a) Locate the coordinate system as in Fig. 7-5. Here w = 64 Ib. Since w = mg, it follows that mg = 64, or m=2 
slugs. Given that v, = 128 ft/sec, it follows from (7.6) that 128 = 64/k, or k = as Substituting these values into 
(6.4), we obtain the linear differential equation 


Oye 
dt 4 


which has the solution 
v=ce“* +128 (/) 


At t=0, we are given that v = 10. Substituting these values into (/), we have 10 = ce? + 128, or c =—-118. The 
velocity at any time f¢ is given by 


v=-118e"* + 128 (2) 
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(b) Since v = dx/dt, where x is displacement, (2) can be rewritten as 


a _ 116-18 +128 
dt 


This last equation, in differential form, is separable; its solution is 
x=472e7"4 + 128t 4+ c (3) 
At t=0, we have x = 0 (see Fig. 7-5). Thus, (3) gives 
0 =472e° + (128)(0) +c, or c,=-472 
The displacement at any time f is then given by 


x =472e "4 + 1284-472 


7.14. A body of mass m is thrown vertically into the air with an initial velocity vo. If the body encounters an 
air resistance proportional to its velocity, find (a) the equation of motion in the coordinate system of 
Fig. 7-6, (b) an expression for the velocity of the body at any time ¢, and (c) the time at which the body 
reaches its maximum height. 


A Positive x-direction 


Rising body 


Ground 


YWV00,———— 


Fig. 7-6 


(a) In this coordinate system, Eq. (7.4) may not be the equation of motion. To derive the appropriate equation, 
we note that there are two forces on the body: (1) the force due to the gravity given by mg and (2) the force 
due to air resistance given by kv, which will impede the velocity of the body. Since both of these forces act 
in the downward or negative direction, the net force on the body is —mg —kv. Using (7.3) and rearranging, 
we obtain 


Bee, () 


as the equation of motion. 


(b) Equation (/) is a linear differential equation, and its solution is v = ce“ — mg/k. At t=0, v =vo; hence 
vo = ce" _ (mg/k), or ¢ = Vo + (mg/k). The velocity of the body at any time t is 


y =» +P ein ~"8 2) 
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(c) The body reaches its maximum height when v = 0. Thus, we require t when v = 0. Substituting v = 0 into (2) 
and solving for t, we find 


j= e - me p-thime _ M8 


k 
oe (kim = 1 
ecg 
mg 
—(k/m)t = In u 
14 Yok 
mg 


7.15. A body of mass 2 slugs is dropped with no initial velocity and encounters an air resistance that is 
proportional to the square of its velocity. Find an expression for the velocity of the body at any time f. 
The force due to air resistance is —kv*; so that Newton’s second law of motion becomes 
d 2 d 
m— = mg —ky’ or 2 =64-b” 
dt dt 
Rewriting this equation in differential form, we have 
a dv — dt =0 () 
64 — kv? 
which is separable. By partial fractions, 
2 2 ee 
== = + 
64-kv? (8—VJkvy(8t+vkv) 8—-Vkv 84+VJkv 


Hence (/) can be rewritten as 


1 1 1 
dv — dt =0 
te = 
This last equation has as its solution 
1 1 1 
+ dv —|dt=c 
ate | J 
1 1 1 
or | _inis Vkvi4 Init J] r= 


Vic Vic 


which can be rewritten as 


84Vkv 
8—Jkv 


B+Vkv oa (co, <te™) 


=ce 
8—Jky ' 


At t=0, we are given that v =0. This implies c; = 1, and the velocity is given by 


In 


=8VJkt+8Vke 


or 


8+ vky _ svi iy 


cer Tk 


Note that without additional information, we cannot obtain a numerical value for the constant k. 


or tanh Akt 
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A tank initially holds 100 gal of a brine solution containing 20 lb of salt. At t=0, fresh water is poured 
into the tank at the rate of 5 gal/min, while the well-stirred mixture leaves the tank at the same rate. Find 
the amount of salt in the tank at any time f. 


Here, Vo = 100, a= 20, b =0, and e = f=5. Equation (7.8) becomes 


dQ. 1 
—+—Q=0 
dt 20 2 
The solution of this linear equation is 
a) = cet!20 (1) 


At t=0, we are given that Q =a=20. Substituting these values into (/), we find that c = 20, so that (/) can be 
rewritten as Q = 20e~"”°. Note that as t > 0, Q > 0 as it should, since only fresh water is being added. 


A tank initially holds 100 gal of a brine solution containing | 1b of salt. At t=0 another brine solution 
containing | 1b of salt per gallon is poured into the tank at the rate of 3 gal/min, while the well-stirred 
mixture leaves the tank at the same rate. Find (a) the amount of salt in the tank at any time f and (b) the 
time at which the mixture in the tank contains 2 lb of salt. 


(a) Here V)=100,a=1,b=1, and e=f=3; hence, (7.8) becomes 


a + 0.030 =3 
dt 


The solution to this linear differential equation is 
O=ce°*™* +100 (1) 


At t=0, Q=a=1. Substituting these values into (/), we find 1 = ce® + 100, or c=—99. Then (J) can be 
rewritten as 


Q=-99e°"" +100 (2) 


(b) We require t when Q = 2. Substituting Q = 2 into (2), we obtain 


2=-99e"" 4100 or et = 28 
99 
from which 
t= sin =0.338 min 
0.03 99 


A 50-gal tank initially contains 10 gal of fresh water. At t=0, a brine solution containing | Ib of salt 
per gallon is poured into the tank at the rate of 4 gal/min, while the well-stirred mixture leaves the tank 
at the rate of 2 gal/min. Find (a) the amount of time required for overflow to occur and (b) the amount 
of salt in the tank at the moment of overflow. 


(a) Herea=0,b=1,e=4,f=2, and Vy = 10. The volume of brine in the tank at any time f is given by (7.7) as 
Vo + et — ft = 10 + 2t. We require t when 10 + 2t= 50; hence, f= 20 min. 


(b) For this problem, (7.8) becomes 


a, 2 
dt 10+4+2t 


o=4 


This is a linear equation; its solution is given in Problem 6.13 as 


401+ 40 +c 
San () 


At t=0, Q=a=0. Substituting these values into (/), we find that c=0. We require Q at the moment of 
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7.19. 


7.20. 


overflow, which from part (a) is t= 20. Thus, 


_ 40(20) + 4(20)* _ i 
10 + 2(20) 


8 Ib 


An RL circuit has an emf of 5 volts, a resistance of 50 ohms, an inductance of | henry, and no initial 
current. Find the current in the circuit at any time f. 


Here E=5, R=50, and L= 1; hence (7.9) becomes 
dl 


— +501 =5 
at 
This equation is linear; its solution is 
1 
T=ce +— 
10 
At t=0,1=0; thus, 0=ce™ + 45, 0r c=— 4. The current at any time ¢ is then 
I 1 
[=-—e" + — (1) 
10 10 


—S0r 


The quantity —e~™ in (/) is called the transient current, since this quantity goes to zero (“dies out”) as t — ». 


The quantity +5 in (/) is called the steady-state current. As t — ©, the current J approaches the value of the steady- 
state current. 


An RL circuit has an emf given (in volts) by 3 sin 2t, a resistance of 10 ohms, an inductance of 
0.5 henry, and an initial current of 6 amperes. Find the current in the circuit at any time f. 


Here, E = 3 sin 2t, R= 10, and L=0.5; hence (7.9) becomes 


cal +20] =6 sin2t 
at 


This equation is linear, with solution (see Chapter 6) 
face’) = Joc sin 2t dt 


Carrying out the integrations (the second integral requires two integrations by parts), we obtain 


30 . 3 
T=cer + sin 2t cos 2t 
101 


101 


At t=0, /=6; hence, 
3 


6 =ceO + a 2(0) — Pee) or 6=c-— 
101 101 101 


whence c = 609/101. The current at any time ¢ is 


7 = 609-207 , 30 
101 101 


sin 2t cos 2t 
101 


As in Problem 7.18, the current is the sum of a transient current, here (609/101)e2", and a 
steady-state current, 


30 
— sin 2t — ey 
101 101 
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Rewrite the steady-state current of Problem 7.20 in the form A sin (2t— @). The angle @ is called the 
phase angle. 


Since A sin (2t — @) = A(sin 2t cos @—cos 2¢ sin ), we require 


I,= ce sin 2t = cos2t = Acos @ sin 2t — Asin @ cos 2t 
101 101 


30 : 3 
Thus, A cos ¢ = — and A sin @ = —. It now follows that 
101 101 


101} (101 


ead ane= Asingd ( 3 30) 1 
Acos@ \ 101 101} 10 


Consequently, /, has the required form if 


30) (3) 
+| = A’cos’ $+ A’ sin’ @ = A’(cos’ @ + sin’ @) = A” 


A= oe = — and g= en =0.0997 radians 
101)" V101 10 


An RC circuit has an emf given (in volts) by 400 cos 2f, a resistance of 100 ohms, and a capacitance of 
10°? farad. Initially there is no charge on the capacitor. Find the current in the circuit at any time f. 


We first find the charge g and then use (7.//) to obtain the current. Here, E = 400 cos 2t, R= 100, and 
C = 107; hence (7.10) becomes 


a +q=4cos2t 
dt 


This equation is linear, and its solution is (two integrations by parts are required) 
+, 8. 4 
q=ce' +—sin2t + —cos2t 
5 5 
At t=0, q =0; hence, 


0=ce + ase 2(0) + A e2(0) or c=- = 
5 5 5 


Thus q= re + a sin 2t 4 gaa 
5 5 5) 


and using (7.//), we obtain 


_ dq a4 et 
dt 5 


I 


16 
+—cos2t sin 2t 
5 5 


Find the orthogonal trajectories of the family of curves x* + y? = c?. 


The family, which is given by (7.12) with F(x, y, c) =x? + y? — c, consists of circles with centers at the origin 
and radii c. Implicitly differentiating the given equation with respect to x, we obtain 


2x+2yy’=0 or Mas 
dx y 
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Here f(x, y) =—x/y, so that (7.15) becomes 


dy _y 
dx x 


This equation is linear (and, in differential form, separable); its solution is 
yok () 


which represents the orthogonal trajectories. 

In Fig. 7-7 some members of the family of circles are shown in solid lines and some members of the family 
(/), which are straight lines through the origin, are shown in dashed lines. Observe that each straight line intersects 
each circle at right angles. 


AY 


Fig. 7-7 


7.24. Find the orthogonal trajectories of the family of curves y = cx’. 


The family, which is given by (7./2) with F(x, y, c)=y— cx’, consists of parabolas symmetric about the 
y-axis with vertices at the origin. Differentiating the given equation with respect to x, we obtain dy/dx = 2cx. 
To eliminate c, we observe, from the given equation, that c = y/x?; hence, dy/dx = 2y/x. Here f(x, y) = 2y/x, so 
(7.15) becomes 

dy _-x 


— or xdx+2ydy=0 
dx 2y sai 


The solution of this separable equation is 4x” + y* =k. These orthogonal trajectories are ellipses. Some members 


of this family, along with some members of the original family of parabolas, are shown in Fig. 7-8. Note that each 
ellipse intersects each parabola at right angles. 


7.25. Find the orthogonal trajectories of the family of curves x* + y? = cx. 
Here, F(x, y, c) =x? + y* — cx. Implicitly differentiating the given equation with respect to x, we obtain 


2x+ ay =c 
dx 
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Eliminating c between this equation and x” + y* — cx =0, we find 


2 2 2_ 42 
yo +y dy _y-x 
dx x dx 2xy 
Here f(x, y) = (9? — x*)/2xy, so (7.15) becomes 
es 


dx x -y 


This equation is homogeneous, and its solution (see Problem 4.14) gives the orthogonal trajectories as x? + y? = ky 


Supplementary Problems 


7.26. Bacteria grow in a nutrient solution at a rate proportional to the amount present. Initially, there are 250 strands of 

the bacteria in the solution which grows to 800 strands after seven hours. Find (a) an expression for the approximate 
number of strands in the culture at any time ¢ and (b) the time needed for the bacteria to grow to 1600 strands. 

7.27. Bacteria grow in a culture at a rate proportional to the amount present. Initially, 300 strands of the bacteria are in 

the culture and after two hours that number has grown by 20 percent. Find (a) an expression for the approximate 

number of strands in the culture at any time f and (b) the time needed for the bacteria to double its initial size. 

A mold grows at a rate proportional to its present size. Initially there is 2 oz of this mold, and two days later there 


7.28. 
is 3 oz. Find (a) how much mold was present after one day and (b) how much mold will be present in ten days. 
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7.30. 


731. 


7.32. 


7.33. 


7.34. 


7.35. 


7.36. 


7.37. 


7.38. 


7.39. 


740. 


7AL. 


7.42. 


743. 


7.44, 


745. 


A mold grows at a rate proportional to its present size. If the original amount doubles in one day, what proportion 
of the original amount will be present in five days? Hint: Designate the initial amount by Np. It is not necessary to 
know No explicitly. 


A yeast grows at a rate proportional to its present size. If the original amount doubles in two hours, in how many 
hours will it triple? 


The population of a certain country has grown at a rate proportional to the number of people in the country. At 
present, the country has 80 million inhabitants. Ten years ago it had 70 million. Assuming that this trend continues, 
find (a) an expression for the approximate number of people living in the country at any time ¢ (taking t= 0 to be 
the present time) and (b) the approximate number of people who will inhabit the country at the end of the next 
ten-year period. 


The population of a certain state is known to grow at a rate proportional to the number of people presently living in 
the state. If after 10 years the population has trebled and if after 20 years the population is 150,000, find the number 
of people initially living in the state. 


A certain radioactive material is known to decay at a rate proportional to the amount present. If initially there are 
100 milligrams of the material present and if after two years it is observed that 5 percent of the original mass has 
decayed, find (a) an expression for the mass at any time ¢ and (b) the time necessary for 10 percent of the original 
mass to have decayed. 


A certain radioactive material is known to decay at a rate proportional to the amount present. If after one hour it is 
observed that 10 percent of the material has decayed, find the half-life of the material. Hint: Designate the initial 
mass of the material by No. It is not necessary to know Np explicitly. 

Find M(t) for the situation described in Problem 7.7. 

A depositor places $10,000 in a certificate of deposit which pays 6 percent interest per annum, compounded 
continuously. How much will be in the account at the end of seven years, assuming no additional deposits or 
withdrawals? 

How much will be in the account described in the previous problem if the interest rate is 7+ percent instead? 

A depositor places $5000 in an account established for a child at birth. Assuming no additional deposits or with- 
drawals, how much will the child have upon reaching the age of 21 if the bank pays 5 percent interest per annum 
compounded continuously for the entire time period? 

Determine the interest rate required to double an investment in eight years under continuous compounding. 


Determine the interest rate required to triple an investment in ten years under continuous compounding. 


How long will it take a bank deposit to triple in value if interest is compounded continuously at a constant rate of 
54 percent per annum? 


How long will it take a bank deposit to double in value if interest is compounded continuously at a constant rate of 
84 percent per annum? 


A depositor currently has $6000 and plans to invest it in an account that accrues interest continuously. What interest 
rate must the bank pay if the depositor needs to have $10,000 in four years? 


A depositor currently has $8000 and plans to invest it in an account that accrues interest continuously at the rate of 
6+ percent. How long will it take for the account to grow to $13,500? 


A body at a temperature of 0°F is placed in a room whose temperature is kept at 100°F. If after 10 minutes 
the temperature of the body is 25°F, find (a) the time required for the body to reach a temperature of 50° F, and 
(b) the temperature of the body after 20 minutes. 
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A body of unknown temperature is placed in a refrigerator at a constant temperature of 0° F. If after 20 minutes the 
temperature of the body is 40° F and after 40 minutes the temperature of the body is 20° F, find the initial tempera- 
ture of the body. 


A body at a temperature of 50° F is placed in an oven whose temperature is kept at 150°F. If after 10 minutes the 
temperature of the body is 75° F, find the time required for the body to reach a temperature of 100° F. 


A hot pie that was cooked at a constant temperature of 325° F is taken directly from an oven and placed outdoors 
in the shade to cool on a day when the air temperature in the shade is 85°F. After 5 minutes in the shade, the 
temperature of the pie had been reduced to 250° F. Determine (a) the temperature of the pie after 20 minutes and 
(b) the time required for the pie to reach 275° F. 


A cup of tea is prepared in a preheated cup with hot water so that the temperature of both the cup and the brewing 
tea is initially 190° F. The cup is then left to cool in a room kept at a constant 72° F. Two minutes later, the tem- 
perature of the tea is 150° F. Determine (a) the temperature of the tea after 5 minutes and (b) the time required for 
the tea to reach 100° F. 


A bar of iron, previously heated to 1200° C, is cooled in a large bath of water maintained at a constant temperature 
of 50° C. The bar cools by 200° in the first minute. How much longer will it take to cool a second 200°? 


A body of mass 3 slugs is dropped from a height of 500 ft in a with zero velocity. Assuming no air resistance, find 
(a) an expression for the velocity of the body at any time ¢ and (b) an expression for the position of the body at any 
time f with respect to the coordinate system described in Fig. 7-5. 


(a) Determine the time required for the body described in the previous problem to hit the ground. (b) How long 
would it take if instead the mass of the body was 10 slugs? 


A body is dropped from a height of 300 ft with an initial velocity of 30 ft/sec. Assuming no air resistance, find 
(a) an expression for the velocity of the body at any time ¢ and (b) the time required for the body to hit the ground. 


A body of mass 2 slugs is dropped from a height of 450 ft with an initial velocity of 10 ft/sec. Assuming no air 
resistance, find (a) an expression for the velocity of the body at any time f and (b) the time required for the body to 
hit the ground. 


A body is propelled straight up with an initial velocity of 500 ft/sec in a vacuum with no air resistance. How long 
will it take the body to return to the ground? 


A ball is propelled straight up with an initial velocity of 250 ft/sec in a vacuum with no air resistance. How high 
will it go? 


A body of mass m is thrown vertically into the air with an initial velocity vy. The body encounters no air resistance. 
Find (a) the equation of motion in the coordinate system of Fig. 7-6, (b) an expression for the velocity of the body 
at any time ¢, (c) the time ¢,,, at which the body reaches its maximum height, (d) an expression for the position of 
the body at any time rf, and (e) the maximum height attained by the body. 


Redo Problem 7.51 assuming there is air resistance which creates a force on the body equal to —2v lb. 
Redo Problem 7.54 assuming there is air resistance which creates a force on the body equal to $v lb. 


A ball of mass 5 slugs is dropped from a height of 1000 ft. Find the limiting velocity of the ball if it encounters a 
force due to air resistance equal to —4v. 


A body of mass 2 kg is dropped from a height of 200 m. Find the limiting velocity of the body if it encounters a 
resistance force equal to —50v. 


A body of mass 10 slugs is dropped from a height of 1000 ft with no initial velocity. The body encounters an air 
resistance proportional to its velocity. If the limiting velocity is known to be 320 ft/sec, find (a) an expression for 
the velocity of the body at any time f, (b) an expression for the position of the body at any time f, and (c) the time 
required for the body to attain a velocity of 160 ft/sec. 
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A body weighing 8 lb is dropped from a great height with no initial velocity. As it falls, the body encounters a force 
due to air resistance proportional to its velocity. If the limiting velocity of this body is 4 ft/sec, find (a) an expression 
for the velocity of the body at any time ¢ and (b) an expression for the position of the body at any time f. 


A body weighing 160 Ib is dropped 2000 ft above ground with no initial velocity. As it falls, the body encounters a 
force due to air resistance proportional to its velocity. If the limiting velocity of this body is 320 ft/sec, find (a) an 
expression for the velocity of the body at any time ¢ and (b) an expression for the position of the body at any time f. 


A tank initially holds 10 gal of fresh water. At t= 0, a brine solution containing +b of salt per gallon is poured into 
the tank at a rate of 2 gal/min, while the well-stirred mixture leaves the tank at the same rate. Find (a) the amount 
and (b) the concentration of salt in the tank at any time f. 


A tank initially holds 80 gal of a brine solution containing {1b of salt per gallon. At t=0, another brine solution 
containing 1| Ib of salt per gallon is poured into the tank at the rate of 4 gal/min, while the well-stirred mixture leaves 
the tank at the rate of 8 gal/min. Find the amount of salt in the tank when the tank contains exactly 40 gal of solution. 


A tank contains 100 gal of brine made by dissolving 80 lb of salt in water. Pure water runs into the tank at the rate 
of 4 gal/min, and the well-stirred mixture runs out at the same rate. Find (a) the amount of salt in the tank at any 
time ¢ and (b) the time required for half the salt to leave the tank. 


A tank contains 100 gal of brine made by dissolving 60 Ib of salt in water. Salt water containing 1 Ib of salt per 
gallon runs in at the rate of 2 gal/min and the well-stirred mixture runs out at the rate of 3 gal/min. Find the amount 
of salt in the tank after 30 minutes. 


A tank contains 40 1 of solution containing 2 g of substance per liter. Salt water containing 3 g of this substance 
per liter runs in at the rate of 4 1/min and the well-stirred mixture runs out at the same rate. Find the amount of 
substance in the tank after 15 minutes. 


A tank contains 40 | of a chemical solution prepared by dissolving 80 g of a soluble substance in fresh water. Fluid 
containing 2 g of this substance per liter runs in at the rate of 3 1/min and the well-stirred mixture runs out at the 
same rate. Find the amount of substance in the tank after 20 minutes. 


An RC circuit has an emf of 5 volts, a resistance of 10 ohms, a capacitance of 10~? farad, and initially a charge of 
5 coulombs on the capacitor. Find (a) the transient current and (b) the steady-state current. 


An RC circuit has an emf of 100 volts, a resistance of 5 ohms, a capacitance of 0.02 farad, and an initial charge on 
the capacitor of 5 coulombs. Find (a) an expression for the charge on the capacitor at any time ¢ and (b) the current 
in the circuit at any time ¢. 


An RC circuit has no applied emf, a resistance of 10 ohms, a capacitance of 0.04 farad, and an initial charge on the 
capacitor of 10 coulombs. Find (a) an expression for the charge on the capacitor at any time f and (b) the current in 
the circuit at any time t¢. 


A RC circuit has an emf of 10 sin ¢ volts, a resistance of 100 ohms, a capacitance of 0.005 farad, and no initial 
charge on the capacitor. Find (a) the charge on the capacitor at any time ¢ and (b) the steady-state current. 


A RC circuit has an emf of 300 cos 2f volts, a resistance of 150 ohms, a capacitance of 1/6 x 10 farad, and an 
initial charge on the capacitor of 5 coulombs. Find (a) the charge on the capacitor at any time ¢ and (b) the steady- 
state current. 


A RL circuit has an emf of 5 volts, a resistance of 50 ohms, an inductance of 1 henry, and no initial current. Find 
(a) the current in the circuit at any time f and (b) its steady-state component. 


A RL circuit has no applied emf, a resistance of 50 ohms, an inductance of 2 henries, and an initial current of 
10 amperes. Find (a) the current in the circuit at any time ¢ and (0) its transient component. 


A RL circuit has a resistance of 10 ohms, an inductance of 1.5 henries, an applied emf of 9 volts, and an initial current 
of 6 amperes. Find (a) the current in the circuit at any time ¢ and (d) its transient component. 
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An RL circuit has an emf given (in volts) by 4 sin f, a resistance of 100 ohms, an inductance of 4 henries, and no 
initial current. Find the current at any time f. 


The steady-state current in a circuit is known to be 4sin t - 4cos ft. Rewrite this current in the form A sin (t— ¢). 


Rewrite the steady-state current of Problem 7.21 in the form A cos (2t+ @). Hint: Use the identity cos (x+y) = 
cos x cos y — sin x sin y. 


Find the orthogonal trajectories of the family of curves x? — y? = c’. 


Find the orthogonal trajectories of the family of curves y = ce*. 
Find the orthogonal trajectories of the family of curves x? — y= cx. 
Find the orthogonal trajectories of the family of curves x? + y? = cy. 
Find the orthogonal trajectories of the family of curves y” = 4cx. 


One hundred strands of bacteria are placed in a nutrient solution in which a plentiful supply of food is con- 
stantly provided but space is limited. The competition for space will force the bacteria population to stabilize at 
1000 strands. Under these conditions, the growth rate of bacteria is proportional to the product of the amount of 
bacteria present in the culture with the difference between the maximum population the solution can sustain and 
the current population. Estimate the amount of bacteria in the solution at any time ¢ if it is known that there were 
200 strands of bacteria in the solution after seven hours. 


A new product is to be test marketed by giving it free to 1000 people in a city of one million inhabitants, which is 
assumed to remain constant for the period of the test. It is further assumed that the rate of product adoption will be 
proportional to the number of people who have it with the number who do not. Estimate as a function of time the 
number of people who will adopt the product if it is known that 3000 people have adopted the product after four 
weeks. 


A body of mass | slug is dropped with an initial velocity of 1 ft/sec and encounters a force due to air resistance 
given exactly by —8v’. Find the velocity at any time f. 


CHAPTER 8 


Linear Differential 
Equations: Theory 
of Solutions 


LINEAR DIFFERENTIAL EQUATIONS 
An nth-order linear differential equation has the form 
b (xy +b, (ay? +++ Bb (x)y” +b (x) y’ + by &)y = 9(x) (8.1) 


where g(x) and the coefficients b; (x) (j=0, 1, 2, ... ,) depend solely on the variable x. In other words, they 
do not depend on y or on any derivative of y. 

If g(x) =0, then Eq. (8./) is homogeneous; if not, (8.1) is nonhomogeneous. A linear differential equation 
has constant coefficients if all the coefficients b(x) in (8./) are constants; if one or more of these coefficients 
is not constant, (8./) has variable coefficients. 


Theorem 8.1. Consider the initial-value problem given by the linear differential equation (8./) and the n initial 
conditions 


W(X) = Co, YX) =C1, Yo) = Cay 0 YM) = Cnt (8.2) 
If g(x) and bj(x) (j=0, 1, 2, ... , 2) are continuous in some interval ¥ containing xg and if 
b,(x) #0 in #, then the initial-value problem given by (8./) and (8.2) has a unique (only one) 
solution defined throughout £. 


When the conditions on b,(x) in Theorem 8.1 hold, we can divide Eq. (8./) by b,(x) to get 
yO $a, yor? te ta(x)y” + a,(x)y’ + ay (xy = O(x) (8.3) 


where a(x) = b(x)/b,(x) (j=9, 1, ... ,2— 1) and @(x) = g(x)/b, (x). 
Let us define the differential operator L(y) by 


L(y) =y +a, (x) yr? +e +a (ay +a (xy + a (x)y (8.4) 
where a(x) ((=0, 1,2, ... ,2— 1) is continuous on some interval of interest. Then (8.3) can be rewritten as 
L(y) = o(@) (8.5) 
and, in particular, a linear homogeneous differential equation can be expressed as 
L(y) =0 (8.6) 
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LINEARLY INDEPENDENT SOLUTIONS 


A set of functions {y,(x), yo(x), ... , ¥,(x)} is linearly dependent on a <x <b if there exist constants c,, 
C2, +++ » Cy, Not all zero, such that 
CY (X) + Oy, (x) +++ +0, y, (0) = 0 (8.7) 
onasx<b. 


Example 8.1. The set {x, 5x, 1, sin x} is linearly dependent on [—1, 1] since there exist constants cy =—5, c= 1, c3=0, 
and cy =0, not all zero, such that (8.7) is satisfied. In particular, 


-—5-x4+1-5x+0-1+0-sinx=0 


Note that c; = cy) =--- =c, =0 is a set of constants that always satisfies (8.7). A set of functions is linearly 
dependent if there exists another set of constants, not all zero, that also satisfies (8.7). If the only solution 
to (8.7) is c) =C,=-++- =c, =0, then the set of functions {y,(x), yo(x), ... , Y,(x)} is linearly independent on 
asxsb. 


Theorem 8.2. The nth-order linear homogeneous differential equation L(y) =0 always has n linearly inde- 
pendent solutions. If y,(x), y2(x), ... , y,(x) represent these solutions, then the general solution 
of L(y) = 0 is 


y(X) = Cy, (X) + C,y,(X) +--+ +€,9,(%) (8.8) 


where Cy, Co, ... , C, denote arbitrary constants. 


THE WRONSKIAN 


The Wronskian of a set of functions {z,(x), Z(x), ... , Z,(x)} on the interval a < x < b, having the property 
that each function possesses n — | derivatives on this interval, is the determinant 


cay Ly Zn 

, , , 

ray a) n 

” ” ” 

WZ, 2.5 Za) =] % Zp  , 
—1 —1 —I 
re ) - ) ae a ) 


Theorem 8.3. If the Wronskian of a set of n functions defined on the interval a <x <b is nonzero for at 
least one point in this interval, then the set of functions is linearly independent there. If the 
Wronskian is identically zero on this interval and if each of the functions is a solution to the 
same linear differential equation, then the set of functions is linearly dependent. 


Caution: Theorem 8.3 is silent when the Wronskian is identically zero and the functions are not known to be 
solutions of the same linear differential equation. In this case, one must test directly whether Eq. (8.7) is satisfied. 


NONHOMOGENEOUS EQUATIONS 


Let y, denote any particular solution of Eq. (8.5) (see Chapter 3) and let y, (henceforth called the homogene- 
ous or complementary solution) represent the general solution of the associated homogeneous equation L(y) = 0. 


Theorem 8.4. The general solution to L(y) = @(4) is 


Y=YntYp (8.9) 
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8.1. 


8.2. 


8.3. 


8.4. 


Solved Problems 


State the order of each of the following differential equations and determine whether any are linear: 


(a) 2xy’+xy’ —(sin xy =2 (b) yy” +x ty=x? 
(c) y’-y=0 (d) 3y'+xy=e" 
Xe Xe d*y 4 
(e) 2ey" + ey" =1 (f) ety =9 
dx 
(g) ytiy ty=x? (h) y’'+2y+3=0 


(a) Second-order. Here x(x) = 2x, b,(x) = x, bo(x) = —sin x, and g(x) = 2. Since none of these terms depends on 
y or any derivative of y, the differential equation is linear. 


(b) Third-order. Since b3 = y, which does depend on y, the differential equation is nonlinear. 


(c) Second-order. Here bo(x) = 1, b\(x) =0, bo(x) = 1, and g(x) =0. None of these terms depends on y or any 
derivative of y; hence the differential equation is linear. 


(d) First-order. Here b,(x) =3, bo(x) =x, and g(x) =e": hence the differential equation is linear. (See also 
Chapter 5.) 


(e) Third-order. Here b3(x) = 2e*, bo(x) = e*, by(x) = bo(x) = 0, and g(x) = 1. None of these terms depends on y or 
any of its derivatives, so the equation is linear. 


(f) Fourth-order. The equation is nonlinear because y is raised to a power higher than unity. 


(g) Second-order. The equation is nonlinear because the first derivative of y is raised to a power other than unity, 
here the one-half power. 


(h) First-order. Here bj(x) = 1, bo(x) = 2, and g(x) = —3. None of these terms depends on y or any of its derivatives, 
so the equation is linear. 


Which of the linear differential equations given in Problem 8.1 are homogeneous? 


Using the results of Problem 8.1, we see that the only linear differential equation having g(x) =0 is (c), so 
this is the only one that is homogeneous. Equations (a), (d), (e), and (h) are nonhomogeneous linear differential 
equations. 


Which of the linear differential equations given in Problem 8.1 have constant coefficients? 


In their present forms, only (c) and (h) have constant coefficients, for only in these equations are all the 
coefficients constants. Equation (e) can be transformed into one having constant coefficients by multiplying it 
by e™*. The equation then becomes 


Find the general form of a linear differential equation of (a) order two and (b) order one. 


(a) Fora second-order differential equation, (8.1) becomes 


bo(x)y” + bi (a)y’ + boy = g(x) 


If bx(x) #0, we can divide through by it, in which case (8.3) takes the form 


y+ ay’ + any = O(a) 
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(b) For a first-order differential equation, (8.1) becomes 
If b\(x) #0, we can divide through by it, in which case (8.3) takes the form 
y + ag(x)y = 6 (x) 
This last equation is identical to (6./) with p(x) = a(x) and q(x) = 6 (4). 


8.5. | Find the Wronskian of the set {e*, e~*}. 


x x 


e e x =x 
x = e e 
Wle',e")=|de*  de*|=|_, y 
-e 
dx dx 


=e'(-e")-e“(e')=-2 


8.6. Find the Wronskian of the set {sin 3x, cos 3x}. 


sin 3x cos 3x : 
Wosin 3 3x) sin 3x cos 3x 
sin 3x, cos 3x) = i = 
aise), “G(cos 38) 3cos 3x —3sin 3x 
dx dx 


=—3(sin’ 3x + cos? 3x) =—3 


8.7. Find the Wronskian of the set {x, x”, x°}. 


2 3 


x x x 
d(x) d(x?) — d(x’) 
W(x, x)= dx dx dx 


aot) ey 
dx? dx? dx? 


x x x 
=|1 2x 3x*}/=2x° 
O 2 6x 


This example shows that the Wronskian is in general a nonconstant function. 


8.8. | Find the Wronskian of the set {1 —x, 1 +x, 1 — 3x}. 


1-x 1l+x 1-3x 
di-x) d(+x) d(-3x) 
Wd-x,1+x,1-3x)= dx dx dx 
a@(il—-x) d@i+x) d’(1-3x) 
dx’ dx’ dx’ 


l-x l+x 1-3x 


8.9. | Determine whether the set {e*, e*} is linearly dependent on (—~, ~). 


The Wronskian of this set was found in Problem 8.5 to be —2. Since it is nonzero for at least one point in the 
interval of interest (in fact, it is nonzero at every point in the interval), it follows from Theorem 8.3 that the set is 


linearly independent. 
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8.10. 


8.11. 


8.12. 


8.13. 


8.14. 


8.15. 


Redo Problem 8.9 by testing directly how Eq. (8.7) is satisfied. 
Consider the equation 
cye+.oe* =0 (/) 


We must determine whether there exist values of c, and c3, not both zero, that will satisfy (J). Rewriting (J), we 
have cy9e* = —c,e" or 


Cy = -ce* (2) 
For any nonzero value of cy, the left side of (2) is a constant whereas the right side is not; hence the equality in (2) 


is not valid. It follows that the only solution to (2), and therefore to (/), is c; = cy =0. Thus, the set is not linearly 
dependent; rather it is linearly independent. 


Is the set {x, x7, x7} linearly dependent on (—~, ~)? 


The Wronskian of this set was found in Problem 8.7 to be 2x°. Since it is nonzero for at least one point in 
the interval of interest (in particular, at x =3, W=54 #0), it follows from Theorem 8.3 that the set is linearly 
independent. 


Consider the set {x”, x, 1} on (—%, %). By testing directly, show that this set is linearly independent. 


Consider the equation 


CX +x +03 =0 Cd) 


Since this equation is valid for all x only if c, = c. = c3 =0, the given set is linearly independent. Note that if any of 
the c’s were not zero, then the quadratic equation (/) could hold for at most two values of x, the roots of the equation, 
and not for all x. 


Determine whether the set {1 — x, 1 +x, 1 — 3x} is linearly dependent on (—™, ©). 


The Wronskian of this set was found in Problem 8.8 to be identically zero. In this case, Theorem 8.3 provides 
no information, and we must test directly how Eq. (8.7) is satisfied. 
Consider the equation 


ci — x) + co(1 +x) +031 — 3x) = 0 () 
which can be rewritten as 
(—c1 + Cy — 303)x + (cy + Co +03) =O 
This linear equation can be satisfied for all x only if both coefficients are zero. Thus, 
—C;+¢)—3c3=0 and c,+ce,+c¢3;=0 


Solving these equations simultaneously, we find that c; = —2c3, c. = c3, with c3 arbitrary. Choosing c3 = 1 (any other 
nonzero number would do), we obtain c, = —2, cp = 1, and c3 = 1 as a set of constants, not all zero, that satisfy (/). 
Thus, the given set of functions is linearly dependent. 


Redo Problem 8.13 knowing that all three functions of the given set are solutions to the differential 
equation y’ =0. 


The Wronskian is identically zero and all functions in the set are solutions to the same linear differential equation, 
so it now follows from Theorem 8.3 that the set is linearly dependent. 


Find the general solution of y” + 9y =0 if it is known that two solutions are 


y,(x)=sin 3x and y.(x)=cos 3x 
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8.16. 


8.17. 


8.18. 


8.19. 


8.20. 


8.21. 
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The Wronskian of the two solutions was found in Problem 8.6 to be —3, which is nonzero everywhere. It 
follows, first from Theorem 8.3, that the two solutions are linearly independent and, then from Theorem 8.2 that 
the general solution is 


y(x) = c, sin 3x +c, cos 3x 


Find the general solution of y” — y =0 if it is known that two solutions are 
yi@)=e" and yo(x)=e™ 


It was shown in both Problems 8.9 and 8.10 that these two functions are linearly independent. It follows from 
Theorem 8.2 that the general solution is 


y(x) = cye* + cre ™ 
Two solutions of y’ — 2y’ + y=0 are e“ and 5e™. Is the general solution y = ce + c)5e™“? 


We calculate 


- =e: 5 ane 
Wet, 5e*y=|° °° 


-e* —-Se* 


Therefore the functions e“* and 5e™ are linearly dependent (see Theorem 8.3), and we conclude from Theorem 8.2 
that y =cje“* + c,5e™ is not the general solution. 


Two solutions of y’ — 2y’ + y=0 are e* and xe". Is the general solution y = c,e* + coxe"? 
We have 


We’, xe") = . ee ee e* £0 


x 


ee. +xe" 


It follows, first from Theorem 8.3, that the two particular solutions are linearly independent and then from 
Theorem 8.2, that the general solution is 


y=cye* + coxe* 


2 


wr 


Three solutions of y”’ = 0 are x”, x, and 1. Is the general solution y = cyx* + cyx + ¢3? 


Yes. It was shown in Problems 8.11 and 8.12 that three solutions are linearly independent, so the result is 
immediate from Theorem 8.3. 


Two solutions of y” — 6y” + lly’ — 6y =0 are e* and e**. Is the general solution y = cye* + c,e**? 


No. Theorem 8.2 states that the general solution of a third-order linear homogeneous differential equation is 
a combination of three linearly independent solutions, not two. 


Use the results of Problem 8.16 to find the general solution of 
y’-y=2 sinx 


if it is known that —sin x is a particular solution. 


We are given that y, =—sin x, and we know from Problem 8.16 that the general solution to the associated 
homogeneous differential equation is y, = c,e‘ + c»e~. It follows from Theorem 8.4 that the general solution to the 
given nonhomogeneous differential equation is 


Y=YatYp = Ce + ce — sin x 
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8.22. 


8.23. 


8.24. 


8.25. 


Use the results of Problem 8.18 to find the general solution of 
y’ -2y +y=x* 
if it is known that x? + 4x + 6 is a particular solution. 
We have from Problem 8.18 that the general solution to the associated homogeneous differential equation is 
Vp = Cye* + Coxe* 
Since we are given that y, = x? + 4x + 6, it follows from Theorem 8.4 that 


Y=Yht+Yp = Cre" + Coxe +.X° + 4x46 


Use the results of Problem 8.18 to find the general solution of 
y”—2y'+y=e* 
if it is known that +e** is a particular solution. 
We have from Problem 8.18 that the general solution to the associated homogeneous differential equation is 
Vp = Ce" + Coxe* 


In addition, we are given that y, = te™. It follows directly from Theorem 8 4 that 


; 2 eh ee 
y=y, ty, = cje +c,xe* + ra 


Determine whether the set {x°, lx*I} is linearly dependent on [—1, 1]. 


Consider the equation 
cp + col] =0 (1) 


Recall that b?] =. if x = 0 and Ix*] =x? if x <0. Thus, when x = 0, (/) becomes 


cp + ox =0 (2) 


whereas when x < 0, (/) becomes 
cpr — ox =0 (3) 


Solving (2) and (3) simultaneously for c; and c,, we find that the only solution is c, = cy = 0. The given set is, therefore, 
linearly independent. 


Find WG, bel) on [-1, 1]. 


We have 
ee 3x’ ifx>0 
wt| i oe <= 0 ifx=0 
ie wre . 3x? ifx<0 
Then, for x > 0, 
3 3 
Wolen=|~. ~ |=0 
( 3x? 3x? 
For x <0, 
x x 
Wx, lel) = ‘ 5| =9 
3x° -3x 
For x =0, 
0 O 
We, lel) = =0 
0 0 


Thus, W(x°, xl) =0 on [-1, 1]. 
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8.26. 


8.27. 


8.28. 


8.29. 


8.30. 


8.31. 


8.32. 
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Do the results of Problems 8.24 and 8.25 contradict Theorem 8.3? 


No. Since the Wronskian of two linearly independent functions is identically zero, it follows from Theorem 8.3 
that these two functions, x° and Ix*l, are not both solutions of the same linear homogeneous differential equation of 
the form L(y) =0. 


Two solutions of y” — (2/x)y’ = 0 on [-1, 1] are y =x? and y = lx’]. Does this result contradict the solution 
to Problem 8.26? 


No. Although W(x’, Ll) =0 and both y=x° and y=lx*l are linearly independent solutions of the same lin- 
ear homogeneous differential equation y” — (2/x)y’ =0, this differential equation is not of the form L(y) =0. The 
coefficient —2/x is discontinuous at x = 0. 


The initial-value problem y’ = 2,/lyl; y(0) =0 has the two solutions y =x |x| and y = 0. Does this result 
violate Theorem 8.1? 

No. Here @= 2/lyI , which depends on y; therefore, the differential equation is not linear and Theorem 8.1 
does not apply. 


Determine all solutions of the initial-value problem y” + e*y’ + (x + Dy =0; y 1) =0, y’C1) =0. 


Here, b>(x) = 1, bj(x) = e*, bo(x) =x + 1, and g(x) =0 satisfy the hypotheses of Theorem 8.1; thus, the solution to 
the initial-value problem is unique. By inspection, y =0 is a solution. It follows that y = 0 is the only solution. 


Show that the second-order operator L(y) is linear; that is 


L(cyy, + C22) = cyL(y,) + coL(y2) 
where c, and cy are arbitrary constants and y, and y, are arbitrary n-times differentiable functions. 
In general, 


L(y) =y”" + a,(x)y’ + ag(x)y 


Thus L(y, + 59a) = (CY + CaV2)” + a (XM(CLY, + C2) + Ag(AM CY, + CY) 
=O ty, +a (OY, +a (Deny, + Ay) (XC,Y, + Ay (X)CrV> 
=eLy'+ a,(x)y; + ag(x)y,] + el yy + a,(x)y + ag (X) yo] 
=cL(y,) + L(y) 


Prove the principle of superposition for homogeneous linear differential equations; that is, if y, and 
y2 are two solutions of L(y) = 0, then cy, + czy» is also a solution of L(y) = 0 for any two constants c, 
and ¢). 


Let y; and y> be two solutions of L(y) = 0; that is, L(y,) =0 and L(y2) =0. Using the results of Problem 8.30, 
it follows that 


L(ciy) + C292) = cL (91) + CoL(y2) = €1(0) + €2(0) = 0 


Thus, cyy; + c2y2 is also a solution of L(y) =0. 


Prove Theorem 8.4. 
Since L(y,) =0 and L(y,) = ¢ (a), it follows from the linearity of L that 


L(y) = L(y + yp) =LOy,) + LO,) =0 + 9) = 6 @) 


Thus, y is a solution. 
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To prove that it is the general solution, we must show that every solution of L(y) = ¢ (x) is of the form (8.9). 
Let y be any solution of L(y) = @ (x) and set z= y — y,. Then 


L(z) =L(y —y,) =L(y) - LO) = 6) - 9 @) =0 


so that z is a solution to the homogeneous equation L(y) = 0. Since z=y —y,, it follows that y = z+ y,, where z is 
a solution of L(y) =0. 


Supplementary Problems 


8.33. Determine which of the following differential equations are linear: 


(a) y" +xy'+2y=0 (b) y”-y=x 

(c) y’'+5y=0 (d) YO 4x y" + xy" — ety + 2yH=x? 4x41 
(e) y" + 2xy' +y=4xy" (f) y’-2y =xy 

(g) y’+yy" =x? (h) y" + (2 = Dy” —2y’ +y =5 sin x 

(i) y +y(sin x) =x (j) y+x(sin y) =x 

(k) y"+e=0 (l) y’+e=0 


8.34. Determine which of the linear differential equations in Problem 8.33 are homogeneous. 
8.35. Determine which of the linear differential equations in Problem 8.33 have constant coefficients. 


In Problems 8.36 through 8.49, find the Wronskians of the given sets of functions and, where appropriate, use that information 
to determine whether the given sets are linearly independent. 


8.36. {3x, 4x} 8.37. {x7,x} 

8.38. £0, x7} 839. £e,x} 

8.40. {x7, 5} 8.41. {x7,-x7} 

8.42. {ee} 8.43. {e>*, e*} 

8.44. {3e7*, 5e7*} 8.45. {x, 1, 2x-—7} 

8.46. {x+1,x7 +x, 2x7-x-3} 8.47. {x7, x7, x4} 

8.48. {e*,e*, ey 8.49. {sin x,2 cos x, 3 sin x + cos x} 


8.50. Prove directly that the set given in Problem 8.36 is linearly dependent. 
8.51. Prove directly that the set given in Problem 8 41 is linearly dependent. 
8.52. Prove directly that the set given in Problem 8 44 is linearly dependent. 
8.53. Prove directly that the set given in Problem 8.45 is linearly dependent. 


8.54. Prove directly that the set given in Problem 8 46 is linearly dependent. 
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8.55. 


8.56. 


8.57. 


8.58. 


8.59. 


8.60. 


8.61. 


8.62. 


8.63. 


8.64. 


8.65. 


8.66. 


8.67. 


8.68. 


8.69. 


8.70. 
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Prove directly that the set given in Problem 8.49 is linearly dependent. 
Using the results of Problem 8.42, construct the general solution of y” — 4y =0. 
Using the results of Problem 8.43, construct the general solution of y” — 5y’ + 6y =0. 


What can one say about the general solution of y’” + 16y =0 if two particular solutions are known to be y, = sin 4x 
and y>) =cos 4x? 


What can one say about the general solution of y” — 8y’ = 0 if two particular solutions are known to be y, = e** and 
yo=1? 


What can one say about the general solution of y” + y’ =0 if two particular solutions are known to be y; =8 and 
2 = 1? 


mw 


What can one say about the general solution of y’”’ — y” =0 if two particular solutions are known to be y; =x and 


yn =e*? 


mt 


What can one say about the general solution of y’” + y” + y’ + y = 0 if three particular solutions are known to be the 


functions given in Problem 8.49? 


mw 


What can one say about the general solution of y’’ — 2y” — y’ + 2y =0 if three particular solutions are known to be 


the functions given in Problem 8.48? 


What can one say about the general solution of d°y/dx° = 0 if three particular solutions are known to be the functions 
given in Problem 8.47? 


Find the general solution of y” + y =x’, if one solution is y = x* — 2, and if two solutions of y” + y =0 are sin x and 
COs x. 


Find the general solution of y’ —y =x, if one solution is y =—x? — 2, and if two solutions of y” —y =0 are e* 
and 3e”. 


” 


Find the general solution of y’’-—y”’-—y’+y=5, if one solution is y=5, and if three solutions of y’”’ —y 
—y’ +y =O are e*, e™, and xe". 


The initial-value problem y’ — (2/x)y = 0; y(0) =0 has two solutions y = 0 and y = x*. Why doesn’t this result violate 
Theorem 8.1? 


Does Theorem 8.1 apply to the initial-value problem y’ — (2/x)y =0; y(1) =3? 


The initial-value problem xy’ — 2y =0; y(0) =0 has two solutions y =0 and y =x”. Why doesn’t this result violate 
Theorem 8.1? 


CHAPTER 9 


Second-Order 

Linear Homogeneous 
Differential 
Equations with 
Constant Coefficients 


INTRODUCTORY REMARK 


Thus far we have concentrated on first-order differential equations. We will now turn our attention to the 
second-order case. After investigating solution techniques, we will discuss applications of these differential 
equations (see Chapter 14). 


THE CHARACTERISTIC EQUATION 


Corresponding to the differential equation 
y’ +ay +agy =0 (9.1) 
in which a, and ap are constants, is the algebraic equation 
M+ a,+a)=0 (9.2) 


which is obtained from Eq. (9./) by replacing y’, y’, and y by A”, A!, and A° = 1, respectively. Equation (9.2) is 
called the characteristic equation of (9.1). 


Example 9.1. The characteristic equation of y’+3y’—4y=0 is 4°+3A—4=0; the characteristic equation of 
y’ —2y' +y=0 is X? — 20 +1=0. 
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Characteristic equations for differential equations having dependent variables other than y are obtained 
analogously, by replacing the jth derivative of the dependent variable by A/ (j =0, 1, 2). 
The characteristic equation can be factored into 


(A-A)(A=Az) =0 (9.3) 


THE GENERAL SOLUTION 
The general solution of (9./) is obtained directly from the roots of (9.3). There are three cases to consider. 


Ayx 


Case 1. A, and A, both real and distinct. Two linearly independent solutions are e** and e”*, and the 


general solution is (Theorem 8.2) 
y=qe" +c," (9.4) 


In the special case A, =—A,, the solution (9.4) can be rewritten as y= k, cosh A,x + ky sinh A,x. 


Case 2. A, = a+ib,a complex number. Since a, and ap in (9./) and (9.2) are assumed real, the roots 
of (9.2) must appear in conjugate pairs; thus, the other root is 4, = a — ib. Two linearly independent 
solutions are e“** and e@~)*, and the general complex solution is 


y= det + dea (9.5) 
which is algebraically equivalent to (see Problem 9.16) 
y=cye™ cos bx + cye™ sin bx (9.6) 
Case 3. A, =A. Two linearly independent solutions are e* and nel , and the general solution is 


y=c,e™ +c,xe™ (9.7) 


Warning: The above solutions are not valid if the differential equation is not linear or does not have constant 
coefficients. Consider, for example, the equation y” — x”y = 0. The roots of the characteristic equation are A, =x 
and A, = —x, but the solution is not 


Linear equations with variable coefficients are considered in Chapters 27, 28, and 29. 


Solved Problems 


9.1. Solve y’-y’-2y=0. 


The characteristic equation is 47 — A —2=0, which can be factored into (A+ 1)(A — 2) =0. Since the roots 
A, =—1 and A, =2 are real and distinct, the solution is given by (9.4) as 


y=cye* + coe 


9.2. Solve y’—7y’ =0. 


The characteristic equation is A7 — 7A. = 0, which can be factored into (A — 0)(A — 7) = 0. Since the roots A; =0 
and A, =7 are real and distinct, the solution is given by (9.4) as 


y=ce™ + ce" =, + ee" 
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93. Solve y’—5y=0. 


The characteristic equation is A7— 5 =0, which can be factored into (A — V5)\(A + V5) =0. Since the roots 
A, = V5 and i. = V5 are real and distinct, the solution is given by (9.4) as 


9.4. | Rewrite the solution of Problem 9.3 in terms of hyperbolic functions. 


Using the results of Problem 9.3 with the identities 


e* =cosh Ax + sinh Ax and e* =cosh Ax — sinh Ax 


we obtain, 


— V5x — 5x 
y= ce “E ce 


=c,(cosh 5x + sinh 5x) +c,(cosh 5x —sinh 5x) 
=(c, +c,) cosh J5x+ (c, —¢,) sinh V5x 
=k, cosh V5x +k, sinh V5x 


where k, =c, +c, and ky =c} — Cp. 


95. Solve y+10y+21ly=0. 
Here the independent variable is t. The characteristic equation is 
7+ 101 +21=0 
which can be factored into 
(A+ 3)(A +7) =0 
The roots A; =—3 and A, =-7 are real and distinct, so the general solution is 


y=ce toe" 


9.6. Solve x-0.01x=0. 
The characteristic equation is 
i? - 0.01 =0 
which can be factored into 
(A-0.1)(A+0.1) =0 
The roots A; =0.1 and A, =-0.1 are real and distinct, so the general solution is 


Olt ceo! 


y=cye 
or, equivalently, 


y=k, cosh 0.1t+k, sinh 0.1¢ 


9.7. Solve y’ +4y’+5y=0. 
The characteristic equation is 
7+404+5=0 
Using the quadratic formula, we find its roots to be 


we —(4) + J(4* — 46) _ ati 


2 


These roots are a complex conjugate pair, so the general solution is given by (9.6) (with a =—2 and b= 1) as 


y=cye* cos x + coe" sin x 
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98. Solve y’+4y=0. 
The characteristic equation is 
+42 =0 
which can be factored into 
(A — 2i)(A + 21) =0 
These roots are a complex conjugate pair, so the general solution is given by (9.6) (with a=0 and b =2) as 


y=c, cos 2x + C2 sin 2x 


99. Solve y’-3y +4y=0. 
The characteristic equation is 
-344+4=0 
Using the quadratic formula, we find its roots to be 


gan DtICY—4@ 3 v7 
~ 2 


2; 2 


These roots are a complex conjugate pair, so the general solution is given by (9.6) as 


(3/2)x (3/2)xo3 v7 


vi 
y=ce cos-—x + ¢,e sin — x 
2 2 


9.10. Solve y—6y+25y=0. 
The characteristic equation is 
7-64 4+25=0 
Using the quadratic formula, we find its roots to be 


1 OE VOY = 425) 3 


2 


These roots are a complex conjugate pair, so the general solution is 
y =cye* cos 4t + coe* sin 4t 
d*I dl 
9.11. Solve — +20— + 200/ =0. 
dt dt 


The characteristic equation is 


2 — 20K + 200 = 0 


Using the quadratic formula, we find its roots to be 


2 
(OO ACY. ty bein 


2 


These roots are a complex conjugate pair, so the general solution is 


T= ce" cos 10t + ce" sin 10t 


9.12. Solve y’ —8y' + l6y=0. 
The characteristic equation is 
1? - 84+ 16=0 


which can be factored into 
(A-4)° =0 
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9.13. 


9.14. 


9.15. 


9.16. 


The roots 4, =A, =4 are real and equal, so the general solution is given by (9.7) as 
y =cye* + coxe* 
Solve y’ =0. 
The characteristic equation is 47 =0, which has roots A, = 4) =0. The solution is given by (9.7) as 


Ox 


y=cye™ + enxe™ = 1 + Cox 
Solve ¥+4x+4x=0. 
The characteristic equation is 
+444+4=0 
which can be factored into 
(A+ 2)? =0 


The roots A; =A, =—2 are real and equal, so the general solution is 
x= ce + cyte! 


a di 
Solve 100 al 20 al +N=0. 
dt dt 


Dividing both sides of the differential equation by 100, to force the coefficient of the highest derivative to be 
unity, we obtain 


2. 
aa Ny -022% 4001n =0 
dt" dt 


Its characteristic equation is 
7 -0.20+0.01 =0 


which can be factored into 
(A—0.1)7 =0 


The roots A; =A, =0.1 are real and equal, so the general solution is 
Nace" + ete 
Prove that (9.6) is algebraically equivalent to (9.5). 
Using Euler’s relations 


e ibx —ibx 


=cos bx +isin bx e'’*=cos bx —i sin bx 


we can rewrite (9.5) as 


y=dere™ + d,e“e” =e" (de +d,e"") 
=e[d,(cos bx + isin bx) + d,(cos bx — isin bx)] 
=e[(d, + d,) cos bx + i(d, — d,) sin bx] 
=c,e“ cos bx + c,e“ sin bx (J) 
where c, = d, + dy and c, = i(d, — dy). 
Equation (/) is real if and only if c, and c, are both real, which occurs, if and only if d, and d, are com- 


plex conjugates. Since we are interested in the general real solution to (9./), we restrict d; and d, to be a 
conjugate pair. 
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Supplementary Problems 


Solve the following differential equations. 


917. y’-y=0 (>) 9.18. y’-y’-30y=0 


9.19. y’-2y’+y=0 9.20. y’+y=0 
921. y"+2y’+2y=0 922. y’-Ty=0 
9.23. y’+6y'+9y=0 9.24. y"+2y'+3y=0 
ar , ar , 1 
9.25. y”’—3y’—Sy=0 9.26. y’+y a aad 
9.27. *%-20%+64x=0 9.28. *+60%+500x=0 
9.29, *¥-3x+x=0 9.30. *-10x+25x=0 
931. *+25x=0 932. *+25x=0 
933. X+%+2x=0 934. w—2u+4u=0 
935. uw—4u+2u=0 936. ii—36u=0 
2 
937. iui—36u=0 9.38. a2 _ 522 79-0 
dt dt 
2 2. 
9.39. #2 _ 742 59-9 9.40. 19 -? g gip =o 
dt" dt dt dt 
2 2 
9.41. oF ae copeo 9.42. = eal 24N =0 
dx” dx dx dx 
ous, SM os@ aye 944. 47 43097 : 2957 =0 
dx dx dé dé 
2, 
9.45. oe +5 cain 0 
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CHAPTER 10 


nth-Order Linear 
Homogeneous 
Differential Equations 
with Constant 
Coefficients 


THE CHARACTERISTIC EQUATION 


The characteristic equation of the differential equation 


y +a, yw" D+. + ayy’ + agy =0 (0.1) 
with constant coefficients qj (j=0,1,...,n-—1) is 
M+ a,_;An~ 14+ +ajA+ ay) =0 (10.2) 


The characteristic equation (/0.2) is obtained from (/0./) by replacing y by  (j=0, 1,..., 2-1). 
Characteristic equations for differential equations having dependent variables other than y are obtained analo- 
gously, by replacing the jth derivative of the dependent variable by A/ (j=0,1,... ,n-1). 


Example 10.1. The characteristic equation of y“ —3y’”+2y”—y=0 is A+—3A3+2A?-—1=0. The characteristic 
equation of 


d°x d°x dx 
: 7 +5 
dt dt dt 


is 0° - 3243 4+54-7=0 


7x =0 


Caution: Characteristic equations are only defined for linear homogeneous differential equations with 
constant coefficients. 
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THE GENERAL SOLUTION 


The roots of the characteristic equation determine the solution of (10.1). If the roots A, A», ..., A, are all 
real and distinct, the solution is 


y=ce +c," +---+c,e" (10.3) 


If the roots are distinct, but some are complex, then the solution is again given by (/0.3). As in Chapter 9, those 
terms involving complex exponentials can be combined to yield terms involving sines and cosines. If Ay is a 
root of multiplicity p [that is, if (A —,)? is a factor of the characteristic equation, but (A — A,)’*! is not] then 
there will be p linearly independent solutions associated with A, given by e”,xe™",x°e"",...,x? le". These 
solutions are combined in the usual way with the solutions associated with the other roots to obtain the complete 
solution. 

In theory it is always possible to factor the characteristic equation, but in practice this can be extremely 
difficult, especially for differential equations of high order. In such cases, one must often use numerical techniques 
to approximate the solutions. See Chapters 18, 19, and 20. 


Solved Problems 


10.1. Solve y’”’ —6y” + Ily’ -6y=0. 
The characteristic equation is 4° — 6A? + 114 — 6 =0, which can be factored into 
(A- 1)(A-—2)(A- 3) =0 
The roots are A; = 1, A, =2, and A3 = 3; hence the solution is 


y =cye* + ce” +. c3e** 


10.2. Solve y? — 9y” + 20y =0. 


The characteristic equation is A* — 947 + 20 = 0, which can be factored into 
(A-2)(2 + 2)(A—V5)(2. + V5) =0 


The roots are A; =2, A. =—2, A, = V5, and i, = _\5; hence the solution is 


V5: 


a eee 


_ 2x —2x 
y=ce +C,e 


=k, cosh2x + k, sinh2x + k, cosh V5x+ k, sinh V5x 


+c,e 


10.3. Solve y’—5y=0. 


The characteristic equation is A—5 =0, which has the single root 4, =5. The solution is then y=c,e™. 
(Compare this result with Problem 6.9.) 


10.4. Solve y’”’ — 6y” + 2y’ + 36y =0. 


The characteristic equation, A> - 6A7+24+36=0, has roots A; =-2, A, =44+ iv2, and 2, =4- iV2. 
The solution is 


y=ce" PT Oe pgighrnte 


CHAP. 


105. 


10.6. 


10.7. 


10.8. 


10.9. 


10.10. 
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which can be rewritten, using Euler’s relations (see Problem 9.16) as 


y=ce" +c,e"* cos J2x+ ce" sin V2x 


d‘* d° Z 
Rove © ag 87 EE ge 20. 
di dt dP? t 


The characteristic equation, A*— 447 + 7A? — 4. + 6 =0, has roots A, =2+ iv2, A, =2- iv2, A; =i, and 
44 = i. The solution is 


xadectie» geen + dye" eee 


If, using Euler’s relations, we combine the first two terms and then similarly combine the last two terms, 
we can rewrite the solution as 


x =c,e" cos J2t+ ce" sin J2t+ c, cost +c,sint 


Solve y + 8y’” + 24y” + 32y’ + 16y =0. 


The characteristic equation, A* + 843 + 244? + 32 + 16 =0, can be factored into (A + 2)* =0. Here A, =-2 is 
a root of multiplicity four; hence the solution is 


—2x —2x cae —2x 
y= ce + eye + cx? + Ce 


dP d‘*P dP. .d’P dP 
Solve —~ 7727, +2—7+ P=0. 
dt dt dt dt dt 
The characteristic equation can be factored into (A — 1)°(A + 1)* = 0; hence, A, = | is aroot of multiplicity three 
and A, =-1 is a root of multiplicity two. The solution is 


P=cye' + cote! +c3e! + eye + este 


4 3 
oo p82 ap 
d 


2 
X X X 


2 
Solve dQ a2 +64Q0=0. 


The characteristic equation has roots 2 +i2 and 2 +i2; hence A, =2 +i2 and Ay =2 —i2 are both roots of 
multiplicity two. The solution is 
QO = dye@* 2 as doxe?* i2)x + d3e? ~ 2) - dyxe?~ 
= ex (de fe dye") + xe2* (doe ma dye”) 
= e** (c; cos 2x + c3 sin 2x) + xe (cy cos 2x +.c4 sin 2x) 


= (Cc; + cx) e** cos 2x + (c3 + C4x) e** sin 2x 


Find the general solution to a fourth-order linear homogeneous differential equation for y(x) with real 


numbers as coefficients if one solution is known to be xe. 


If x°e* is a solution, then so too are x°e*, xe**, and e**. We now have four linearly independent solutions to a 
fourth-order linear, homogeneous differential equation, so we can write the general solution as 


yx) = cyte + 03.7 


+ce,xe* + ce 
Determine the differential equation described in Problem 10.9. 


The characteristic equation of a fourth-order differential equation is a fourth-degree polynomial having 
exactly four roots. Because x°e** is a solution, we know that 4 = 4 is a root of multiplicity four of the corresponding 
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10.11. 


10.12. 


10.13. 


10.14. 


10.15. 
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characteristic equation, so the characteristic equation must be (A — 4)4 =0, or 
M4 — 1603 + 960? — 256A + 256 =0 
The associated differential equation is 


yO — l6y’” + 96y” — 256y’ + 256y =0 


Find the general solution to a third-order linear homogeneous differential equation for y(x) with real 
numbers as coefficients if two solutions are known to be e~ and sin 3x. 


If sin 3x is a solution, then so too is cos 3x. Together with e~**, we have three linearly independent solutions 


to a third-order linear, homogeneous differential equation, and we can write the general solution as 


y(x) = ce" + c9 cos 3x +c; sin 3x 


Determine the differential equation described in Problem 10.11. 


The characteristic equation of a third-order differential equation must have three roots. Because e~** and 


sin 3x are solutions, we know that A =—2 and 4 =+ 13 are roots of the corresponding characteristic equation, so this 
equation must be 


(A+ 2)(A—i3)(A +13) =0 
or 34+ 207 +9214 18 =0 


The associated differential equation is 


mr 


y” + 2y" + Oy’ + 18y =0 


Find the general solution to a sixth-order linear homogeneous differential equation for y(x) with real 


numbers as coefficients if one solution is known to be xe” cos 5x. 


If xe” cos 5x is a solution, then so too are xe” cos 5x and e” cos 5x. Furthermore, because complex roots of 
a characteristic equation come in conjugate pairs, every solution containing a cosine term is matched with another 
solution containing a sine term. Consequently, x7e”* sin 5x, xe” sin 5x, and e” sin 5x are also solutions. We now 
have six linearly independent solutions to a sixth-order linear, homogeneous differential equation, so we can write 
the general solution as 


y(x) = ¢x7e™ cos 5x + Coxe” sin 5x + c3xe™ cos 5x + cyxe™ sin 5x + cse™ cos 5x + cge™ sin 5x 


Redo Problem 10.13 if the differential equation has order 8. 


An eighth-order linear differential equation possesses eight linearly independent solutions, and since we can 
only identify six of them, as we did in Problem 10.13, we do not have enough information to solve the problem. 
We can say that the solution to Problem 10.13 will be part of the solution to this problem. 


d‘* dad da 
Solve > -4 u vue 
X 


d 
- — + 36 ud 36y =0 if one solution is xe". 
dx dx d. dx 
If xe** is a solution, then so too is e?* which implies that (A —2)* is a factor of the characteristic equation 
iM — 423 — 52? + 360 — 36 = 0. Now, 


M40? — 507 + 360-36 _ 
(A 2)° 


v-9 


so two other roots of the characteristic equation are 4 =+3, with corresponding solutions e** and e>*. Having 


identified four linearly independent solutions to the given fourth-order linear differential equation, we can write 
the general solution as 


y(x) = eye? + coxe** + c3e** + ce 
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Supplementary Problems 


In Problems 10.16 through 10.34, solve the given differential equations. 


10.16. 


10.18. 


10.20. 


10.22. 


10.24. 


10.26. 


10.28. 


10.30. 


10.32. 


10.34. 


y’” — 2y” —y’ +2y =0 


y’” — 3y” + 3y’ -y =0 


y+ 2y"+y=0 
y 4 
y ze 5y"” =0 


+ 2y’” —2y’-y=0 


yO — 5yh + 16y’” + 36y” — 16y’ — 32y =0 


3 
eri 
dt 
3 2 
BS Od wpe 1 osich 
dt dt° 
g® — 3q” +2q=0 
5 4 3 2 
OT eg! ig” 2g 22 5 yeep 
de> d0* ddd 


10.17. 


10.19. 


10.21. 


10.23. 


10.25. 


10.27. 


10.29. 


10.31. 


10.33. 


y®-y=0 


y — dy” + 16y’ + 32y =0 


q?+q" —24=0 


N’”’ — 12N” — 28N + 480N =0 
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In Problems 10.35 through 10.41, a complete set of roots is given for the characteristic equation of an nth-order near-homogeneous 
differential equation in y(x) with real numbers as coefficients. Determine the general solution of the differential equation. 


10.35. 2,8,—-14 


10.37. 0,0,2+i9 


10.39. 


10.41. 


10.42. 


10.43. 


10.44. 


10.45. 


10.46. 


10.47. 


10.48. 


10.49. 


10.50. 


Sie) ia 


Zi, StL SESE 


10.36. 


10.38. 


10.40. 


00,4719 
2+19,2 +19 


+16, +i6, +i6 


Determine the differential equation associated with the roots given in Problem 10.35. 


Determine the differential equation associated with the roots given in Problem 10.36. 


Determine the differential equation associated with the roots given in Problem 10.37. 


Determine the differential equation associated with the roots given in Problem 10.38. 


Determine the differential equation associated with the roots given in Problem 10.39. 


Find the general solution to a fourth-order linear homogeneous differential equation for y(x) with real numbers as 


coefficients if one solution is known to be x°e~. 


Find the general solution to a fourth-order linear homogeneous differential equation for y(x) with real numbers as 
coefficients if two solutions are cos 4x and sin 3x. 


Find the general solution to a fourth-order linear homogeneous differential equation for y(x) with real numbers as 
coefficients if one solution is x cos 4x. 


Find the general solution to a fourth-order linear homogeneous differential equation for y(x) with real numbers as 
coefficients if two solutions are xe7* and xe". 


The Method of 
Undetermined 
Coefficients 


The general solution to the linear differential equation L(y) = @(x) is given by Theorem 8.4 as y=y, + y, 
where y,, denotes one solution to the differential equation and y, is the general solution to the associated homo- 
geneous equation, L(y) = 0. Methods for obtaining y,, when the differential equation has constant coefficients 
are given in Chapters 9 and 10. In this chapter and the next, we give methods for obtaining a particular solution 
Yp Once y;, is known. 


SIMPLE FORM OF THE METHOD 

The method of undetermined coefficients is applicable only if @(x) and all of its derivatives can be written 
in terms of the same finite set of linearly independent functions, which we denote by {y,(x), yo), ... , ¥,(x)}. 
The method is initiated by assuming a particular solution of the form 


V(X) = Ayy@) + Ay y2(Xx) aes oe AnYn@) 


where A,, Ao, ... , A, denote arbitrary multiplicative constants. These arbitrary constants are then evaluated by 
substituting the proposed solution into the given differential equation and equating the coefficients of like terms. 


Case 1. @&x) =p,(x), an nth-degree polynomial in x. Assume a solution of the form 
Vp = AgX" + Ap 1X" '+ «++ + Aix + Ag (1.1) 
where A; (j=0,1,2,... , 7) is a constant to be determined. 
Case 2. &x) = ke“ where k and @are known constants. Assume a solution of the form 
Vp = Ae™ (11.2) 
where A is a constant to be determined. 
Case 3. &(x) =k, sin Ac + kz cos Ax where k,, k, and # are known constants. Assume a solution 
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of the form 
yp =A sin Bx + B cos Bx (13) 


where A and B are constants to be determined. 


Note: (11.3) in its entirety is assumed even when k, or ky is zero, because the derivatives of sines or 
cosines involve both sines and cosines. 


GENERALIZATIONS 


If @(x) is the product of terms considered in Cases | through 3, take y, to be the product of the corresponding 
assumed solutions and algebraically combine arbitrary constants where possible. In particular, if d(x) = e™p,(x) 
is the product of a polynomial with an exponential, assume 


Yp = e(A, x" + An-yx" | + +++ + Ax + Ap) (114) 


where A; is as in Case 1. If, instead, (x) =e™p,(x) sin Bx is the product of a polynomial, exponential, 
and sine term, or if @(x) = e™p,(x) cos Bx is the product of a polynomial, exponential, and cosine term, then 
assume 


yp =e™ sin Bx (A,x" + +++ + Ayx + Ag) + e™ cos Bx (B,x" + +++ + Bix + Bo) (11.5) 


where A; and B; (j =0, 1, ..., 2) are constants which still must be determined. 
If @(x) is the sum (or difference) of terms already considered, then we take y, to be the sum (or difference) 
of the corresponding assumed solutions and algebraically combine arbitrary constants where possible. 


MODIFICATIONS 


If any term of the assumed solution, disregarding multiplicative constants, is also a term of y, (the homo- 
geneous solution), then the assumed solution must be modified by multiplying it by x”, where m is the smallest 
positive integer such that the product of x” with the assumed solution has no terms in common with y,. 


LIMITATIONS OF THE METHOD 


In general, if @(x) is not one of the types of functions considered above, or if the differential equation does 
not have constant coefficients, then the method given in Chapter 12 applies. 


Solved Problems 


11.1. Solve y’—y’ —2y=42". 


From Problem 9.1, y, =cje™ + c9e*. Here (x) = 4x”, a second-degree polynomial. Using (//./), we assume that 
Vp = Agx? + Aix + Ap (1) 
Thus, y’, = 2A,x + A; and y”, = 2A). Substituting these results into the differential equation, we have 


2A, — (2Aox + Ay) — 2(Aox? + Ayx + Ag) = 4x? 
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or, equivalently, 
(—2Ay)x* + (-2A> — 2A1)x + (2A — Ay — 2A0) = 4x7 + (0) x + 0 
Equating the coefficients of like powers of x, we obtain 
—2A,=4 -2A,-—2A,;=0 2A,—A,—2A)=0 
Solving this system, we find that A, = —2, A, = 2, and Ay = —3. Hence (/) becomes 


Vp = 2x" + 2x -3 


and the general solution is 


Y=VWatYp=cye* + c9e* — 2x7 + 2x —3 


11.2. Solve y”-y’ -2y= at, 


From Problem 9.1, y, =c,e™* + cye”*. Here (x) has the form displayed in Case 2 with k= 1 and @=3. Using 
(11.2), we assume that 


Yp = Ae™ () 
Thus, y’, = 3Ae* and y= 9Ae*", Substituting these results into the differential equation, we have 
9Ae** — 3Ae* — 2Ae* = e* or 4Ae** = e* 


It follows that 4A = 1, or A=4, so that (/) becomes y= te™. The general solution then is 


11.3. Solve y’—y —2y=sin 2x. 


Again by Problem 9.1, y, =c,e™ + c,e*. Here (x) has the form displayed in Case 3 with k, =1, k, =0, and 
B=2. Using (//.3), we assume that 


Yp =A sin 2x + B cos 2x (1) 


Thus, y’, = 2A cos 2x — 2B sin 2x and y”, = —4A sin 2x — 4B cos 2x. Substituting these results into the differential 
equation, we have 


(-4A sin 2x — 4B cos 2x) — (2A cos 2x — 2B sin 2x) — 2(A sin 2x + B cos 2x) = sin 2x 
or, equivalently, 
(-6A + 2B) sin2x + (-6B — 2A) cos 2x = (1) sin 2x + (0) cos 2x 
Equating coefficients of like terms, we obtain 
-6A+2B=1 -2A-6B=0 


Solving this system, we find that A = —3/20 and B = 1/20. Then from (J), 
3 1 
=——sin2x + —cos2x 
a 20 20 


and the general solution is 


" ce 1 
y=ce" +c,e sin2x + —cos2x 
20 20 
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11.4. Solve J-6)+25y=2sin=— cos. 


115. 


From Problem 9.10, 


y, = cye* cos 4t + cre* sin 4t 
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Here @(#) has the form displayed in Case 3 with the independent variable ¢ replacing x, k, = 2, ky=—-1, and B=4. 


Using (/1.3), with tf replacing x, we assume that 


at t 
Y, a EO 


Consequently, 
t t 
=—cos—-— —sin— 
2 2 2 2 
is A.t B 
and y, =-—sin cos 
4 2 4 2 


Substituting these results into the differential equation, we obtain 


Haat # og 6 Bag Bae +25 Asin + Bebe” 06m" Pd 
4 aa) 2 2 2 2 


or, equivalently 


99 4 43B ae Ey aaa coe Sagi: tos” 
4 2 4 2 2 2 


Equating coefficients of like terms, we have 


PA seped ihe BS=i 
4 4 


It follows that A = 56/663 and B = —20/663, so that (/) becomes 


56. t 20 
= sin cos 
663 2 663 2 


yp 


The general solution is 


: 56. t 
y=y, +y, =Ce" cos4t + c,e™ sin 4t + sin c 
663 2 663 2 


Solve j—6y+25y=64e". 
From Problem 9.10, 


y, = ce* cos 4t + cre* sin 4t 


() 


Here @(f) has the form displayed in Case 2 with the independent variable ¢ replacing x, k = 64 and a@=~—1. Using 


(/1.2), with t replacing x, we assume that 


= —t 
Yp = Ae 


Consequently, y, = —Ae“ and j = Ae™. Substituting these results into the differential equation, we obtain 


Ae™ — 6(—Ae™) + 25(Ae™) = 64e% 


() 


or, equivalently, 32Ae = 64e™. It follows that 32A = 64 or A =2, so that (/) becomes y, = 2e™. The general 


solution is 


Y=VatYp= ce cos 4t + cpe* sin 4t + 2e* 
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11.6. Solve }-6)+25y=50r* —36r? — 63 +18. 
Again by Problem 9.10, 


y, = ce* cos 4t + cre* sin 4t 


Here @(f) is a third-degree polynomial in ¢. Using (J/./) with tf replacing x, we assume that 


Vp = Agt + Ant? + At + Ao (1) 
Consequently, 
Yp = 3A,t” +2A,t+ A, 
and y, =6A,t+2A, 


Substituting these results into the differential equation, we obtain 
(6A3t + 2A,) — 6(3A3f7 + 2Aot + Aj) + 25(A3f + Ant? + Ayt + Ao) = 50P — 367° — 63r + 18 
or, equivalently, 
(25A3)0 + (-18A3 + 25A>)t? + (6A3 — 12A, + 25A)) + (2A — 6A, + 25Ap) = 508 — 3607 — 63 + 18 
Equating coefficients of like powers of t, we have 
25A3 = 50; —18A3 + 25A, =—36; 6A3— 12A, + 25A; =—-63; 2A, — 6A, + 25A_ = 18 


Solving these four algebraic equations simultaneously, we obtain A3 = 2, A> =0, A; =—3, and Ap =0, so that (/) 
becomes 


Yp = 20° —3t 
The general solution is 


Y=Yn+Yp =e cos 4t + cye* sin 4 + 27 - 3¢ 


11.7. Solve y’” — 6y” + 11y’ — 6y = 2xe™. 


From Problem 10.1, y, =cj)e* + ce” + c3e**. Here @(x) = e“p, (x), where a =—I1 and p,(x) = 2x, a first-degree 
polynomial. Using Eq. (//.4), we assume that y, = e“(A,x + Ao), or 


Vp = Ayxe™ + Age™ (1) 
Thus, yp = Ayxe™ + Aye — Age 
y= Ayxe™ — 2Ae™ + Ape™ 


yy”, =—Ayxe™ + 3Aje™* — Age™ 
Substituting these results into the differential equation and simplifying, we obtain 
—24A \xe™ + (26A, — 24An)e™ = 2xe™ + (O)e™ 
Equating coefficients of like terms, we have 
—24A,;=2 26A, —24A) =0 


from which A, =—1/12 and Ag = —13/144. 
Equation (/) becomes 


and the general solution is 


CHAP. 
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11.10. 


11.11. 


11] THE METHOD OF UNDETERMINED COEFFICIENTS 99 


Determine the form of a particular solution for y’” = 9x? + 2x -1. 


Here @(x) =9x?+2x-1, and the solution of the associated homogeneous differential equation y” =0 is 
Yn = Cx + cp. Since (x) is a second-degree polynomial, we first try y, = Ayx* + Ax + Ap. Note, however, that this 
assumed solution has terms, disregarding multiplicative constants, in common with y,: in particular, the first-power 
term and the constant term. Hence, we must determine the smallest positive integer m such that x”"(A,x? + A,x + Ag) 
has no terms in common with y,. 

For m = 1, we obtain 


X(Aox? + Ayx + Ap) = Aox? + Ayx? +Agx 
which still has a first-power term in common with y,. For m = 2, we obtain 
X°(Apx* + Ayx + Ap) = Aox* + Ax? +AQx7 


which has no terms in common with y,; therefore, we assume an expression of this form for y,. 


Solve y” = 9x? + 2x -1. 


Using the results of Problem 11.8, we have y; = cjx + co and we assume 
Vp = Anx* + Ayx? + Agr? (1) 
Substituting (/) into the differential equation, we obtain 
12A5x? + 6Ax + 2Ay = 9x7 + 2-1 


from which Aj = 3/4, A; = 1/3, and Ap = —1/2. Then (/) becomes 


and the general solution is 


The solution also can be obtained simply by twice integrating both sides of the differential equation with 
respect to x. 


Solve y’ — 5y =2e™. 


From Problem 10.3, y, =c)e™". Since @(x) = 2e*, it would follow from Eq. (1/.2) that the guess for yp Should 
bey, = Age>*. Note, however, that this yp has exactly the same form as y,; therefore, we must modify y,. Multiplying 
Yp by x (n= 1), we obtain 


Yp = Apxe™ () 


As this expression has no terms in common with y,; it is a candidate for the particular solution. Substituting (/) 
and y, = Ao e* + 5Anxe™ into the differential equation and simplifying, we obtain Age™ = 2e™*, from which Ao = 2. 
Equation (/) becomes y, = 2xe™*, and the general solution is y = (c, +2.x)e™. 


Determine the form of a particular solution of 


y —5y=(x—- 1) sinx + (x+ 1) cos x 


Here $(x) =(x— 1) sinx+(x+1) cos x, and from Problem 10.3, we know that the solution to the associated 
homogeneous problem y’ — 5y =0 is y, =c,e™*. An assumed solution for (x — 1) sin x is given by Eq. (17.5) (with 
a@=0) as 


(A,x + Ag) sin x + (B,x + Bo) cos x 
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and an assumed solution for (x + 1) cos x is given also by Eq. (//.5) as 
(C\x + Co) sin x + (Dix + Do) cos x 


(Note that we have used C and D in the last expression, since the constants A and B already have been used.) 
We therefore take 


Yp = (Aix + Ao) sin x + (Bix + Bo) cos x + (Cix + Co) sin x + (D1x + Do) cos x 
Combining like terms, we arrive at 
Yp = (E\x + Eo) sin x + (Fx + Fo) cos x 


as the assumed solution, where E; = Aj + Cj and F;= B; + Dj (j=9, I). 


11.12. Solve y’—5y=(«- 1) sinx + («+ 1) cos x. 


From Problem 10.3, y, =c,e>*. Using the results of Problem 11.11, we assume that 
Vp = (E\x + Ep) sin x + (Fix + Fo) cos x Cd) 
Thus, y’) = (E, — F\x — Fo) sin x + (E\x + Ey + E)) cos x 
Substituting these values into the differential equation and simplifying, we obtain 
(-SE, — F))x sin x + (-SE9 + E, — Fo) sin x + (-SF, + E)) x cos x + (-SFo + Ep + Fj) cos x 
= (1)x sin x + (—1)sin x + (1) x cos x + (1) cos x 


Equating coefficients of like terms, we have 


—5E,-F,=1 
—5SEo + FE, —Fyo=-1 
E,-5F,=1 


Eo -SFot+F,=1 


Solving, we obtain E, = —2/13, Ey = 71/338, F; =—3/13, and Fo = —69/338. Then, from (/), 


2 71 \. 3 69 
y,= x+ sin x + xX+ cOsx 
f 13 338 13 338 


and the general solution is 


sx ,{ 2 71 \. 3 69 
y=ce™ + xX+ sin x xX+ cos x 
13 338 13 338 


11.13. Solve y’ — 5y =3e*-2x4+1. 


From Problem 10.3, y,=c,e™. Here, we can write (x) as the sum of two manageable functions: 
@(x) = (3e*) + (-2x + 1). For the term 3e* we would assume a solution of the form Ae*; for the term —2x + 1 we 
would assume a solution of the form B,x + By. Thus, we try 


yp = Ae* + Bix + Bo (J) 
Substituting (/) into the differential equation and simplifying, we obtain 
(—4A)e* + (-5B,)x + (B, — 5Bo) = (3)e* + (-2)x + (1) 
Equating coefficients of like terms, we find that A = —3/4, B, = 2/5, and By = —3/25. Hence, (J) becomes 


_3,,2. 3 
a aa 
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and the general solution is 


. 2 2 
y= cen ——e*+—x 
4 5 
Solve y’ — 5y = xe" — xe™. 


From Problem 10.3, y, =c,e>". Here 6(x) =.x7e* — xe’, which is the difference of two terms, each in manageable 
form. For xe* we would assume a solution of the form 


e*(Aox? + Ayx + Ap) (J) 
For xe** we would try initially a solution of the form 


e*(B\x+Bo) = B\xe™* + Boe™ 


Sx 


But this supposed solution would have, disregarding multiplicative constants, the term e°* in common with y,. We 


are led, therefore, to the modified expression 
xe>*(B)x + Bo) = e(B x? + Box) (2) 
We now take yp to be the sum of (/) and (2): 
Yp= e*(Apx? + A,x+Ap) + eB x? + Box) (3) 
Substituting (3) into the differential equation and simplifying, we obtain 


e*[(—4A>)x2 + (2A, — 4A))x + (A; —4Ap)] + e*[(2B,) x + Bol 
= e*[(1)x? + (0)x + (0)] + 2 [(-])x + (0)] 


Equating coefficients of like terms, we have 


-4A,=1 2A, —44,=0 A,—4A)=0 2B, =-1 By=0 


from which 
1 1 1 
A, = A= = 
Bg Re Aah aD 
1 
B,=- 5 B, =0 
Equation (3) then gives 
x 1 2 1 1 1 225% 
=e x x xe 
Me ( 4 8 =| 
and the general solution is 
5x x 1 2 1 1 1 2 5x 
y=ce"+e x x xe 
4 8 32 


Supplementary Problems 


In Problems 11.15 through 11.26, determine the form of a particular solution to L(y) = @(x) for @(x) as given if the solution 


to the associated homogeneous equation L(y) =0 is y, =cje~ + c2e*. 


11.15. 


11.17. 


11.19. 


3x 


o(x) =2x-7 11.16. o(x) =-3x? 
(x) =132x? — 388x + 1077 11.18. (x) =0.5e* 
(x) = 13e*" 11.20. (x) = 4e" 


102 THE METHOD OF UNDETERMINED COEFFICIENTS (CHAP. 11 


11.21. () =2 cos 3x 11.22. @(x= $0083 —3sin3x 

11.23. (x) =x cos 3x 11.24. (x) =2x+3e* 

11.25. @(x) = 2xe* 11.26. (x) = 2xe** 

In Problems 11.27 through 11.36, determine the form of a particular solution to L(y) = @(x) for @(x) as given if the solution 
to the associated homogeneous equation L(y) = 0 is y, =c,e>* cos 3x + c,e™ sin 3x. 

11.27. (x) = 2e** 11.28. (x) =xe* 

11.29. @(x) =-23e* 11.30. @(x) = (x? —7)e* 

11.31. (x) =5cos V2x 11.32. 6(x) =x’ sin V2x 

11.33. (x) =-cos 3x 11.34. (x) =2 sin 4x — cos 7x 

11.35. (x) =3le™ cos 3x 11.36. o(x4)=- ae cos 3x 


In Problems 11.37 through 11.43, determine the form of a particular solution to L(x) = (4) for @(f) as given if the solution 
to the associated homogeneous equation L(x) = 0 is x, =c; + cre’ + c3fe". 


11.37. g(j)=t 11.38. (t) =2r —3t+ 82 
11.39. O(f) = te" +3 11.40. ¢() =-6e' 
11.41. @() =te' 11.42. ¢(=3+tcost 


11.43. (0) = te” cos 3t 
In Problems 11.44 through 11.52, find the general solutions to the given differential equations. 
11.44, y”-2y’+y=x?-1 11.45. y”—2y'+y=3e* 


11.46. y”’-2y’+y=4cosx 11.47. y’-2y'+y=3e 


11.48. y’-2y’+y=xe* 11.49, y’-y=e 
11.50. y’-y=xe*+1 11.51. y’—y=sinx+cos 2x 


11.52. y’”-3y"+3y-y=e"+1 


Variation of 
Parameters 


Variation of parameters is another method (see Chapter 11) for finding a particular solution of the nth-order 
linear differential equation 


L(y) = ox) (12.1) 
once the solution of the associated homogeneous equation L(y) = 0 is known. Recall from Theorem 8.2 that if 
y, (x), yo(x), ... , ¥,(x) are n linearly independent solutions of L(y) = 0, then the general solution of L(y) = 0 is 

Vy = CVV (X) + CY, (X) ++ +06, 9, (X) (i222) 


THE METHOD 
A particular solution of L(y) = @(x) has the form 
Vp =VYy + Vo¥y to + VY, (72.3) 
where y;= yx) @=1,2,... ,) is given in Eq. (72.2) and v; (i= 1, 2,... ,) is an unknown function of x which 


still must be determined. 
To find v,, first solve the following linear equations simultaneously for v/: 
Vi PV, P+ VY, =O 
Vi¥i + V2 to + V,Y, =0 
eth (12 4) 


Vi"? + yh yer? ot vryer? =0 


n/n 


2\(n-1) 7, (n-1) 2 ;(n= 1): 
Vivi + Vy, er VY 5 = (x) 


Then integrate each v; to obtain v,, disregarding all constants of integration. This is permissible because we are 
seeking only one particular solution. 


Example 12.1. For the special case n = 3, Eqs. (/2.4) reduce to 


Vy, + Vay2 + v3y3 =0 


Vivi + Vaya + v3y3 =0 (2.5) 


nw nw 


viv +vay2t vay3 =O) 
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For the case n = 2, Eqs. (/2.4) become 
Vivi + v2V2 =0 
viyt + v3y3 = O(x) (12.6) 
and for the case n = 1, we obtain the single equation 
viyi = O(@) (12.7) 
Since y,(x), y2(x),... , ¥,(x) are n linearly independent solutions of the same equation L(y) =0, their 
Wronskian is not zero (Theorem 8.3). This means that the system (/2.4) has a nonzero determinant and can be 
solved uniquely for vj(x), v3(x), ... vax). 
SCOPE OF THE METHOD 


The method of variation of parameters can be applied to ail linear differential equations. It is therefore more 
powerful than the method of undetermined coefficients, which is restricted to linear differential equations with 
constant coefficients and particular forms of @(x). Nonetheless, in those cases where both methods are applicable, 


the method of undetermined coefficients is usually the more efficient and, hence, preferable. 


As a practical matter, the integration of vj(x) may be impossible to perform. In such an event, other methods 
(in particular, numerical techniques) must be employed. 


12.1. Solve y” + y’ =sec x. 


Solved Problems 


This is a third-order equation with 


(see Chapter 10); it follows from Eq. (/2.3) that 


Vp =C, +Cp COS X+ C3 SIN X 


Yp = V1 + V2 COS x + V3 SiN x 


Here y; = 1, y) =cos x, y3 = sin x, and @(x) = sec x, so (12.5) becomes 


Solving this set of equations simultaneously, we obtain vj = sec x, v3 =—1, and v3 = —tan x. Thus, 


vi(1) + v3(cos x) + v3(sin x) = 0 


v1(0) + v3(-sin x) + v3(cos x) = 0 


v1(0) + v3(—cos x) + v3(—sin x) = sec x 


vy, = |v dx = [secx dx =n Isec x + tan x! 


v, =v, dx = f-l dx =-x 


v3 =v dx = [-tanx de =- | 


sinx 


COS xX 


Substituting these values into (/), we obtain 


yp = In Isec x + tan xl — x cos x + (sin x) In Icos x1 


The general solution is therefore 


Y=YatYp=C) + Cz COS X +3 sin x + In Isec x + tan xl — x cos x + (sin x) In Icos x1 


dx = Inlcosx| 


() 
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x 


12.2. Solve y” —3y’+2y = 


r° 


l+e~ 


This is a third-order equation with 


yy = Cy + pe" + 03e7* 


(see Chapter 10); it follows from Eq. (/2.3) that 


Vp = Vy + ve" + ve" (1) 


Here y, = 1, y> =e", y3 = e*, and $(x) = e/(1 + e*), so Eq. (12.5) becomes 


vi (1) + v3(e*) + v5(e**) =0 
v1 (0) + v,(e*) + v4(2e**) =0 


e 
l+e~* 


vO) + vy(e") + v5(4e"*) = 


Solving this set of equations simultaneously, we obtain 


yk e 
y== = 
2\1+e 


Fg 
v3 = : 
l+e” 


ye lf -e* 
v3 =— = 
2\l+e 


Thus, using the substitutions u = e*+ 1 and w= 1+ e™, we find that 


1 e lr e& 
v= dx = e*dx 
ne Sere 


_l 
2 


eee dial 
u 2 2 


1 1 ' 
=—(e* +1)-—In(e* +1 
5 ) : ( ) 


-| x 
*2 =|; +e* ae laa a 


=f“ =-Intul=-In(e* +1) 
u 


lp et 1 pdw 1 1 ; 
Vy, = dx = = In lwl= In(i+e™* 
: ae 5 wo 2 ( ) 


Substituting these values into (/), we obtain 


y,= Eo +1)- sin (e.+ o| +[-In (e* + D]e* + in (14 ene 


The general solution is 


Y=, + yp, =e, +O,e" 4 ce" 4 ste" +1) in (e+1l)-elIn(e’ +1)- 5 In(l+e™“) 
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wu” -, e 
Solve y°-2y+y=—. 
Xx 


Here n =2 and y, = cye" + coxe"; hence, 


Vp = Ve" + voxe* 


Since y; =e", y. =xe*, and (x) = e*/x, it follows from Eq. (/2.6) that 


vi(e*) + v,(xe*) =0 


x 

: e 
vi(e*) + v,(e* + xe*) = — 
x 


Solving this set of equations simultaneously, we obtain vj =—1 and v3 = I/x. Thus, 
vy, =fv dx =[-1 dx =-x 


V, =|v, dx = |—dx=Iniaxl 


Substituting these values into (/), we obtain 


yp = —xe* + xe" In Ll 


The general solution is therefore, 


Y=y, +, =Ce +0,xe* — xe" + xe* In xl 


x 


a) % . x * > —p 
=ce’+c,xe°+xeInIxl (c,;=c, -1) 


Solve y” — y’ —2y=e*. 
Here n =2 and y, = cje* + ce”; hence, 


Yp =e + ve 


Since y; =e, yy =e, and (x) = e*, it follows from Eq. (12.6) that 
vy(e*) + v3(e”) =0 


v{(-e™) + v3(2e”) = e* 
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() 


() 


Solving this set of equations simultaneously, we obtain vj =—e*/3 and v3 =e'/3, from which v, =—e*/12 and 


vy = e*/3. Substituting these results into (/), we obtain 


y _ 1 ee } 1 eee ae 1 ee } | ga as I xx 
= 12 3 12 3 4 


The general solution is, therefore, 


(Compare with Problem 11.2.) 
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12.5. Solve ¥+4x=sin’ 2r. 


This is a second-order equation for x(f) with 
Xp = C1 COS 2f+C) sin 2t 


It follows from Eq. (/2.3) that 


Xp) = V1 COS 2t + vy sin 2t (/) 


where v, and v5 are now functions of t. Here x, =cos 2t, x. =sin 2t are two linearly independent solutions of the 
associated homogeneous differential equation and @(t) = sin?2t, so Eq. (12.6), with x replacing y, becomes 


vj cos 2t + v3 sin 2r =0 
v1(—2 sin 2A) + v3(2 cos 2t) = sin? 2t 


The solution of this set of equations is 

v= 1 in? 24 

2 
ae ee 
Vv, =—sin* 2t cos2t 
2 
vy =-  fsin’ 2t dt = 1 cos2t 7 A cos? 2t 
2 4 12 


Thus, 
Vy =  f sin’ 2t cos2t dt = dnd 2t 
2 12 


Substituting these values into (/), we obtain 


Pp 


x= ee ey, cos2t+ A sin? 9% sin 2t 
4 12 12 


=—cos’ 2t . (cos* 2t — sin‘ 2r) 


1 2 . 2 . 
cos’ 2t ei (cos’ 2t — sin* 2r)(cos” 2t + sin’ 2r) 


Dlr Ble Ble 


cos” 2t + Be 2t 
12 


because cos? 2t + sin? 2t = 1. The general solution is 
, 1, 1, 
X=X, +x, =c,cos2t +c, sin2t + —cos* 2t + —sin° 2t 
if 6 12 


2d@N dN roe : 
12.6. Solve t” 7m 2t 7 +2N =tInt if it is known that two linearly independent solutions of the associated 
t 
homogeneous differential equation are ¢ and 7. 


We first write the differential equation in standard form, with unity as the coefficient of the highest derivative. 
Dividing the equation by 7’, we obtain 
aN 2dN 2 
+ 
d? td & 


eine 
t 


with (1) = (1/2) In t. We are given N, = t and N, =f as two linearly independent solutions of the associated second- 
order homogeneous equation. It follows from Theorem 8.2 that 


Nh =cytt+ Ot? 
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We assume, therefore, that 
N,=vit+ Vf 


Equations (/2.6), with N replacing y, become 
vi(t) +v3(07) =0 


vil) +4 (21) = Le 
t 


The solution of this set of equations is 


, 


vy 


1 , 1 
=--Int and v,=—Int 
t 7 Pp 
vy =—ftinr dt Seine 

t 2 


Thus, 1 


t 


V> -|- Int dt= “Int 


and (/) becomes 


N= dint le ae a fin? p=tint—7 
P 2 t t 2 


The general solution is 


t 
N=N,+N, =e +0" int tlnt-t 


t ‘ 
=c,t +c, ~5in't —tlnt (withc, =c,-D 


4 
Solve y’+—y=x". 
x 
Here n = 1 and (from Chapter 6) y;, = c,x"*; hence, 


= —4 
Vp = Vix 


Since y,=x* and @(x)=x+, Eq. (/2.7) becomes vjx4 


Equation (/) now becomes y, = x°/9, and the general solution is therefore 
1 
y=ox't+ al 


(Compare with Problem 6.6.) 


Solve y“ = 5x by variation of parameters. 


Here n =4 and y,, =c, + ox + c3x + c4x*; hence, 


Vp = Vy + Vx + Vx? + vax? 


Since y, = 1, y. =x, y3=2°, yy = 2°, and $(x) = 5x, it follows from Eq. (12.4), with n = 4, that 
vi(1) + v3(a) + v5?) + v0?) = 0 
v{(O) + v5(1) + v3(2x) + v4(3x?) = 0 
vj(O) + v3(0) + ¥3(2) + v4(6x) =0 
vi(O) + ¥3(0) + v3(0) + v4(6) = 5x 


() 


() 


=x*, from which we obtain vj=x° and v, =2°/9. 


() 
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Solving this set of equations simultaneously, we obtain 


, 5 4 , 5 3 , 5 2 5 
v,=-—x eG vy; =—-—x aes 
1 4 3 55 
whence vy=-Tx Vv, =—Xx v,=-—x v,=—x 
6 12 
Then, from (/), 
1 ig Dg De, Gang 5 43 1 ss 
= += (x x(x") + =x" (x) = — x 
me 6 8 @) 6 we 12 oe 24 


and the general solution is 


1 
y, HC, HEX +O,X? tOyx? + at 


The solution also can be obtained simply by integrating both sides of the differential equation four times with 
respect to x. 


Supplementary Problems 


Use variation of parameters to find the general solutions of the following differential equations: 


12.9. 


12.11. 


12.13. 


12.14. 


12.15. 


12.16. 


12.18. 


12.20. 


12.22. 


12.23. 
12.24. 


12.25. 


12.27. 


12.29. 


12.30. 


x 


Perfey= = 12.10. y”’+y=sec x 


5 
x 


y” -y’ -2y =e* 12.12. y’—60y’ — 900y = Se! 


y”+—y’-—y=Inx if two solutions to the associated homogeneous problem are known to be x and I/x. 
x x 


xy” — xy’ =2°e" if two solutions to the associated homogeneous problem are known to be | and x’. 


fa gee 12.17. y+2xy=x 
x 

y" =12 (p) 120. Rod tess 
e 

X-6x+9x=— 12.21. ¥+4x=4sec? 2t 
t 
t 

X¥-4x4+3x= 
l+e’ 


(t? —1)¥ —2te+2x =(1° —1)’ if two solutions to the associated homogeneous equations are known to be ¢ and f° + 1. 


(t? +4)¥+(2—-1t°)x—(2+1t)x =t(t +1)’ if two solutions to the associated homogeneous equations are known to be 
e' and 1/t. 


1 


fetes 12.26. 4+6741274+8r=12e7" 
t 


dz dz dz _ e° 
de> = d@ dO 1+é° 


%—-5zZ+25z—125z=1000 12.28. 


1° +3r°=1 if three linearly independent solutions to the associated homogeneous equations are known to be 
1/t, 1, and ¢. 


y — 4y9) = 320 


Initial-Value 
Problems for Linear 
Differential Equations 


Initial-value problems are solved by applying the initial conditions to the general solution of the differential 
equation. It must be emphasized that the initial conditions are applied only to the general solution and not to the 
homogeneous solution y,, even though it is y, that possesses all the arbitrary constants that must be evaluated. 
The one exception is when the general solution is the homogeneous solution; that is, when the differential equation 
under consideration is itself homogeneous. 


Solved Problems 


13.1. Solve y” — y’ — 2y = 4x"; y(0) = 1, (0) = 4. 


The general solution of the differential equation is given in Problem 11.1 as 


y =cye™ + ce — 2x7 + 2x —3 () 


Therefore, y =—cye™ + 2cye* — 4x +2 (2) 


Applying the first initial condition to (/), we obtain 


y(0) = ce 4+ cre? — 210) +210) -3=1 or cy to=4 (3) 
Applying the second initial condition to (2), we obtain 
y’(0) =-cye + 2e9e7 —4(0) +2=4 or cy +2c,=2 (4) 


Solving (3) and (4) simultaneously, we find that c,; = 2 and c, = 2. Substituting these values into (/), we obtain the 
solution of the initial-value problem as 


y = 2e* + 2e* — 2x7 + 2x —3 
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13.2. 


13.3. 


Solve y”-2y’+y =<: y(1) =0, y'() = 1. 
Xx 


The general solution of the differential equation is given in Problem 12.3 as 


y=cye*+czxe* + xe* In Il (1) 


Therefore, y =cye* + 03e* + c3xe* + e* In |x| + xe* In Ixl + e* (2) 
Applying the first initial condition to (J), we obtain 
y(1) =cye! +¢3(1e! +(e! In 1 =0 

or (noting that In 1 =0), 

cjye + ce =0 (3) 
Applying the second initial condition to (2), we obtain 

yl) =cye! + c3e! +ex,(De' +e! In1+()e'Init+e!=1 

or cje+2c3e=1-e (4) 


Solving (3) and (4) simultaneously, we find that cj =—c3 = (e — 1)/e. Substituting these values into (/), we obtain 
the solution of the initial-value problem as 


y=eVe- 1) — x) + xe" In Il 


Solve y” + 4y’ + 8y = sin x; y(0) = 1, y’(0) =0. 


Here y, = e>*(c, cos 2x + cy sin 2x), and, by the method of undetermined coefficients, 


a Rae - fare 
a 65 65 


Thus, the general solution to the differential equation is 


: Ts 4 
y= e(c, cos2x + c,sin2x) + —sin x — —cos x 
7 65 65 


() 
Therefore, 
, “3% , ax ‘ 7 4. 
y =2e“(c, cos2x + c, sin2x) + e~*(—2e, sin2x + 2c, cos2x) + —cosx +—sin x 
65 65 (2) 
Applying the first initial condition to (J), we obtain 
69 
C= Sj 
1 = 6 (3) 
Applying the second initial condition to (2), we obtain 
7 
2c, + 2c, =-— (4) 


65 


Solving (3) and (4) simultaneously, we find that c; = 69/65 and cy = 131/130. Substituting these values into (/), 
we obtain the solution of the initial-value problem as 


-ox{ 09 131. 7. 4 
y=e *| —cos2x + —sin2x |+ —sin x — —cos x 
65 130 65 65 
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13.4. Solve y” — 6y” + 11y’ — 6y=0; y(m =0, ¥(M =0, "(= 1. 
From Problem 10.1, we have 
Vp = C1e* + Cpe" + C30” (/) 
yp =cye™ + 2c,e** + 3c3e** 
yy = ce + Acge* + 9c3e** 


Since the given differential equation is homogeneous, y,, is also the general solution. Applying each initial condition 
separately, we obtain 
y(2) = cye™ + ce?" + c3e°* = 0 
y’(H) = ce" + 2c,e?* + 30,657 =0 
y"() = ce" + 4cye7" + 9¢3e37 = | 
Solving these equations simultaneously, we find 
1 on ie 


= 1 = ae 
c=~e" c,=-e c, =e 


Substituting these values into the first equation (/), we obtain 


ie r- Lyx 
aml 1) —@2 1) +e 1) 


13.5. Solve ¥+ 4x = sin’ 21; x(0) =0, x(0) = 0. 


The general solution of the differential equation is given in Problem 12.5 as 
' 1 1. 
x =c,cos2t+c, sin 2¢ + cos’ 2¢ + sin” 2t (1) 


Therefore, X=—2c, sin 2t + 2c, cos2t — 5008 2tsin 2t (2) 


Applying the first initial condition to (/), we obtain 


1 
x(0) =c, om 


Hence c, = —1/6. Applying the second initial condition to (2), we obtain 


x(0)=2c, =0 
Hence c, = 0. The solution to the initial-value problem is 
1 1 , 1.5 
xX =——cos2t + —cos° 2t + —sin° 2t 
6 12 


13.6. Solve *+4x=sin? 21; x(27/8) = 0, <(7/8) =0. 


The general solution of the differential equation and the derivative of the solution are as given in (/) and (2) 
of Problem 13.5. Applying the first initial condition, we obtain 


% 1.4 9 
O=x =c,cos— +c, sin— + —cos* — + —sin 
4 6 12 4 
\ a Se tee nee 
(oes pein 
2 2 6| 2 12\ 2 
2 
or gteqe 2 () 
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Applying the second initial condition, we obtain 


o=i| |= 2c, sin” +2c, cos™ dog sin 
4 7 4 3 


8 4° 4 
~-2¢ Ware, eae 
ee ae a 
V2 
-¢, +6, =— 
or 12 (2) 


Solving (/) and (2) simultaneously, we find that 


C 2.2 and cc, ia SD 
48 48 


whereupon, the solution to the initial-value problem becomes 


x=- = 2 cos2t — | Besin2e + Dag 2t+ ee 2t 
48 48 6 12 


Supplementary Problems 


Solve the following initial-value problems. 


13.7. 


13.8. 


13.9. 


13.10. 


13.11. 


13.12. 


13.13. 


13.14. 


13.15. 


y” —y’ — 2y =e**; y(0) = 1, yO) =2 
y” -y’ — 2y =e*; yO) =2, YO) = 1 


y”—y’ — 2y =0; yO) =2, yO) =1 


y’ -y’ - 2y =e*5 y(1) =2, (= 1 


y’+y=x; y1)=0, (1) =1 


y” + 4y = sin? 2x; y(z) = 0, y'(z) =0 


y” ty =0; y(2) =0, y’(2) =0 


y” = 12; y1)=0, y'(1) =0, y"1) =0 


$+ 2y+ 2y=sin 2t+ cos 2r; y(0) =0, V(0) = 1 


Applications of 
Second-Order 
Linear Differential 
Equations 


SPRING PROBLEMS 


The simple spring system shown in Fig. 14-1 consists of a mass m attached to the lower end of a spring that 
is itself suspended vertically from a mounting. The system is in its equilibrium position when it is at rest. The 
mass is set in motion by one or more of the following means: displacing the mass from its equilibrium position, 
providing it with an initial velocity, or subjecting it to an external force F(t). 


Equilibrium position Initial position at t= 0 


Positive x-direction 


Fig. 14-1 


114 


CHAP. 14] SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 115 


Hooke’s law: The restoring force F of a spring is equal and opposite to the forces applied to the spring and 
is proportional to the extension (contraction) | of the spring as a result of the applied force; that is, F =—kl, 
where k denotes the constant of proportionality, generally called the spring constant. 


Example 14.1. A steel ball weighing 128 Ib is suspended from a spring, whereupon the spring is stretched 2 ft from its 
natural length. The applied force responsible for the 2-ft displacement is the weight of the ball, 128 Ib. Thus, F = —128 Ib. 
Hooke’s law then gives —128 = —k(2), or k = 64 lb/ft. 


For convenience, we choose the downward direction as the positive direction and take the origin to be the 
center of gravity of the mass in the equilibrium position. We assume that the mass of the spring is negligible 
and can be neglected and that air resistance, when present, is proportional to the velocity of the mass. Thus, at 
any time ft, there are three forces acting on the system: (1) F(4), measured in the positive direction; (2) a restoring 
force given by Hooke’s law as F, = -kx, k > 0; and (3) a force due to air resistance given by F, =—ax,a>0, 
where a is the constant of proportionality. Note that the restoring force F, always acts in a direction that will 
tend to return the system to the equilibrium position: if the mass is below the equilibrium position, then x is 
positive and —kx is negative; whereas if the mass is above the equilibrium position, then x is negative and —kx 
is positive. Also note that because a > 0 the force F,, due to air resistance acts in the opposite direction of the 
velocity and thus tends to retard, or damp, the motion of the mass. 

It now follows from Newton’s second law (see Chapter 7) that mx =— kx — ax + F(t), or 


. ad. k F(t 

HP a My (t) (14.1) 
mm m 

If the system starts at t=0 with an initial velocity vo and from an initial position x), we also have the initial 

conditions 


x(O)=x, x(0)=Vv, (14.2) 


(See Problems 14.1—14.10.) 

The force of gravity does not explicitly appear in (/4./), but it is present nonetheless. We automatically 
compensated for this force by measuring distance from the equilibrium position of the spring. If one wishes 
to exhibit gravity explicitly, then distance must be measured from the bottom end of the natural length of the 
spring. That is, the motion of a vibrating spring can be given by 


. a. k F(t) 
X+—XK+—xX= e+ 
m m m 


if the origin, x =0, is the terminal point of the unstretched spring before the mass m is attached. 
ELECTRICAL CIRCUIT PROBLEMS 


The simple electrical circuit shown in Fig. 14-2 consists of a resistor R in ohms; a capacitor C in farads; 
an inductor L in henries; and an electromotive force (emf) F(A) in volts, usually a battery or a generator, all 


+ 
E(t) ] Cc 
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connected in series. The current / flowing through the circuit is measured in amperes and the charge qg on the 
capacitor is measured in coulombs. 


Kirchhoff’s loop law: The algebraic sum of the voltage drops in a simple closed electric circuit is zero. 


It is known that the voltage drops across a resistor, a capacitor, and an inductor are respectively RI, (1/C) 
q, and L(di/dt) where q is the charge on the capacitor. The voltage drop across an emf is —E(t). Thus, from 
Kirchhoff’s loop law, we have 


ad 1 
RI +L—+—q-E(t)=0 (14.3) 
aoe (1) 


The relationship between g and / is 


7a dl_dq 


dt dt dt eo) 
Substituting these values into (/4.3), we obtain 
d° Rd 1 1 
4454 —g-— En) (45) 
dt Ldt LC L 
The initial conditions for qg are 
dq 
qO)=q dt |» =1(0)=1, (14.6) 


To obtain a differential equation for the current, we differentiate Eq. (/4.3) with respect to ¢f and then 
substitute Eq. (/4.4) directly into the resulting equation to obtain 


di Rd 1 1 dE(t) 
eat + [= 
dt? Ldt LC  L dt 


(14.7) 
The first initial condition is /(0) = Jy. The second initial condition is obtained from Eq. (/4.3) by solving for dl/ 
dt and then setting t=0. Thus, 


dl 
dt 


1 
a 2 (0) eee | 
ac 7 ie" (14.8) 


t=0 


An expression for the current can be gotten either by solving Eq. (/4.7) directly or by solving Eq. (/4.5) for 
the charge and then differentiating that expression. (See Problems 14.12—14.16.) 


BUOYANCY PROBLEMS 


Consider a body of mass m submerged either partially or totally in a liquid of weight density p. Such a body 
experiences two forces, a downward force due to gravity and a counter force governed by: 


Archimedes’ principle: A body in liquid experiences a buoyant upward force equal to the weight of the liquid 
displaced by that body. 


Equilibrium occurs when the buoyant force of the displaced liquid equals the force of gravity on the 
body. Figure 14-3 depicts the situation for a cylinder of radius r and height H where h units of cylinder height 
are submerged at equilibrium. At equilibrium, the volume of water displaced by the cylinder is rh, which 
provides a buoyant force of m?hp that must equal the weight of the cylinder mg. Thus, 


nr’ hp = mg (14.9) 
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Positive x-direction 


Equilibrium state Equilibrium position 


Water line 


ll 


Fig. 14-3 


Motion will occur when the cylinder is displaced from its equilibrium position. We arbitrarily take the 
upward direction to be the positive x-direction. If the cylinder is raised out of the water by x(f) units, as shown 
in Fig. 14-3, then it is no longer in equilibrium. The downward or negative force on such a body remains mg 
but the buoyant or positive force is reduced to mr°[h — x(t)| p. It now follows from Newton’s second law that 


mx = mr [h—x(t)]p — mg 
Substituting (/4.9) into this last equation, we can simplify it to 


mi =— mr?x(t)p 


2 
or x4 7 P y= (14.10) 
m 


(See Problems 14.19-14.24.) 


CLASSIFYING SOLUTIONS 


Vibrating springs, simple electrical circuits, and floating bodies are all governed by second-order linear 
differential equations with constant coefficients of the form 


X+aX+a)x= f(t) (14.11) 


For vibrating spring problems defined by Eq. (/4.1), a, = a/m, ag = k/m, and f(t) = F(0)/m. For buoyancy problems 
defined by Eq. (14.10), a, =0, ay = mr’ p/m, and f(t) = 0. For electrical circuit problems, the independent variable 
x is replaced either by g in Eq. (/4.5) or J in Eq. (14.7). 

The motion or current in all of these systems is classified as free and undamped when f(t) = 0 and a, = 0. 
It is classified as free and damped when f(t) is identically zero but a, is not zero. For damped motion, there are 
three separate cases to consider, depending on whether the roots of the associated characteristic equation (see 
Chapter 9) are (1) real and distinct, (2) equal, or (3) complex conjugate. These cases are respectively classified 
as (1) overdamped, (2) critically damped, and (3) oscillatory damped (or, in electrical problems, underdamped). 
If f(A is not identically zero, the motion or current is classified as forced. 

A motion or current is transient if it “dies out” (that is, goes to zero) as t > o-. A steady-state motion or 
current is one that is not transient and does not become unbounded. Free damped systems always yield transient 
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motions, while forced damped systems (assuming the external force to be sinusoidal) yield both transient and 
steady-state motions. 
A free undamped motion defined by Eq. (/4.//) with a, = 0 and f(t) = 0 always has solutions of the form 


x(t) =c, cos Mt +c, sin wt (14.12) 


which defines simple harmonic motion. Here c,, cz, and @ are constants with @ often referred to as circular 
frequency. The natural frequency f is 


and it represents the number of complete oscillations per time unit undertaken by the solution. The period of 
the system of the time required to complete one oscillation is 


poe: 
f 
Equation (/4./2) has the alternate form 
x(t) = (1k A cos (at — 9) (14.13) 


where the amplitude A =./c; +3, the phase angle @ = arctan (c>/c), and k is zero when c, is positive and unity 
when c, is negative. 


Solved Problems 


14.1. A steel ball weighing 128 lb is suspended from a spring, whereupon the spring is stretched 2 ft from 
its natural length. The ball is started in motion with no initial velocity by displacing it 6 in above the 
equilibrium position. Assuming no air resistance, find (a) an expression for the position of the ball at 
any time ¢, and (b) the position of the ball at t= 77/12 sec. 

(a) The equation of motion is governed by Eq. (/4./). There is no externally applied force, so F(t) =0, and no 
resistance from the surrounding medium, so a=(. The motion is free and undamped. Here g = 32 ft/sec”, 
m = 128/32 =4 slugs, and it follows from Example 14.1 that k = 64 lb/ft. Equation (/4./) becomes ¥+ 16x =0. 
The roots of its characteristic equation are 1 = +4i, so its solution is 


x(t) = c; cos 4t + cp sin 4t () 


At t=0, the position of the ball is x» =—+ ft (the minus sign is required because the ball is initially displaced 
above the equilibrium position, which is in the negative direction). Applying this initial condition to (/), we 
find that 


1 
os = x(0) =c,cos0 +c, sin0=c, 
so (1) becomes 


1 ‘ 
x(t) =— Pigs +c, sin4t 


(2) 


The initial velocity is given as vo = 0 ft/sec. Differentiating (2), we obtain 


v(t) = x(t) =2sin4t+4c, cos4t 
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14.2. 


143. 


whereupon 0 =v(0) =2 sin 0 + 4c) cos 0 = 4c, 
Thus, c) =0, and (2) simplifies to 


1 
x(t) =——cos4t 
(t) 5 


(3) 
as the equation of motion of the steel ball at any time f. 


(b) Att= 7/12, 


A mass of 2 kg is suspended from a spring with a known spring constant of 10 N/m and allowed to come 
to rest. It is then set in motion by giving it an initial velocity of 150 cm/sec. Find an expression for the 
motion of the mass, assuming no air resistance. 


The equation of motion is governed by Eq. (/4./) and represents free undamped motion because there is no 
externally applied force on the mass, F(t) =0, and no resistance from the surrounding medium, a =0. The mass 
and the spring constant are given as m = 2 kg and k= 10 N/m, respectively, so Eq. (/4.1) becomes ¥+5x=0. The 
roots of its characteristic equation are purely imaginary, so its solution is 


x(t) =c, cos V5t +c, sin /5t (/) 
At t=0, the position of the ball is at the equilibrium position x9=0m. Applying this initial condition to (/), 
we find that 
0 =x(0) =c, cos 0 +c) sin0=c,; 
whereupon (/) becomes 


x(t) =c, sin V5t (2) 
The initial velocity is given as vg = 150 cm/sec = 1.5 m/sec. Differentiating (2), we obtain 


v(t) = x(t) = V5c, cos V5t 


15 


whereupon, 1.5=v(0) = V5c, cos0 = V5c, C= = 0.6708 


al 


and (2) simplifies to 
x(t) = 0.6708 sin /51 (3) 


as the position of the mass at any time f. 


Determine the circular frequency, natural frequency, and period for the simple harmonic motion 
described in Problem 14.2. 


Circular frequency: a= 5 =2.236 cycles/sec = 2.236 Hz 


V5 


Natural frequency: f=0/2n= ee = 0.3559 Hz 
u4 


Period: T=1/f= = 2.81 sec 


120 


14.4. 


145. 


14.6. 


14.7, 
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Determine the circular frequency, natural frequency, and period for the simple harmonic motion 
described in Problem 14.1. 


Circular frequency: @=4 cycles/sec = 4 Hz 
Natural frequency: f=4/27 = 0.6366 Hz 
Period: T = 1/f= 7/2 =1.57 sec 


A 10-kg mass is attached to a spring, stretching it 0.7 m from its natural length. The mass is started in 
motion from the equilibrium position with an initial velocity of 1 m/sec in the upward direction. Find 
the subsequent motion, if the force due to air resistance is —90xN. 


Taking g = 9.8 m/sec”, we have w = mg = 98 N and k= w/l = 140 N/m. Furthermore, a = 90 and F(#) =0 (there 
is no external force). Equation (/4./) becomes 


X¥+9x+14x=0 (1) 
The roots of the associated characteristic equation are 4, = —2 and A, =-7, which are real and distinct; hence this 


problem is an example of overdamped motion. The solution of (/) is 


x= Ce + ee" 


The initial conditions are x(0) = 0 (the mass starts at the equilibrium position) and x(0)=—1 (the initial velocity is 


in the negative direction). Applying these conditions, we find that c, =—c, =—+, so that x = +(e" —e™). Note 
that x > 0 as tf > ce; thus, the motion is transient. 


A mass of 1/4 slug is attached to a spring, whereupon the spring is stretched 1.28 ft from its natural 
length. The mass is started in motion from the equilibrium position with an initial velocity of 4 ft/sec in 
the downward direction. Find the subsequent motion of the mass if the force due to air resistance is —2b. 


Here m=1/4, a=2, F(t)=0 (there is no external force), and, from Hooke’s law, k=mg/l = (1/4) 
(32)/1.28 = 6.25. Equation (/4./) becomes 


X+8x+25x=0 (1) 


The roots of the associated characteristic equation are A, = —4 + 13 and A, = —4 — 13, which are complex conjugates; 
hence this problem is an example of oscillatory damped motion. The solution of (/) is 


x=e(c, cos 3f +c) sin 32) 


The initial conditions are x(0) =0 and x(0)=4. Applying these conditions, we find that c, =0 and c, =4; thus, 
x= 4e™ sin 3t. Since x > 0 as t > oo, the motion is transient. 


A mass of 1/4 slug is attached to a spring having a spring constant of | lb/ft. The mass is started in motion 
by initially displacing it 2 ft in the downward direction and giving it an initial velocity of 2 ft/sec in the 
upward direction. Find the subsequent motion of the mass, if the force due to air resistance is —1x Ib. 


Here m= 1/4, a=1,k=1, and F(f) = 0. Equation (/4./) becomes 
¥+4x+4x=0 () 


The roots of the associated characteristic equation are A, = A, =—2, which are equal; hence this problem is an example 
of critically damped motion. The solution of (/) is 


pe | — 
x= ce" + ente 


The initial conditions are x(0) =2 and x(0)=—2 (the initial velocity is in the negative direction). Applying these 
conditions, we find that c; = c) =2. Thus, 


x = 2e7! + 2te! 


Since x > 0 as t > ©, the motion is transient. 
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148. 


14.9, 


Show that the types of motions that result from free damped problems are completely determined by the 
quantity a? — 4 km. 


For free damped motions F(t) = 0 and Eq. (/4./) becomes 
gt ut & x=0 
m m 
The roots of the associated characteristic equation are 


nN _ wat Ja’ —4km nN _-a-a’ —4km 


; 2m ° 2m 


If a*—4 km > 0, the roots are real and distinct; if a2 — 4 km =0, the roots are equal; if a —4km <0, the roots 
are complex conjugates. The corresponding motions are, respectively , overdamped, critically damped, and oscillatory 
damped. Since the real parts of both roots are always negative, the resulting motion in all three cases is transient. 


(For overdamped motion, we need only note that ,/a” —4km <a, whereas for the other two cases the real parts 
are both —a/2m.) 


A 10-kg mass is attached to a spring having a spring constant of 140 N/m. The mass is started in motion 
from the equilibrium position with an initial velocity of 1 m/sec in the upward direction and with an 
applied external force F(t)=5 sin t. Find the subsequent motion of the mass if the force due to air 
resistance is -90xN. 


Here m = 10, k = 140, a= 90, and F(t) =5 sin t. The equation of motion, (/4./), becomes 
ts : 1. 
net ee aE Cd) 


The general solution to the associated homogeneous equation ¥ +9x + 14x =0 is (see Problem 14.5) 
Xp, = CVE tee" 

Using the method of undetermined coefficients (see Chapter 11), we find 

x Ly cae (2) 

” 500 500 
The general solution of (/) is therefore 
ot m» 13, 9 
X=X,+xX,=Ce ' +0,e°" + -—~sint - ~~ cost 
500 500 

Applying the initial conditions, x(0) = 0 and x(0)=—1, we obtain 


x= | C906 +99e" + 13sint —9cost) 
500 


Note that the exponential terms, which come from x, and hence represent an associated free overdamped motion, 
quickly die out. These terms are the transient part of the solution. The terms coming from x,, however, do not die 
out as tf > oo; they are the steady-state part of the solution. 


14.10. A 128-Ib weight is attached to a spring having a spring constant of 64 lb/ft. The weight is started in 


motion with no initial velocity by displacing it 6 in above the equilibrium position and by simultaneously 
applying to the weight an external force F(¢) = 8 sin 4t. Assuming no air resistance, find the subsequent 
motion of the weight. 


Here m= 4, k = 64, a=0, and F(t) =8 sin 4f; hence, Eq. (/4./) becomes 


X¥+16x =2sin4t (1) 
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This problem is, therefore, an example of forced undamped motion. The solution to the associated homogeneous 
equation is 


Xp =C1 cos 4t +c sin 4¢ 
A particular solution is found by the method of undetermined coefficients (the modification described in Chapter 11 
is necessary here): x,= —+ cos 4t. The solution to (/) is then 


. 1 
x =c,cos 4t +c, sin caer cos 4t 


Applying the initial conditions, x(0) =—+ and x(0)=0, we obtain 


x= d oa de : sin 4t tptaads 
2 16 4 


Note that lxl — ce as t > o. This phenomenon is called pure resonance. It is due to the forcing function F(f) 
having the same circular frequency as that of the associated free undamped system. 


Write the steady-state motion found in Problem 14.9 in the form specified by Eq. (/4./3). 
The steady-state displacement is given by (2) of Problem 14.9 as 
9 13. 
x(t) = -——cost + —~sint 
500 500 


Its circular frequency is @= 1. Here 


2 2 
A= es + 2 =0.0316 
500 500 


13/500 
n = 


and @ =arcta 0.965 radians 


The coefficient of the cosine term in the steady-state displacement is negative, so k = 1, and Eq. (/4./3) becomes 


x(t) = 0.0316 cos (t+ 0.965) 


An RCL circuit connected in series has R = 180 ohms, C = 1/280 farad, L = 20 henries, and an applied 
voltage E(t) = 10 sin t. Assuming no initial charge on the capacitor, but an initial current of 1 ampere at 
t= 0 when the voltage is first applied, find the subsequent charge on the capacitor. 


Substituting the given quantities into Eq. (14.5), we obtain 
des aed 1. 
a 


This equation is identical in form to (J) of Problem 14.9; hence, the solution must be identical in form to the 
solution of that equation. Thus, 


ee ne ee 
q=ce+c,e " +— sint -— cost 
500 500 


Applying the initial conditions q(0) = 0 and g(0)=1, we obtain c, = 110/500 and c, = —101/500. Hence, 


1 : 
q=——(110e™ —101le™ + 13sint — 9cosft) 
500 
As in Problem 14.9, the solution is the sum of transient and steady-state terms. 
An RCL circuit connected in series has R = 10 ohms, C = 107 farad, L = +henry, and an applied voltage 


E = 12 volts. Assuming no initial current and no initial charge at t= 0 when the voltage is first applied, 
find the subsequent current in the system. 
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Substituting the given values into Eq. (14.7), we obtain the homogeneous equation [since E(t) = 12, dE/dt = 0] 


2 
f : +20H +2007 =0 
dt dt 


The roots of the associated characteristic equation are A; =—10 + 10i and A, =—10 — 10; hence, this is an example 
of a free underdamped system for the current. The solution is 


T= e"!™ (ce, cos 10 + cy sin 102) (/) 


The initial conditions are /(0) = 0 and, from Eq. (/4.8), 


12 10 1 
fo. Ld? fag aaao)” = 


dl 
dt 


Applying these conditions to (/), we obtain c,; = 0 and c, = 2; thus, J = Bel sin10r, which is completely transient. 


Solve Problem 14.13 by first finding the charge on the capacitor. 


We first solve for the charge g and then use / = dq/dt to obtain the current. Substituting the values given in 
Problem 14.13 into Eq. (/4.5), we have g + 20g +200q = 24, which represents a forced system for the charge, 
in contrast to the free damped system obtained in Problem 14.3 for the current. Using the method of undetermined 
coefficients to find a particular solution, we obtain the general solution 


: 5 
qz=e'(c,cosl0r +c, sin10f) + ae 


Initial conditions for the charge are g(0) =0 and q(0)=0; applying them, we obtain c, = c) = —3/25. Therefore, 


e |” cos10t + 2 sin 10t reed 
25 25 25 


l= dq = 12 101 
dt 


and sin 10t 


as before. 
Note that although the current is completely transient, the charge on the capacitor is the sum of both transient 
and steady-state terms. 


An RCL circuit connected in series has a resistance of 5 ohms, an inductance of 0.05 henry, a capacitor 
of 4 x 10~ farad, and an applied alternating emf of 200 cos 100¢ volts. Find an expression for the current 
flowing through this circuit if the initial current and the initial charge on the capacitor are both zero. 


Here R/L = 5/0.05 = 100, 1/(LC) = 1/{0.05(4 x 10~)] = 50,000, and 


1dE(t)_ 1 
L dt 0.05 


200(—100 sin 100) = — 400,000 sin 100t 


so Eq. (/4.7) becomes 


d’I dl 

—, + 100— + 50,0007 =— 400,000 sin 1002 

dt dt 

The roots of its characteristic equation are —50 +50V19i, hence the solution to the associated homogeneous 
problem is 


1, =ce°" cos50V191 + c,e sin 50V191 


Using the method of undetermined coefficients, we find a particular solution to be 


Pp 


i= a cos 100t — it sin 100t 
17 17 
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so the general solution is 
40 160 . 
T=1, +1, =ce°" cos50J191 + c,e™ sin 50,f19t + 7 cos 100r — ae sin 100r (1) 


The initial conditions are /(0) = 0 and, from Eq. (/4.8), 


dl 200 5 1 
= (0) = 
dt|,_. 005 0.05 0.05(4 x10 


(0) = 4000 
) 
Applying the first of these conditions to (/) directly, we obtain 
0 =1(0) =c,(1) +¢,(0) + - 


or c, = — 40/17 = —2.35. Substituting this value into (/) and then differentiating, we find that 


Bee 2.35(-50e™ cos 50-19 — 50V19e sin 50-V199) 
t 


+c,(—50e™ sin 50/191 + 50-V19e™ cos50-V191) = sin100¢ a cos 100t 


whereupon 4000 = =—2,35(-50) +¢,(50-V19) — 
t 


t=0 


16,000 


and cy = 22.13. Equation (/) becomes 


1 =—2.35e™ cos50-V19t + 22.13e°™ sin 50-V191 + 0s 1001 = sin 100¢ 


14.16. Solve Problem 14.15 by first finding the charge on the capacitor. 


Substituting the values given in Problem 14.15 into Eq. (/4.5), we obtain 


2 
Ge 


# or + 50,000g = 4000 cos 100r 
t t 


The associated homogeneous equation is identical in form to the one in Problem 14.15, so it has the same solution 
(with J), replaced by qg,). Using the method of undetermined coefficients, we find a particular solution to be 


= a cos100¢ + 2 sin100t 


a 170 
so the general solution is 
—50r “Mt 16 4 . 
G=4,4+49, =O e > coss0v19t + c,e°" sin 50/197 + 10 cos 100t + 170 sin 100r (J) 


The initial conditions on the charge are g(0) = 0 and 
dq 


=1(0)=0 
dt |,-0 ” 


Applying the first of these conditions to (/) directly, we obtain 


16 
0 =q(0) =c,(1) +¢,(0) + 70 


or c, = —16/170 = — 0.0941. Substituting this value into (/) and then differentiating, we find that 


= =—0.0941(-50e" cos50,/191 — 50V19 e™ sin 50-191) 
t 


+c,(—50e™ sin 50191 + 50-V19 e™ cos50-V19 1) — sin 1001 + = cos100t (2) 
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_ dq 
dt 


whereupon =—0.0941(-50) 4 c(50V19) += 


t=0 
and cy = -0.0324. Substituting this value into (2) and simplifying, we obtain as before 


I(t) = a ~2.35e" cos50-J19f + 22.136" sin 50/191 + . cos 100¢ — ie sin 100¢ (3) 
t 


Determine the circular frequency, the natural frequency, and the period of the steady-state current found 
in Problem 14.16. 


The current is given by (3) of Problem 14.16. As t > ©, the exponential terms tend to zero, so the steady-state 
current is 


I(th= a cos 100t — al sin 100t 
17 17 


Circular frequency: @= 100 Hz 
Natural frequency: f= o/2n= 100/27 = 15.92 Hz 
Period: T= 1/f=27/100 =0.063 sec 


14.18. Write the steady-state current found in Problem 14.17 in the form specified by Eq. (/4./3). 


The amplitude is 


2 2 
A= ai + a =9.701 
17 17 


160/17 _ 
40/17 


The circular frequency is @= 100. The coefficient of the cosine term is positive, so k= 0 and Eq. (/4./3) becomes 


and the phase angle is 


1.326 radians 


@ =arctan 


1,(t) = 9.701 cos (100f + 1.326) 


14.19. Determine whether a cylinder of radius 4 in, height 10 in, and weight 15 lb can float in a deep pool of 


14.20. 


water of weight density 62.5 Ib/ft*. 


Let h denote the length (in feet) of the submerged portion of the cylinder at equilibrium. With r = +ft, it follows 
from Eq. (/4.9) that 


el ee > _ ey gaaea hay 


mr? : 
P “(3 62.5 


Thus, the cylinder will float with 10 — 8.25 = 1.75 in of length above the water line at equilibrium. 


Determine an expression for the motion of the cylinder described in Problem 14.19 if it is released with 
20 percent of its length above the water line with a velocity of 5 ft/sec in the downward direction. 


Here r = +ft, p = 62.5 Ib/ft?, m = 15/32 slugs and Eq. (/4./0) becomes 


X + 46.5421x =0 
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The roots of the associated characteristic equation are +\/46.5421i = + 6.82i; the general solution of the differential 
equation is 


x(t) = c, cos 6.82t +c, sin 6.82t (1) 


At t=0, 20 percent of the 10-in length of the cylinder, or 2 in, is out of the water. Using the results of 
Problem 14.19, we know that the equilibrium position has 1.75 in above the water, so at t=0, the cylinder is raised 
1/4 in or 1/48 ft above its equilibrium position. In the context of Fig. 14-3, x(0) = 1/48 ft. The initial velocity is 
5 ft/sec in the downward or negative direction in the coordinate system of Fig. 14-3, so x(0)=—5. Applying these 
initial conditions to (/), we find that 


geo s000i aid G2 3-093 
48 > 6.82 


Equation (/) becomes 
x(t) = 0.021 cos 6.82t — 0.73 sin 6.82t 


Determine whether a cylinder of diameter 10 cm, height 15 cm, and weight 19.6 N can float in a deep 
pool of water of weight density 980 dynes/cm’. 


Let h denote the length (in centimeters) of the submerged portion of the cylinder at equilibrium. With r = 5 cm 
and mg = 19.6 N = 1.96 x 10° dynes, it follows from Eq. (/4.9) that 


6 
_ mg 7 ee =255 
mrp 1m(5)° (980) 


Since this is more height than the cylinder possesses, the cylinder cannot displace sufficient water to float and will 
sink to the bottom of the pool. 


Determine whether a cylinder of diameter 10 cm, height 15 cm, and weight 19.6 N can float in a deep 
pool of liquid having weight density 2450 dynes/cm’. 

Let h denote the length of the submerged portion of the cylinder at equilibrium. With r=5 cm and mg = 
19.6 N = 1.96 x 10° dynes, it follows from Eq. (/4.9) that 


_ mg _ 1.96 x10° _ 
mrp m5)’ (2450) 


2 cm 


Thus, the cylinder will float with 15 — 10.2 = 4.8 cm of length above the liquid at equilibrium. 


Determine an expression for the motion of the cylinder described in Problem 14.22 if it is released at 
rest with 12 cm of its length fully submerged. 


Here r = 5 cm, p = 2450 dynes/em?, m = 19.6/9.8 = 2 kg = 2000 g, and Eq. (14.10) becomes 


X+96.21x=0 


The roots of the associated characteristic equation are +./96.21i=+9.8i; the general solution of the differential 
equation is 


x(t) =c, cos 9.81f+c, sin 9.81t () 


At t=0, 12 cm of the length of the cylinder is submerged. Using the results of Problem 14.22, we know that the 
equilibrium position has 10.2 cm submerged, so at t=0, the cylinder is submerged 12 — 10.2 = 1.8 cm below its 
equilibrium position. In the context of Fig. 14-3, x(0) =—1.8 cm with a negative sign indicating that the equilibrium 
line is submerged. The cylinder begins at rest, so its initial velocity is x(0)=0. Applying these initial conditions to 
(1), we find that c; =—1.8 and c) = 0. Equation (/) becomes 


x(t) = —1.8 cos 9.81 
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A solid cylinder partially submerged in water having weight density 62.5 lb/ft’, with its axis vertical, oscil- 
lates up and down within a period of 0.6 sec. Determine the diameter of the cylinder if it weighs 2 Ib. 


With p = 62.5 lb/ft? and m = 2/32 slugs, Eq. (14.10) becomes 


¥+10002r?x =0 


which has as its general solution 


X(t) =c, cos./1000 art + c, sin ¥1000zrt (1) 


Its circular frequency is w@=r 10007; its natural frequency is f=@/2a =rV¥250/m =8.92r; its period is 
T = 1/f=1/8.92r. We are given 0.6 = T = 1/8.927, thus r=0.187 ft = 2.24 in with a diameter of 4.48 in. 


A prism whose cross section is an equilateral triangle with sides of length / floats in a pool of liquid of 
weight density p with its height parallel to the vertical axis. The prism is set in motion by displacing it 
from its equilibrium position (see Fig. 14-4) and giving it an initial velocity. Determine the differential 
equation governing the subsequent motion of this prism. 

Equilibrium occurs when the buoyant force of the displaced liquid equals the force of gravity on the body. 
The area of an equilateral triangle with sides of length / is A= V31?/4. For the prism depicted in Fig. 14-4, with h 
units of height submerged at equilibrium, the volume of water displaced at equilibrium is /3/h/4, providing a 
buoyant force of V3P-h p/4. By Archimedes’ principle, this buoyant force at equilibrium must equal the weight of 
the prism mg; hence, 


V3P-hp/4 = mg (1) 


We arbitrarily take the upward direction to be the positive x-direction. If the prism is raised out of the water 
by x() units, as shown in Fig. 14-4, then it is no longer in equilibrium. The downward or negative force on such a 
body remains mg but the buoyant or positive force is reduced to me P[h — x(t)]p /4. It now follows from Newton’s 
second law that 


. v3P[h-x@Olp 
eS 


Substituting (/) into this last equation, we simplify it to 
2 
X+ V3l'p P.=0 
4m 


Positive x-direction 
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Fig. 14-4 
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Supplementary Problems 


A 10-lb weight is suspended from a spring and stretches it 2 in from its natural length. Find the spring constant. 
A mass of 0.4 slug is hung onto a spring and stretches it 9 in from its natural length. Find the spring constant. 
A mass of 0.4 g is hung onto a spring and stretches it 3 cm from its natural length. Find the spring constant. 

A mass of 0.3 kg is hung onto a spring and stretches it 15 cm from its natural length. Find the spring constant. 


A 20-lb weight is suspended from the end of a vertical spring having a spring constant of 40 Ib/ft and is allowed to 
reach equilibrium. It is then set into motion by stretching the spring 2 in from its equilibrium position and releasing 
the mass from rest. Find the position of the weight at any time f if there is no external force and no air resistance. 


Solve Problem 14.30 if the weight is set in motion by compressing the spring by 2 in from its equilibrium position 
and giving it an initial velocity of 2 ft/sec in the downward direction. 


A 20-g mass is suspended from the end of a vertical spring having a spring constant of 2880 dynes/cm and is 
allowed to reach equilibrium. It is then set into motion by stretching the spring 3 cm from its equilibrium position 
and releasing the mass with an initial velocity of 10 cm/sec in the downward direction. Find the position of the mass 
at any time ¢ if there is no external force and no air resistance. 


A 32-lb weight is attached to a spring, stretching it 8 ft from its natural length. The weight is started in motion by 
displacing it 1 ft in the upward direction and by giving it an initial velocity of 2 ft/sec in the downward direction. 
Find the subsequent motion of the weight, if the medium offers negligible resistance. 


Determine (a) the circular frequency, (b) the natural frequency, and (c) the period for the vibrations described in 
Problem 14.31. 


Determine (a) the circular frequency, (b) the natural frequency, and (c) the period for the vibrations described in 
Problem 14.32. 


Determine (a) the circular frequency, (b) the natural frequency, and (c) the period for the vibrations described in 
Problem 14.33. 


Find the solution to Eq. (/4./) with initial conditions given by Eq. (/4.2) when the vibrations are free and 
undamped. 


A +-slug mass is hung onto a spring, whereupon the spring is stretched 6 in from its natural length. The mass is 
then started in motion from the equilibrium position with an initial velocity of 4 ft/sec in the upward direction. Find 
the subsequent motion of the mass, if the force due to air resistance is —2x lb. 


A 4-slug mass is attached to a spring so that the spring is stretched 2 ft from its natural length. The mass is started 
in motion with no initial velocity by displacing it ft in the upward direction. Find the subsequent motion of the 
mass, if the medium offers a resistance of —4x lb. 


A 4-slug mass is attached to a spring having a spring constant of 6 Ib/ft. The mass is set into motion by displacing 
it 6 in below its equilibrium position with no initial velocity. Find the subsequent motion of the mass, if the force 
due to the medium is —4x lb. 


A 4-kg mass is attached to a spring having a spring constant of 8 N/m. The mass is set into motion by displacing 
it 10cm above its equilibrium position with an initial velocity of 2 m/sec in the upward direction. Find the 
subsequent motion of the mass if the surrounding medium offers a resistance of 4xN. 


Solve Problem 14.41 if instead the spring constant is 8.01 N/m. 


Solve Problem 14.41 if instead the spring constant is 7.99 N/m. 
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A 1-slug mass is attached to a spring having a spring constant of 8 Ib/ft. The mass is initially set into motion from 
the equilibrium position with no initial velocity by applying an external force F(t) = 16 cos 4t. Find the subsequent 
motion of the mass, if the force due to air resistance is —4x lb. 


A 64-lb weight is attached to a spring whereupon the spring is stretched 1.28 ft and allowed to come to rest. The 
weight is set into motion by applying an external force F(t) = 4 sin 2t. Find the subsequent motion of the weight if 
the surrounding medium offers a negligible resistance. 


A 128-Ib weight is attached to a spring whereupon the spring is stretched 2 ft and allowed to come to rest. The weight 
is set into motion from rest by displacing the spring 6 in above its equilibrium position and also by applying an external 
force F(#) = 8 sin 4t. Find the subsequent motion of the weight if the surrounding medium offers a negligible resistance. 


Solve Problem 14.38 if, in addition, the mass is subjected to an externally applied force F(t) = 16 sin 8t. 


A 16-Ib weight is attached to a spring whereupon the spring is stretched 1.6 ft and allowed to come to rest. The 
weight is set into motion from rest by displacing the spring 9 in above its equilibrium position and also by apply- 
ing an external force F(t) =5 cos 2t. Find the subsequent motion of the weight if the surrounding medium offers a 
resistance of —2x lb. 


Write the steady-state portion of the motion found in Problem 14.48 in the form specified by Eq. (14.13). 


A 4-kg mass is attached to a spring having a spring constant of 6 N/m and allowed to come to rest. The mass is set 
into motion by applying an external force F(t) = 24 cos 3t —33 sin 3t. Find the subsequent motion of the mass if the 
surrounding medium offers a resistance of —3x N. 


Write the steady-state portion of the motion found in Problem 14.50 in the form of Eq. (/4./3). 


An RCL circuit connected in series with R=6 ohms, C=0.02 farad, and L =0.1 henry has an applied voltage 
E(t) = 6 volts. Assuming no initial current and no initial charge at t=0 when the voltage is first applied, find the 
subsequent charge on the capacitor and the current in the circuit. 


An RCL circuit connected in series with a resistance of 5 ohms, a condenser of capacitance 4 x 10* farad, and an 
inductance of 0.05 henry has an applied emf E(t) = 110 volts. Assuming no initial current and no initial charge on the 
capacitor, find expressions for the current flowing through the circuit and the charge on the capacitor at any time f. 


An RCL circuit connected in series with R = 6 ohms, C = 0.02 farad, and L =0.1 henry has no applied voltage. Find 
the subsequent current in the circuit if the initial charge on the capacitor is ;5 coulomb and the initial current is zero. 


An RCL circuit connected in series with a resistance of 1000 ohm, a condenser of capacitance 4 x 10~° farad, and 
an inductance of | henry has an applied emf E(t) = 24 volts. Assuming no initial current and no initial charge on 
the capacitor, find an expression for the current flowing through the circuit at any time f. 


An RCL circuit connected in series with a resistance of 4 ohms, a capacitor of 1/26 farad, and an inductance of 
1/2 henry has an applied voltage E(4) = 16 cos 2t. Assuming no initial current and no initial charge on the capacitor, 
find an expression for the current flowing through the circuit at any time f. 


Determine the steady-state current in the circuit described in Problem 14.56 and write it in the form of Eq. (/4./3). 


An RCL circuit connected in series with a resistance of 16 ohms, a capacitor of 0.02 farad, and an inductance of 
2 henries has an applied voltage E(t) = 100 sin 3t. Assuming no initial current and no initial charge on the capacitor, 
find an expression for the current flowing through the circuit at any time f. 


Determine the steady-state current in the circuit described in Problem 14.56 and write it in the form of Eq. (/4./3). 


An RCL circuit connected in series with a resistance of 20 ohms, a capacitor of 10~ farad, and an inductance of 
0.05 henry has an applied voltage E(t) = 100 cos 200. Assuming no initial current and no initial charge on the 
capacitor, find an expression for the current flowing through the circuit at any time f. 


Determine the steady-state current in the circuit described in Problem 14.60 and write it in the form of Eq. (/4./3). 
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An RCL circuit connected in series with a resistance of 2 ohms, a capacitor of 1/260 farad, and an inductance of 
0.1 henry has an applied voltage E(t) = 100 sin 60¢. Assuming no initial current and no initial charge on the capacitor, 
find an expression for the charge on the capacitor at any time t. 


Determine the steady-state charge on the capacitor in the circuit described in Problem 14.62 and write it in the form 
of Eq. (14.13). 


An RCL circuit connected in series has R = 5 ohms, C = 107 farad, L =4 henry, and no applied voltage. Find the 
subsequent steady-state current in the circuit. Hint: Initial conditions are not needed. 


An RCL circuit connected in series with R = 5 ohms, C = 107? farad, and L = ; henry has applied voltage E(¢) = sin t. 
Find the steady-state current in the circuit. Hint: Initial conditions are not needed. 


Determine the equilibrium position of a cylinder of radius 3 in, height 20 in, and weight 57 Ib that is floating with 
its axis vertical in a deep pool of water of weight density 62.5 Ib/ft?. 


Find an expression for the motion of the cylinder described in Problem 14.66 if it is disturbed from its equilibrium 
position by submerging an additional 2 in of height below the water line and with a velocity of 1 ft/sec in the 
downward direction. 


Write the harmonic motion of the cylinder described in Problem 14.67 in the form of Eq. (/4./3). 


Determine the equilibrium position of a cylinder of radius 2 ft, height 4 ft, and weight 600 Ib that is floating with 
its axis vertical in a deep pool of water of weight density 62.5 Ib/ft?. 


Find an expression for the motion of the cylinder described in Problem 14.69 if it is released from rest with 1 ft of 
its height submerged in water. 


Determine (a) the circular frequency, (b) the natural frequency, and (c) the period for the vibrations described in 
Problem 14.70. 


Determine (a) the circular frequency, (b) the natural frequency, and (c) the period for the vibrations described in 
Problem 14.67. 


Determine the equilibrium position of a cylinder of radius 3 cm, height 10 cm, and mass 700 g that is floating with 
its axis vertical in a deep pool of water of mass density 1 g/cm?>. 


Solve Problem 14.73 if the liquid is not water but another substance with mass density 2 g/em*. 


Determine the equilibrium position of a cylinder of radius 30 cm, height 500 cm, and weight 2.5 x 10’ dynes that 
is floating with its axis vertical in a deep pool of water of weight density 980 dynes/cm’. 


Find an expression for the motion of the cylinder described in Problem 14.75 if it is set in motion from its equilib- 
rium position by striking it to produce an initial velocity of 50 cm/sec in the downward direction. 


Find the general solution to Eq. (/4./0) and determine its period. 


Determine the radius of a cylinder weighing 5 lb with its axis vertical that oscillates in a pool of deep water 
(p = 62.5 Ib/ft*) with a period of 0.75 sec. Hint: Use the results of Problem 14.77. 


Determine the weight of a cylinder having a diameter of 1 ft with its axis vertical that oscillates in a pool of deep 
water (p = 62.5 Ib/ft>) with a period of 2 sec. Hint: Use the results of Problem 14.77. 


A rectangular box of width w, length /, and height / floats in a pool of liquid of weight density p with its height 
parallel to the vertical axis. The box is set into motion by displacing it x units from its equilibrium position and 
giving it an initial velocity of vg. Determine the differential equation governing the subsequent motion of the box. 


Determine (a) the period of oscillations for the motion described in Problem 14.80 and (b) the change in that period 
if the length of the box is doubled. 


Matrices 


MATRICES AND VECTORS 


A matrix (designated by an uppercase boldface letter) is a rectangular array of elements arranged in horizontal 
rows and vertical columns. In this book, the elements of matrices will always be numbers or functions of the 
variable f. If all the elements are numbers, then the matrix is called a constant matrix. 

Matrices will prove to be very helpful in several ways. For example, we can recast higher-order differential 
equations into a system of first-order differential equations using matrices (see Chapter 17). Matrix notation 
also provides a compact way of expressing solutions to differential equations (see Chapter 16). 


1 2 1 i) 
; A , and [1 f° cost] 
3 4 t -1 1 


are all matrices. In particular, the first matrix is a constant matrix, whereas the last two are not. 


Example 15.1. 


A general matrix A having p rows and n columns is given by 


ay ayy a, 
a a a 
21 22. 2n 
A=[a,] i 
ay) ay Gon 


where a, represents that element appearing in the ith row and jth column. A matrix is square if it has the same 
number of rows and columns. 

A vector (designated by a lowercase boldface letter) is a matrix having only one column or one row. (The 
third matrix given in Example 15.1 is a vector.) 


MATRIX ADDITION 


The sum A + B of two matrices A = [a;;] and B = [5;] having the same number of rows and the same number 
of columns is the matrix obtained by adding the corresponding elements of A and B. That is, 


Matrix addition is both associative and commutative. Thus, A + (B+ C)=(A+B)+CandA+B=B+A. 
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SCALAR AND MATRIX MULTIPLICATION 


If A is either a number (also called a scalar) or a function of t, then AA (or, equivalently, AA) is defined to 
be the matrix obtained by multiplying every element of A by A. That is, 


Let A = [a;] and B = [b;] be two matrices such that A has r rows and n columns and B has n rows and p 
columns. Then the product AB is defined to be the matrix C = [c,] given by 


G= a6) OF1 2.6 fH1 220) 
k=1 


The element c;; is obtained by multiplying the elements of the ith row of A with the corresponding elements of 
the jth column of B and summing the results. 


Matrix multiplication is associative and distributes over addition; in general, however, it is not commutative. 
Thus, 


A(BC)=(AB)C, A(B+C)=AB+AC, and (B+C)A=BA+CA 


but, in general, AB # BA. 


POWERS OF A SQUARE MATRIX 
If n is a positive integer and A is a square matrix, then 


A"=AA--A 


n times 


In particular, A? = AA and A? = AAA. By definition, A° = I, where 


100... 0 0 
010... 0 0 
001... 0 0 


0 O21 0 
LO: Or Ose, Oe I) 


is called an identity matrix. For any square matrix A and identity matrix I of the same size 


AI=IA=A 


DIFFERENTIATION AND INTEGRATION OF MATRICES 


The derivative of A= [aj] 1s the matrix obtained by differentiating each element of A; that is, 
dA | da, 
dt dt 

Similarly, the integral of A, either definite or indefinite, is obtained by integrating each element of A. Thus, 


fiaar=| faa and fAdr=[ fa, ar] 
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THE CHARACTERISTIC EQUATION 
The characteristic equation of a square matrix A is the polynomial equation in A given by 
det (A — AIT) =0 (15.1) 


where det(_ ) stands for “the determinant of.” Those values of A which satisfy (75.7), that is, the roots of (75.1), 
are the eigenvalues of A, a k-fold root being called an eigenvalue of multiplicity k. 


Theorem 15.1. (Cayley-Hamilton theorem.) Any square matrix satisfies its own characteristic equation. 
That is, if 


det (A — AD =b,A" +b, NU! +--+ + by? + DIA + do 
then b,A" + b, A"! + +++ + b)A? + DA + bol =0 


Note: See Chapter 36 (Solving Systems of Differential Equations via Eigenvalues Using Mathematica). 


Solved Problems 


15.1. Show that A+B=B+<A for 


1 2 5 6 1+5 2+6 6 8 
A+B= + = = 

3 4 7 8 3+7 4+8 10 12 

5 6 1 2 5+1 642 6 8 
B+A= + = = 

7 8 3 4 7+3 8+4 10 12 


Since the corresponding elements of the resulting matrices are equal, the desired equality follows. 


15.2. Find 3A —4B for the matrices given in Problem 15.1. 


antag! “(4 6] 


5 
Le as 
3 6 
“3 alt : 
ie 
2 


Ney 
eo te 
wir 
(ef 

= 

wo 
~ 

& 

— 

a 
= 

00 


15.3. Find AB and BA for the matrices given in Problem 15.1. 
; : ; | bees ed li | 
AB= + = = 
3 4| 17 8] |3()+4(7) 3(6)+4(8)| |43 50 


5 6] [1 2]_[5a)+63) 5(2)+6(4)]_[23 34 
7 8) |3 4] |70)+8) 7(2)+8(4)| |31 46 


pa=| 


Note that for these matrices, AB # BA. 
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15.4. Find (2A — B)? for the matrices given in Problem 15.1. 


nod! hol HEME HE 2 


sid GABF =@A-BQA-B)=| a a 
-l 0 |] -1 0 

JAS): 3-9). G7 6 

3-4 OC (-2) +000) | | 3 2 


15.5. Find AB and BA for 
1 2 3 7 O 
A= , B= 
4 5 6 8 -l 
Since A has three columns and B has two rows, the product AB is not defined. But 


BA= 7 O}/1 2 3) | 70) +4) 7(2)+0)5) 73) + 0)(6) 
“18 =Li4 S61" 80) +(-D(4) 8(2)+(-1)5) 83) + (-D(6) 


_[7 14 21 
“14 11 18 
15.6. Find AB and AC if 


4 2 0 2 3 1 3 1 
2 1 O}, B=} 2 —2 -2], C=| 0 2 6 
—2 -1 1 -l 2 1 -1 2 


22) +12)+O)-l) —- 23) + 1-2) + O)2)_— 2) +1(-2) +0) 
2(2) +(-DQ)+1(-l) 23) +(-D(-2) +12) -20) + (-D(-2) +10) 
12. 8 0 
6 4 0 
-7 —2 1 


Gaetan 4(3) +2(-2)+(0)(2) 40) +2(-2) + (0) 0) 


| 4(3)+2(00)+O)-l — 4(1) + 2(2) + (0)(2)_— A(-3) +. 2(6) + (0) 
AC =| 2(3) +100) +(0)(-1) 2(1) + 1(2) + (0)(2) 2(-3) + 1(6) + (0)() 
2(3) +(-1)0) + 1-1) -20) +(-D(2) +12) -2(-3) + (-1)(6) + 10) 

12. 8 0 

=| 6 4 0 

-7 —2 1 
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Note that for these matrices AB = AC and yet B#C. Therefore, the cancellation law is not valid for matrix 


multiplication. 
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15.7. Find Ax if 


1(9) + 2(-1) + 3(-2) +40) ]_f 1 
5(9) + 6(-1) + 7(-2) + 8(0) |_| 25 


2 2t 
ies: nd ke |, 
dt sint 45 


s x, (0) 
15.9. Find & ifx=|x,(|. 
dt 
X(t) 
| ax,(t) 
a x0) 
dx | dx,(t ; 
dt | dt wn) 
dx,(t) a) 
dt 


15.10. Find J A dt for A as given in Problem 15.8. 


jaa fie addr fervar Le ttte Le 46, 
fsinedr  [45at 


—costt+e, 45t+c, 


1 
15.11. Find [ xar ifx=|e' |. 
0 


[tar ; 
[xar= [ear =|e-1 


fo dt 
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1 3 
15.12. Find the eigenvalues of A= F | 


We have 

a-a=|/ | 4 

4 2 0 1 
ee te O} j1-a 3 
“14 2 0 -A| | 4 2-A 

1-A 3 
H ; det(A — AD =d 
ence et ( ) a 4 | 


=(1—A)\(2 -A) — (3)(4) =’ -34-10 


The characteristic equation of A is 47 — 3A — 10 = 0, which can be factored into (A — 5) (A + 2) = 0. The roots of this 
equation are A; =5 and A, =—2, which are the eigenvalues of A. 


2 5 
15.13. Find the eigenvalues of Atif A -| i ‘| 


1 a, 
_|2t St “ —-r O = 2t-Ar 5t 
Le “=9¥ 0 -A}| | -t 2t—r 
Then, Cr a a 


—2t-Kr 
=(2t —A)\(-2t — A) — (5t)(-1) =V +2 


and the characteristic equation of At is 47 + t? =0. The roots of this equation, which are the eigenvalues of Ar, are 
A, =it and A, =—it, where i=J-1. 


4 1 0 
15.14. Find the eigenvalues of A=|-1 2 OJ}. 
21-3 


-M=|-1 2 OJ-A 


=| -l1 2-A’A 


Lae | a 2 


Thus, det(A—AD=det} -1 2-A 0 

2 1 -3-A 
(-3 -A)[(4 -A)Y(2 — A) -— ADI) 
(-3 —A)(A — 3)(A — 3) 


ll 
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The characteristic equation of A is 
(43-20. =0=3)<0 
Hence, the eigenvalues of A are A, =—3, A, =3, and A3 =3. Here A =3 is an eigenvalue of multiplicity two, while 


4 =-3 is an eigenvalue of multiplicity one. 


15.15. Find the eigenvalues of 


S. 7 f oO 
3-5 0 O 
A= 
0 02 1 
0 0 O -2 
Sah 7 0 0 
gcjge] 2 HE 0 
0 G™- —=% 1 
0 0 ¢ =) 
and det(A — AD) =[(5 —A)(—5 — A) — (37) (—2 — A)(-2 — A) 


=(M — 4)(-2 -A)(-2 - A) 
The characteristic equation of A is 
(17 — 4)\(-2 — AY(-2 - A) = 0 


which has roots A, = 2, Ax =—2, A3 =—2, and Ay =—2. Thus, A = —2 is an eigenvalue of multiplicity three, whereas 
A =2 is an eigenvalue of multiplicity one. 


2 -7 
15.16. Verify the Cayley—Hamilton theorem for A= c ul 


For this matrix, we have det (A — AD) = A? — 8A. + 33; hence 
: [2 -7][2 7 2 <7 1 0 
A? -8A 4331 =8 +33 
13 613 6 3 6 0 1 
_[-!7 56] [16 -56), [33 0 
“| 24 15] [24 48] | 0 33 


[0 0 
“lo 0 


15.17. Verify the Cayley-Hamilton theorem for the matrix of Problem 15.14. 
For this matrix, we found det (A — AI) =-(A + 3) (A—3)?; hence 


ll 


FL Olt & ot 
+A+3D(A=317 S=|-1 5 Olt =t oO 
1. OO A ag 

71 0/— 0 0 Oo] fo 0 0 

=-|-1 5 O|| 0 0 Of=/0 0 0 

2 1 O|/-11 -5 36] |o 0 O 
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In Problems 15.18 through 15.38, let 


15.18. 
15.19. 
15.20. 
15.21. 
15.22. 
15.23. 
15.24. 
15.25. 
15.26. 
15.27. 
15.28. 
15.29. 
15.30. 
15.31. 
15.32. 
15.33. 
15.34. 
15.35. 
15.36. 


15.37. 


Find A+B. 

Find 3A — 2B. 

Find C—-D. 

Find 2C + 5D. 

Find A+D. 

Find x — 3y. 

Find (a) AB and (b) BA. 
Find A?. 

Find A’. 

Find B?. 

Find (a) CD and (b) DC. 
Find (a) Ax and (b) xA. 
Find AC. 


Find (C + D)y. 


MATRICES 


Supplementary Problems 


Find the characteristic equation and eigenvalues of A. 


Find the characteristic equation and eigenvalues of B. 


Find the characteristic equation and eigenvalues of A+B. 


Find the characteristic equation and eigenvalues of 3A. 


Find the characteristic equation and eigenvalues of A + 5I. 
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Find the characteristic equation and the eigenvalues of C. Determine the multiplicity of each eigenvalue. 
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15.38. Find the characteristic equation and the eigenvalues of D. Determine the multiplicity of each eigenvalue. 


[ 2 
15.39. Find the characteristic equation and the eigenvalues of A = ne } 


1 2t 

t 6t O 
15.40. Find the characteristic equation and the eigenvalues of A=|4t -t 0]. 

Oo 1 St 


dA 
15.41. Find rs for A as given in Problem 15.39. 


3° 


dA cos2t 
15.42. Find — for A= : 
dt te 


15.43. Find [Aar for A as given in Problem 15.42. 


CHAPTER 16 


DEFINITION 


For a square matrix A, 


e“ =14 Wate ate pee Say (16.1) 


nao 1! 


The infinite series (16./) converges for every A and f, so that e“” is defined for all square matrices. 


COMPUTATION OF e““ 


For actually computing the elements of e4’, (16.1) is not generally useful. However, it follows (with some 
effort) from Theorem 15.1, applied to the matrix As, that the infinite series can be reduced to a polynomial in t. Thus: 


Theorem 16.1. If A is a matrix having n rows and n columns, then 
eM = Oy At | + Oy ATO th + + + DAP? + At + Ol (16.2) 


where 0, OQ, ... , %,—_; are functions of t which must be determined for each A. 


Example 16.1. When A has two rows and two columns, then n = 2 and 


e’'= MAt+ Al (16.3) 
When A has three rows and three columns, then n = 3 and 
e = mAPP + GAt + Al (16.4) 
Theorem 16.2. Let A be as in Theorem 16.1, and define 
1(A) = Oy — A" + Op gd"? + ++ + ODA? + A+ % (16.5) 
Then if A; is an eigenvalue of Ar, 
ei=r(,) (16.6) 
Furthermore, if 4; is an eigenvalue of multiplicity k, k > 1, then the following equations are 
also valid: 
4 a 
ei= ne - 
ev = 4 ay 
du hen, (16.7) 
o == 70) 
du! i, 
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Note that Theorem 16.2 involves the eigenvalues of Af; these are ¢ times the eigenvalues of A. When com- 
puting the various derivatives in (/6.7), one first calculates the appropriate derivatives of the expression (/6.5) 
with respect to A, and then substitutes 1 = ;. The reverse procedure of first substituting A =A, (a function of f) 
into (16.5), and then calculating the derivatives with respect to f, can give erroneous results. 


Example 16.2. Let A have four rows and four columns and let 4 = 5r and A = 2r be eigenvalues of Ar of multiplicities 
three and one, respectively. Then n = 4 and 


r(A) = OBA3 + O6A7 + HAF O% 
(A) = 30507 + 20m + O% 
P(A) = 608A + 205 
Since A = 5t is an eigenvalue of multiplicity three, it follows that e* = r(52), e = r’(5t), and e* = r’(5t). Thus, 
e* = 0n(51)° + 04(51)? + (51) + A% 
e* = 30(5t)? + 204(51)? + a 
e* = 60;(5t) +20 
Also, since A = 2t is an eigenvalue of multiplicity one, it follows that e* = r(2t), or 
7! = 04,(21) + 06(21) + 04,(20) + O% 
Notice that we now have four equations in the four unknown @’s. 


Method of computation: For each eigenvalue 4,, of At, apply Theorem 16.2 to obtain a set of linear 


equations. When this is done for each eigenvalue, the set of all equations so obtained can be solved for Qo, 


Ql), ... , Q,_1. These values are then substituted into Eq. (16.2), which, in turn, is used to compute en, 


Solved Problems 


1 1 
16.1. Find e™ for a-|, ' 


Here n = 2. From Eq. (6.3), 


() 


t+ oat 
e* mo.hs +t =| Rg 


9a,t at+a 


and from Eq. (16.5), r(A) = A + %. The eigenvalues of Ar are A, = 4t and Ay = —2r, which are both of multiplicity 
one. Substituting these values successively into Eq. (/6.6), we obtain the two equations 


e= 410%, + % 
e*" = 2401, + % 
Solving these equations for a and Q%, we find that 


1 1 
a,=—(e"-e™) and a =-(e" +2e”) 
6t 3 


Substituting these values into (/) and simplifying, we have 


re 1 3e" oa 3e7" et = e 
e 
6| 9e" —9e"  3e" +307 
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0 1 
16.2. Find efor A= ! 
8 —2 


Since n = 2, it follows from Eqs. (/6.3) and (/6.5) that 


a, Ot 
e“=a@,At+a,[=| ° ; (1) 
8a,t —2a,t+ a, 


and r(A) = 0A + Oo. The eigenvalues of At are A, = 2t and 1, =—4t, which are both of multiplicity one. Substituting 
these values successively into (16.6), we obtain 


e* = (21) + % e&* = a(t) + % 


Solving these equations for @ and Q%, we find that 


1 2t —4t 1 2t —4t 
a, =—(e" -e a, =~(2e" +e 
1 Gi ) ah 5 ) 


Substituting these values into (/) and simplifying, we have 


i: ‘eee ete" 
e 


6| 8e —8e* 20% + 4e“" 


0 1 
16.3. Find e™ for a-|¢ | 


Here n = 2; hence, 


At ay at 
e“ =a At+Q1= (J) 
-—Qt 


and r(A) = 0) + O%. The eigenvalues of At are A, = it and A, =—it, which are both of multiplicity one. Substituting 
these values successively into Eq. (/6.6), we obtain 


e'=a,(it)+a, e=a(-it) + a 


Solving these equations for a, and and using Euler’s relations, we find that 


1, F 
O% = a +e") =cost 


Substituting these values into (/), we obtain 
oa cost sint 
—sint cost 


1 
16.4. Find e’ for A= 0 ; 
-9 6 


Here n = 2. From Eq. (/6.3), 


(04 at 
e“=a@,At+a,I=| —° : (1) 
—9at 60,t+ a, 
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and from Eq. (/6.5), r(A) = &%A + O%. Thus, dr(A)/dd = a. The eigenvalues of At are A, = A, = 31, which is a single 
eigenvalue of multiplicity two. It follows from Theorem 16.2 that 


e* = 31a, + Qo 


eF= 0, 
Solving these equations for @, and Q%, we find that 
a, =e and a =e(1 — 34) 


Substituting these values into (/) and simplifying, we have 


oM ae! 1-3t t 
-9r 14+3¢ 


3 10 
16.5. Finde“’forA=|0 3 1). 
0 0 3 


Here n =3. From Eqs. (/6.4) and (/6.5) we have 


e“ =0,A°? +0,At+ ol 


9 6 1 3 1 0 1 0 0 
=0,/0 9 6|P+a}0 3 1l\t+a,)0 1 0 
0 0 9 0 0 3 00 1 
90,0? + 3a,t + a 60,,0° + Ot at 
= 0 9a.,t° + 30,t + a, 601,07 + Ot (1) 
0 0 90,17 + 304,t + A 
and r (A) = QA? + aA + %. Thus, 
d d° 
ay =20,A +a, nh) =2a, 
di “ dv 7 


Since the eigenvalues of At are A, =A, =A3=31, an eigenvalue of multiplicity three, it follows from 
Theorem 16.2 that 
e* = 9 + 3tt+ 
e*' = On6t + a4 
e = 20 


The solution to this set of equations is 


1 
0, => e" a, =(1-31)e" aya[1-30+50 Je 


Substituting these values into (/) and simplifying, we obtain 


r/2 
t 


1 
e™ =e" 0 
0 1 


t 
1 
0 
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0 10 
16.6. Finde“'for A=|0 0 1 
0 -l 2 


Here n =3. From Eq. (164), 


e“ =a,A°? +a,Att+ al 
on at at? 
=|0 -ar’+a 200,07 + Ot () 


0 -2a,t? -a,t 30t,t? +20,f +0, 


and from Eq. (16.5), r(A) = ood? + aA + G%. The eigenvalues of Ar are A, =0 and A, =A3=4; hence A=r is an 
eigenvalue of multiplicity two, while 4 = 0 is an eigenvalue of multiplicity one. It follows from Theorem 16.2 that 
e'=r(t), e' =r'(t), and e° = (0). Since r’(A) = 205A + a, these equations become 

e! = Of + t+ A% 

e' =20nt+ OY 

= % 


which have as their solution 


_te'-e' +1 a, = te +262 


Ol, 2 A , a =1 
Substituting these values into (/) and simplifying, we have 
1 -te'+2e'-2 te'-e'+1 
e“ =10 -te' +e’ te’ 
0 -te’ te’ +e' 
0 1 O 
16.7. Find e“’ for A=|0 -2 -5|. 
Oo 1 2 
Here n = 3. From Eq. (/6 4), 
e“ =a, At +,Att+ ol 
%  — -20,t7 + Ot -50,t° 
=|0 -a,’-2ar+a, 5a, ) 
0 -a,t 01,1? + 20,,t + aL, 


and from Eq. (16.5), r(A) = GA? + GA + Oo. The eigenvalues of At are A, =0, A, =it, and A, =—it. Substituting 
these values successively into (16.6), we obtain the three equations 


e° = (0) + a (0) + a 


e" = ap (it)? + (it) + a 


e = a(-it) + O%(—it) + O% 
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which have as their solution 


it 


e e+e —2_1-cost 
27 r 
e“-e"  sint 
a, — 7 = — 
2it t 
Of, =1 


Substituting these values into (/) and simplifying, we have 


1 -242cost+sint -—5+5cost 
e“ =|0 cost —2sint —5 sint 


0 sint cost +2 sint 


16.8. Establish the necessary equations to find e”’ if 


oo o0cUcUOUlUre 


ooo olrFrFLUwNY 
oOo ON NW 
CON WwW 
So OoOW fF HN 
re Of UN ND 


Here n = 6, so 


e™ = a5APP + ay Att + anAPRP + APP + GAT + Ol 


and r(A) = ash> “ Oh + anh} + Oph? + Or + Ay 
r'(A) = 5054+ 4043 + 30547 + 20A7 + Of 
r’(A) = 20063 + 12047 + 605A + 20 
The eigenvalues of At are A, =A, =A3 =1, Ay=As = 21, and Ag =0. Hence, A=t is an eigenvalue of multiplicity 


three, A = 2r is an eigenvalue of multiplicity two, and 1 =0 is an eigenvalue of multiplicity one. It now follows 
from Theorem 16.2 that 


e = r(2t) = of5(21)" + O4(21)* + O13(21)* + Of(21)” + 4 (28) + O% 
e* = r'(2t) = 5at(21)* + 4.04 (21)? + 3.03(21)? + 20021) + 0% 
e7 = ¢"(2t) = 2005(28)? + 1204(21)* + 603(21) + 205 
e! = r(t) = O5(t) + 04(t)* + 0(1)* + A(t) + 0 (1) + A 
e =r (t) =5a6(t)* + 404(t) + 303(1)* + 200(t) + a 
e° = r(0) = a5(0)° + 04(0)* + 03(0)? + (0)? + 0% (0) + 


or, more simply, 


7 = 32P as + 16t* 04 + BPO + 470 + 2tO, + Oy 


e* = 80f a5 + 32P oy + 127’ 05 + 4ta + Oo} 
e* = 160P as + 48770, + 12to0y + 205 


&=Pastttoay+Pogt+lom +t + O% 
e' = 5ttas + 4004 + 37 Oy + 2tay + a4 
1=a 
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16.9. 


16.10. 


16.11. 


ew [CHAP. 16 


Find e4’e®! and e4 +B” for 


and verify that, for these matrices, e“’eB! ¢ eA + BY, 


0 1 
Here, A+B -| j Using Theorem 16.1 and the result of Problem 16.3, we find that 


1 ¢ 1 0 t sint 
ea eh = (At By ies sin 
0 1 -t |i —sint cost 
1 ¢ 1 0 a 
Thus, eM eB = = I-t t # efAt By 
O ljj-t 1 -t 1 


Prove that e4’cB! = ofA + By 


If AB = BA, and only then, we have 


if and only if the matrices A and B commute. 


(A+B) =(A+B)(A+B) =A’ +AB+BA+B’ =A’? +2AB+B’ 


2(2 
= ¥ A” BE 
k=0 k 


“(n 
and, in general, (A+B)"=>) (ia (1) 
k=0 
where | ” = nt is the binomial coefficient (“‘n things taken & at a time”). 
k k\(n—k)! 


Now, according to Eq. (/6./), we have for any A and B: 


hier 2 | ee i Anke Bee 
“e [Sa {&, ue rs pI (n—k)! k! 


n=0 n=011 n=0k=0 


ele At BE = specesllt 
5/5 aoe > Pt } a 2) 
and also erent = YA + By t" = Dasa e (3) 


n=0 


We can equate the last series in (3) to the last series in (2) if and only if (/) holds; that is, if and only if A and B 
commute. 


Prove that eA’e~45 = eAU- 9), 


A eB = o(At+B) 


Setting f= 1 in Problem 16.10, we conclude that e if A and B commute. But the matrices At 


and —As commute, since 
(At)(—As) = (AA)(-ts) = (AA)(-st) = (-As)(At) 


Consequently, ee’ = eA) = eA), 
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16.12. Prove that e® =I, where 0 denotes a square matrix all of whose elements are zero. 


From the definition of matrix multiplication, 0” = 0 for n = 1. Hence, 


= 1 = 1 
Oo or _ nyn nan = 
e’ =e pr +> 0" =1+0=1 


n=0 le n=1M1. 


Supplementary Problems 


Find e“’ for the following matrices A. 


16.13. ae 16.14. ine 
[0 -3 [4 1 
16.15. = 0 16.16. = 
1-4-5 [8 -2 
16.17. 4 1648, |? ° 
-14 -9 |0 2 
16.19. |7 ! 16.20. ao 
|0 2 l4 4 
16.21. i 16.22. 0 ; 
-16 0 [64 -16 
16.23. eo 16.24. ae 
|-4 -4 |-36 0 
16.25. ane 16.26. |* 
25 -8 [8 2 
[2 1 0 [2 0] 
16.27. |0 2 1 16.28. |0 2 1 
(0.0 2 lo 2 | 
-1 1 0 fo 0 0] 
16.29. | 0 2 1 16.30. |0 0 
Ee Be 2 [0 0 0| 
fo 1 0 fo 0 oO] 
16.31. |0 0 0 16.32. |1 0 0 
|0 0 1 |1 0 1] 


Reduction of Linear 
Differential Equations 
to a System of First- 
Order Equations 


AN EXAMPLE 
In Chapter 15, we introduced the idea of a matrix with associated concepts. Consider the following second- 
order differential equation: 


,ax . dx 
t ae ee (17.1) 


We see that (/7./) implies 


dx 4 sintdx Int 
= x 
dt t* ti dt ft* 


(17.2) 


Since derivatives can be expressed in many ways — using primes or dots are but two of them — we let 
dx : ae Ss ; : . ; 
p= aie x’ =x and v’= ae x” =X. Then Eq. (17.1) can be written as the following matrix equation: 
t t 


: 0 1 0 
e - 4  -sint ls Int (17.3) 
7 PF oF , 
: . 4 sint Int : 
because x= Ox + lv and v=— x 7-v+—. We note, finally, that Eq. (/7./) can also be expressed as 
t t t 
dx(t)/dt = A(t) x(t) + £2) (174) 


Note that if x(0) = 5 and x(0) =—12 in (/7./), then these initial conditions are written as x(0) = 5, v(0) =—12. 
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REDUCTION OF AN n'*-ORDER EQUATION 


As in the case of the second-order differential equation, with associated initial conditions, we can recast 
higher-order initial-value problems into a first-order matrix system as illustrated below: 


n n-1 
bE +B, (0) et + by thi + by Ox= BC: are)) 
Mit. A Stick ee (17.6) 


with b,(t) #0, can be reduced to the first-order matrix system 


x(t) = A(t) x(t) + £( 
X(f) =¢ (17.7) 


where A(t), f(t), c, and the initial time fg are known. The method of reduction is as follows. 


Step 1. Rewrite (/7.5) so that d"x/dt" appears by itself. Thus, 


d"x 7 
= a, _,(t) 


d""x 
dt” dt’! 


+: +a, (1)x+a,(t)x+ f(t) (17.8) 


where a(t) = —bjt)/b,(t) (j= 0, 1, ... ,2 — 1) and f() = g(t/b, (0). 


Step 2. Define n new variables (the same number as the order of the original differential equation); 
X1(f), %2(1), ... ,x,(2), by the equations 


- _ dx(t) _ a x(t) a) 
xO=xt), x(O= a x3(t) # yee X, (0) i 


(17.9) 


These new variables are interrelated by the equations 
X(t) =x, (t) 
X, (t)= x; (t) 


i =x,0 (17.10) 


x,t) = x, (t) 


Step 3. Express dx,/dt in terms of the new variables. Proceed by first differentiating the last equation of (/7.9) 
to obtain 


x, (t)= 


d [coo d'x(t) 
dt|. dt"™' dt" 


Then, from Eqs. (/7.8) and (17.9), 


d"'x(t) 
dt"! 
=4a,_,(t)x,(t)+--:+a,()x,(t)+ a) (Hx, (H+ f(t) 


x, (t)=a,_,(t) teeta (tx(t)+ a, (t)x(t)+ fo) 


For convenience, we rewrite this last equation so that x,(¢), appears before x>(f), etc. Thus, 


X, =a (HxO+a (Ox, O+--+4, (Ox, O+ $0) (17.11) 
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Step 4. Equations (17.10) and (/7./1) are a system of first-order linear differential equations in x,(f), 


x,(t),... ,X,(f). This system is equivalent to the single matrix equation x(t) = A(‘)x(f) + f(A) if we define 
x,(t) 
t 
eel” (17.12) 
x, (t) 
0 
0 
f=): (17.13) 
0 
fo) 
[| 0 0 0 | 
0 0 1 0 0 
0 0 0 0 
A®=| , 
0 0 0 QO -: 1 (17.14) 


Re) a(t) at) at) + a, _,(t) | 


Step 5. Define 


Then the initial conditions (/7.6) can be given by the matrix (vector) equation x(f)) =c. This last 
equation is an immediate consequence of Eqs. (17.12), (17.13), and (17.6), since 


X(t) X(to) Co 


x, (ty) X(ty) Cc 
Ft = + = : =c 


X(t) = 
(n-1) 
X,, (to) x (to) Ch-1 


Observe that if no initial conditions are prescribed, Steps 1 through 4 by themselves reduce any linear 
differential Eq. (17.5) to the matrix equation x(t) = A(f)x(A) + f(). 


REDUCTION OF A SYSTEM 


A set of linear differential equations with initial conditions also can be reduced to System (17.7). The 
procedure is nearly identical to the method for reducing a single equation to matrix form; only Step 2 changes. 
With a system of equations, Step 2 is generalized so that new variables are defined for each of the unknown 
functions in the set. 


Note: See Chapter 36 (Solving Systems of Differential Equations via Eigenvalues Using Mathematica). 
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Solved Problems 


17.1. Put the initial-value problem 


¥+2%—-8x=e' x(0)=1, x(0)=-4 


into the form of System (17.7). 


Following Step 1, we write X=—2%+8x+e'; hence, a,(f) =—2, ao(t) =8, and f(f) =e’. Then, defining x,(f) =x 
and x,(t)=x (the differential equation is second-order, so we need two new variables), we obtain x, = x, . Following 
Step 3, we find 


x, = =-2x4+8xt+e' =-2x, +8x, +e 


Thus, x, =Ox, + 1x, +0 


~ t 
x, =8x,—2x, +e 


These equations are equivalent to the matrix equation x(t) = A(‘)x(t) + f(# if we define 


=|} amel? "| tos] ” 
Pee x,(t) “1g 2 “let 


1 
Furthermore, if we also define c = ap then the initial conditions can be given by x(fo) =e, where f = 0. 


17.2. Put the initial-value problem 


¥#+2%-8x=0; x(1) =2, x(1) =3 


into the form of System (/7.7). 


Proceeding as in Problem 17.1, with e‘ replaced by zero, we define 


pel] amel? 2) tel? 
BO) Ge) =lg _9| FO=lq 


The differential equation is then equivalent to the matrix equation x(t)=A(t)x(t)+ f(r), or simply x(t) =A(‘)x(¢), 


2 
since f(t) = 0. The initial conditions can be given by x(fo) =c, if we define f9 = 1 and c -| | 


17.3. Put the initial-value problem 


¥+x=3; x(M=1, x(t) =2 
into the form of System (/7.7). 


Following Step 1, we write « =—x + 3; hence, a,(t) =0, ao(t) =—1, and f(t) =3. Then defining x(t) =x and 
x, (t)=x, we obtain x, =x,. Following Step 3, we find 


Xx, =X=—x+3=-x, +3 


Thus, x, =Ox, + 1x, +0 
xX, =—-Ix, +0x, +3 
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17.4. 


175. 
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These equations are equivalent to the matrix equation x(t) = A(f)x(4) + f(4), if we define 


x(t) 01 0 
xo tol Ls ol MG] 


za 


then the initial conditions take the form x(to) =¢, where fy = 7. 


Furthermore, if we also define 


Convert the differential equation * — 6x + 9x =f into the matrix equation 


X() = A(Dx(1) + £() 


Here we omit Step 5, because the differential equation has no prescribed initial conditions. Following Step 1, 
we obtain 


X¥=6x-9x+t 
Hence, a,(f) = 6, ao(t) = —9, and f(t) =t. If we define two new variables, x,(f) =x and x, (t)=x, we have 
X,=x, and x, =x=6x-9x+t=6x, —9x, +f 
Thus, x, =Ox, + 1x, +0 


xX, =-9x,+6x, +f 


These equations are equivalent to the matrix equation x(t) = A(t)x() + f(D) if we define 


wl") ame] >? |} eel? 
xX = = = 
x,(t) -9 6 t 


Convert the differential equation 


3 2 
dx pbx a _ 


0 
dt? dt’ dt 


into the matrix equation x(f) = A(t)x(t) + f(A). 
The given differential equation has no prescribed initial conditions, so Step 5 is omitted. Following Step 1, 
we obtain 
d’x dx dx 
rca per 
dt dt’ dt 
Defining x,(t) =x, x.(t)=X, and x3(t) = x (the differential equation is third-order, so we need three new variables), 
we have that %, =x and x, = x3. Following Step 3, we find 


: X, sit 5 
x = aoe xX=2x,-—X, 
iB 3 


Thus, x, = Ox, + 1x, +0x, 
x, =Ox, +0x, +1x, 


x, =Ox, — 1x, +2x, 
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We set 
x, (1) 0 10 0) 
x(t) =|x,(7)] A@=}/0 O 1] fM=]0 
x,(t) 0 -1l 2 0 


Then the original third-order differential equation is equivalent to the matrix equation x(t) = A(f)x() + f(), or, more 
simply, x(t) = A(f)x(t) because f(r) = 0. 


17.6. Put the initial-value problem 


_d’x dx ,,dx 
+e't = 

dt’ dt? dt 
x(1)=2, i0)=3, X()=4, ¥(I)=5 


oy 
Se"; 


into the form of System (/7.7). 


Following Step 1, we obtain 


d* a d. 
= =e' = Per 45 
dt dt dt 


Hence, a;(t) = 0, a(t) = e', a,(t) = —1?e*", ap(t) = 0, and f(t) = 5. If we define four new variables, 


dx dx d’x 
X(H=x x,()= BRO=— x,0=—5 
dt dt dt 
we obtain 4; = x2, X» = x3, X3 = x4, and, upon following Step 3, 
*% 
ky ee Xe 4 5 =e'x, —e" x, +5 
dt ; . 
Thus, x, =Ox, +1x, +0x,+0x, +0 


x, =Ox, +Ox, +1x,+0x, +0 


x, =Ox, +0x, +Ox, +1x, +0 


&, =Ox, te" x, tex, +0x, +5 


These equations are equivalent to the matrix equation x(t) = A(Ax(t) + f() if we define 


x(t) | 


0 1 0 0 0 
x,(t 
sys) @ | awel © © 1 9 | gue? 
x;(t) 0 0 0 1 0 
x, (1) 0 -t?e" e 0 5 
3 
Furthermore, if we also define ¢c = ap then the initial conditions can be given by x(fo) = ¢, where fg = 1. 


5] 
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17.7. Put the following system into the form of System (/7.7): 


xX=XK+x-ytt+l 
y=(sinxt+x-y+r; 
x()=2, x()=3, x0)=4, yO)=5, y)=6 


Since this system contains a third-order differential equation in x and a second-order differential equation in y, 
we will need three new x-variables and two new y-variables. Generalizing Step 2, we define 


dx d’x 
x,(t)=x i= 4 
dy 
th= t)=— 
yO=y ye) FF 
Thus, X, =x, 
Xp =X; 
. ax a ; ieee ; 
Xe ae =X+x-ytt+l=nx,+%x,-y,+t+1 
M1 FY 
a 


yy =F asintitx—y+t? =(sint)x, +x,-y, +f 


= x, =0x, + 1x, +0x, +0y, + 0y, +0 


xX, =Ox, +Ox, +1x,+0y, +0y, +0 
x, =1x,+0x, +t, +0y, —ly, +(¢+1) 


y, =Ox, + Ox, +0x, +0y, +1y, +0 


jy, =1x, +(sint)x, + 0x, -ly, +0y, +27 


These equations are equivalent to the matrix equation x(t) = A(t)x(1) + f(®) if we define 


x,(t) 0 1 0 0 +0 0 
x,(t) 0 0 1 0 0 0 
xH=|x,9)/ AM=|/1 0 +f O -1L] fH=]r+1 
y(t) 0 0 0 0 1 0 
y,(t) 1 sint 0 -1 O r 
2 
3 
Furthermore, if we define c =| 4 | and f = 1, then the initial condition can be given by x(fo) =c. 
> 
6 


17.8. Put the following system into the form of System (/7.7): 


¥=-2k-Sy+3 
y=xt 2y; 
x(0)=0, *(0)=0, y(0)=1 


Since the system contains a second-order differential equation in x and a first-order differential equation in y, 
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we define the three new variables 


d. 
n=x u@Q= yO=y 


Then, x, =X, 


Xy =X =2xX-Sy+3=2x, —Sy, +3 
y, =YHX+2y=x,+2y, 
or, x, =Ox, +1x, + Oy, +0 
xX, =0x, -2x, —Sy, +3 
y, =Ox, +1x, +2y, +0 


These equations are equivalent to the matrix equation x(t) = A(t)x(1) + f(A if we define 


x, (1) 0 1 O 0 
x(t) =|x,(74)| AG@=/0 —2 -5} fM=)3 
y, (t) 0 1 O 0 
0 
If we also define t) =0 and c =| 0 }, then the initial conditions can be given by x(fy) =c. 
1 


17.9. Put the following system into matrix form: 


x=x+y 
y=9xt+y 
We proceed exactly as in Problems 17.7 and 17.8, except that now there are no initial conditions to consider. 


Since the system consists of two first-order differential equations, we define two new variables x,(f) =x and 
y,(t) =y. Thus, 


x, =x=xt+y=x,+y,+0 
y, =Y=9xt+y=9x, +y, +0 


=|") awmel? || ewe? 
Ly) “lo 1f Lo 


then this last set of equations is equivalent to the matrix equation x(t) = A(f)x() + f(A), or simply to X(t) = A(Ax(4), 
since f(t) = 0. 


If we define 


Supplementary Problems 


Reduce each of the following systems to a first-order matrix system. 
17.10. *-2x%+x=f+1 x(0)=1,x0)=2 
W711. 2X+x=4e'; x(0)=1,x(0)=1 


17.12. H-3x-¢°x=sint; x(2)=3,%(2)=4 
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17.13. 


17.14. 


17.15. 


17.16. 


17.17. 


17.18. 


17.19. 


17.20. 
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$+5y—2ty=2? +1; y(0)=11, 90) =12 
-—y+5y+6y=0 


ex —tXi+x-e'x=0; 
x(-1)=1,x(-1)=0, #(-1)=1 


3: 2 
22% 4349 
dt dt 
y(a) =-1, y(t) =-2, ya) =-3 


4 4 5y a2? 4161 +20: 
dt 


¥ =1; x(0) =0, X(0) =0, X(0) =0 


X=x+y-zt+t 

jeuty-2yter +l 

Z=x-ytytzy 

x1) =1, x() =15, v1) =0, yd) =-7, 2) =4 


X=2x+5y+3 
y=-x-2y; 
x(0)=0, x(0) =0, y(0) =1 


x=x+2y 
y=4x43y; 
x(7) = 2, W(7) =-3 
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CHAPTER 18 


Graphical and 
Numerical Methods 
for Solving First-Order 
Differential Equations 


QUALITATIVE METHODS 


In Chapter 2, we touched upon the concept of qualitative methods regarding differential equations; 
that is, techniques which are used when analytical solutions are difficult or virtually impossible to obtain. In 
this chapter, and in the two succeeding chapters, we introduce several qualitative approaches in dealing with 
differential equations. 


DIRECTION FIELDS 


Graphical methods produce plots of solutions to first-order differential equations of the form 
y =f (x, y) (18.1) 


where the derivative appears only on the left side of the equation. 


Example 18.1. (a) For the problem y’ =—y +x +2, we have f(x, y)=—y +x +2. (b) For the problem y’ = y* +1, we 
have f(x, y)=y~ + 1. (c) For the problem y’ =3, we have f(x, y) = 3. Observe that in a particular problem, f(x, y) may be 
independent of x, of y, or of x and y. 


Equation (/8./) defines the slope of the solution curve y(x) at any point (x, y) in the plane. A line element 
is a short line segment that begins at the point (x, y) and has a slope specified by (/8./); it represents an approxi- 
mation to the solution curve through that point. A collection of line elements is a direction field. The graphs of 
solutions to (/8./) are generated from direction fields by drawing curves that pass through the points at which 
line elements are drawn and also are tangent to those line elements. 

If the left side of Eq. (/8./) is set equal to a constant, the graph of the resulting equation is called an 
isocline. Different constants define different isoclines, and each isocline has the property that all line elements 
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emanating from points on that isocline have the same slope, a slope equal to the constant that generated 
the isocline. When they are simple to draw, isoclines yield many line elements at once which is useful for 
constructing direction fields. 


EULER’S METHOD 


If an initial condition of the form 


yo) = Yo (18.2) 


is also specified, then the only solution curve of Eq. (/8./) of interest is the one that passes through the initial 
point (x9, yo). 

To obtain a graphical approximation to the solution curve of Eqs. (/8./) and (J8.2), begin by constructing 
a line element at the initial point (xo, yo) and then continuing it for a short distance. Denote the terminal point 
of this line element as (x, y,). Then construct a second line element at (x,, y,) and continue it a short distance. 
Denote the terminal point of this second line element as (x2, y2). Follow with a third line element constructed 
at (x2, y2) and continue it a short distance. The process proceeds iteratively and concludes when enough of the 
solution curve has been drawn to meet the needs of those concerned with the problem. 

If the difference between successive x values are equal, that is, if for a specified constant h, h =x, — x 

X_— X, =X3 — 2% =..., then the graphical method given above for a first-order initial-value problem is known 

as Euler’s method. It satisfies the formula 


Ynt1 = Yn a7 hf (Xn, Yn) (8.3) 


forn=1,2,3,.... This formula is often written as 
Yet =Yat Wn (184) 


where Yn =f On» Yn) (185) 
as required by Eq. (/8./). 


STABILITY 


The constant / in Eqs. (18.3) and (18.4) is called the step-size, and its value is arbitrary. In general, the smaller 
the step-size, the more accurate the approximate solution becomes at the price of more work to obtain that solution. 
Thus, the final choice of / may be a compromise between accuracy and effort. If h is chosen too large, then the 
approximate solution may not resemble the real solution at all, a condition known as numerical instability. To 
avoid numerical instability, Euler’s method is repeated, each time with a step-size one-half its previous value, until 
two successive approximations are close enough to each other to satisfy the needs of the solver. 


Note: See Chapter 38 (Euler’s Method Using Microsoft Excel®). 


Solved Problems 


18.1. Construct a direction field for the differential equation y’ = 2y — x. 


Here f(x, y) =2y —x. 
Atx=1,y=1,f(1, 1) =2(1) — 1 =1, equivalent to an angle of 45°. 
Atx=1,y=2,f(1, 2) =2(2) — 1 =3, equivalent to an angle of 71.6°. 
Atx=2,y=1,f(2, 1) =2(1) —2=0, equivalent to an angle of 0°. 
Atx=2,y=2,f(2, 2) =2(2) — 2 =2, equivalent to an angle of 63.4°. 
Atx=1,y=-1,f(1,—-l) =2(-1) — 1 =-3, equivalent to an angle of —71.6°. 
Atx=-2,y=-1, f(-2,-1) =2(-1) — (-2) =0, equivalent to an angle of 0°. 
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Line elements at these points with their respective slopes are graphed in Fig. 18-1. Continuing in this man- 
ner we generate the more complete direction field shown in Fig. 18-2. To avoid confusion between line elements 
associated with the differential equation and axis markings, we deleted the axes in Fig. 18-2. The origin is at the 
center of the graph. 
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Fig. 18-1 
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Fig. 18-2 
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18.2. 


18.3. 


18.4. 


18.5. 
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Describe the isoclines associated with the differential equation defined in Problem 18.1. 
Isoclines are defined by setting y’ =c, a constant. For the differential equation in Problem 18.1, we obtain 


c=2y-x or y=txt+te 
which is the equation for a straight line. Three such isoclines, corresponding to c = 1,c = 0, and c = —1, are graphed 
in Fig. 18-3. On the isocline corresponding to c = 1, every line element beginning on the isocline will have a slope 
of unity. On the isocline corresponding to c =0, every line element beginning on the isocline will have a slope 
of zero. On the isocline corresponding to c =—1, every line element beginning on the isocline will have a slope of 
negative one. Some of these line elements are also drawn in Fig. 18-3. 


Fig. 18-3 


Draw two solution curves to the differential equation given in Problem 18.1. 


A direction field for this equation is given by Fig. 18-2. Two solution curves are shown in Fig. 18-4, one that 
passes through the point (0, 0) and a second that passes through the point (0, 2). Observe that each solution curve 
follows the flow of the line elements in the direction field. 


Construct a direction field for the differential equation y’ = x* + y’ — 1. 


Here f(x, y) =x? +y*— 1. 
At x=0, y=0, f(0, 0) = (0)? + (0)* — 1 =—1, equivalent to an angle of —45°. 
Atx=1,y=2,f(1, 2) =(1)* + (2)* — 1 =4, equivalent to an angle of 76.0°. 
Atx=-l, y=2, f(-1, 2) =(-1)? + (2)? — 1 =4, equivalent to an angle of 76.0°. 
At x =0.25, y=0.5, f(0.25, 0.5) = (0.25)* + (0.5)? — 1 = 0.6875, equivalent to an angle of —34.5°. 
At x=-0.3, y=-0.1, f(0.3, -0.1) = (0.3)? + (0.1)? — 1 =-0.9, equivalent to an angle of —42.0°. 
Continuing in this manner, we generate Fig. 18-5. At each point, we graph a short line segment emanating from 
the point at the specified angle from the horizontal. To avoid confusion between line elements associated with the 
differential equation and axis markings, we deleted the axes in Fig. 18-5. The origin is at the center of the graph. 


Describe the isoclines associated with the differential equation defined in Problem 18.4. 


Isoclines are defined by setting y’ =c, a constant. For the differential equation in Problem 18.4, we obtain 
c=x°+y* -— 1 or x*+y*=c +1, which is the equation for a circle centered at the origin. Three such isoclines, 
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Fig. 18-5 


corresponding to c=4, c=1, and c=0, are graphed in Fig. 18-6. On the isocline corresponding to c=4, 
every line element beginning on the isocline will have a slope of four. On the isocline corresponding to c = 1, every 
line element beginning on the isocline will have a slope of unity. On the isocline corresponding to c =0, every 
line element beginning on the isocline will have a slope of zero. Some of these line elements are also drawn in 
Fig. 18-6. 
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18.6. Draw three solution curves to the differential equation given in Problem 18 4. 


A direction field for this equation is given by Fig. 18-5. Three solution curves are shown in Fig. 18-7; the top 
one passes through (0, 1), the middle curve passes through (0, 0), and the bottom curve passes through (0, —1). 
Observe that each solution curve follows the flow of the line elements in the direction field. 


Fig. 18-6 
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Fig. 18-8 


Construct a direction field for the differential equation y’ = x/2. 


Isoclines are defined by setting y’=c, a constant. Doing so, we obtain x =2c which is the equation for a 
vertical straight line. On the isocline x =2, corresponding to c= 1, every line element beginning on the isocline 
will have a slope of unity. On the isocline x =—1, corresponding to c = —1/2, every line element beginning on the 
isocline will have a slope of —+. These and other isoclines with some of their associated line elements are drawn 
in Fig. 18-8, which is a direction field for the given differential equation. 


Draw four solution curves to the differential equation given in Problem 18.7. 


A direction field for this equation is given by Fig. 18-8. Four solution curves are drawn in Fig. 18-9, which 
from top to bottom pass through the points (0, 1), (0,0), (0, —-1), and (0, —2), respectively. Note that the differential 
equation is solved easily by direct integration. Its solution, y =x7/4 +k, where k is a constant of integration, is a 
family of parabolas, one for each value of k. 


Draw solution curves to the differential equation y’ = 5y(y — 1). 


A direction field for this equation is given by Fig. 18-10. Two isoclines with line elements having zero slopes 
are the horizontal straight lines y =0 and y= 1. Observe that solution curves have different shapes depending on 
whether they are above both of these isoclines, between them, or below them. A representative solution curve of 
each type is drawn in Fig. 18-11(a) through (c). 
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Fig. 18-9 


Fig. 18-10 


18.10. Give a geometric derivation of Euler’s method. 


is also known, via Eq. (18.5). Draw a straight 


, 
n 


and use /(x) to approximate y(x) on the interval [x,, x,4;] 


Assume that y, =y(x,) has already been computed, so that y, 


line (x) emanating from (x,, y,) and having slope y 


, 
n? 
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(see Fig. 18-12). The value /(x,,;) is taken to be y,,,. Thus 


I(x) = (yy)x ae Yn _ (Xn 
and WX) =O) X nat +Ly, —(V%) x4] 
=Yn + (VI %net — Xn) = In + HY, 


Hence, y,4; =y, + hy,, which is Euler’s method. 


18.11. Give an analytic derivation of Euler’s method. 


Let Y(x) represent the true solution. Then, using the definition of the derivative, we have 


VG)= iim Y(x, + Ax) -Y(x,) 
Ax30 Ax 
If Ax is small, then 
¥(x,) = Y(x, + Ax) —Y(x,) 


Ax 
Setting Av =h and solving for Yx, + Av) = Y(%y41), we obtain 


Y(X,4) =Y(x,) za AY(x,) (/) 


Finally, if we use y, and y, to approximate Y(x,) and Y’(x,), respectively, the right side of (/) can be used to 
approximate Y(x,.,). Thus, 


Yn+1 = Yn + hy, 
which is Euler’s method. 


(a) 
Fig. 18-11 
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(b) 


Fig. 18-11 (cont.) 


2, using Euler’s method with h 


y—x; yO) 


, 


y 


(1) for 
For this problem, xg = 0, yo = 2, and f(x, y) 


18.12. Find y 


1 
a) 


y, —X,- Because h 


, 
n 


; so Eq. U/8.5) becomes y 


y-x 


Using Eq. (18.4) with n =0, 1, 2,3 successively, we now compute the corresponding y-values. 
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Yn = Ina) 


(Xo; Yo) 


Fig. 18-12 
n=0: y, =yothyo 
But yo =f(X0; Yo) = Yo — X90 = 2-0 =2 
1 5 
Hence, y, =2+—(2)=— 
y=2+7Q)=2 
n=1: yy=y,+hy{ 
; 5 1 9 
But y, = f(x, Hy 7X = = 
ut y = f(%.9) =), "2. 4 4 
5 1 4 
Hence, y, =~+— 2\-2 
2 4\4) 16 
n=2: y,;=y)+hy5 
49 1 41 
B t y.= X55 Te 
ut V2 = f(%.2) =. — X 16 2 16 
49 1(41) 237 
Hence, y, =—+ 7 
“ 16 4\16) 64 
n=3: yy=y3+hy5 
: 237 3 189 
But y, = f(X3,Y3) = 3 —X3 = a rT 


Hence, y, = 


237 1 189 \_ 1137 
64 «4 64 256 
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Thus, 
1137 


yl) =y, =—— =4.441 


256 


Note that the true solution is Y(x) = e*+x+ 1, so that Y(1) =4.718. If we plot (x,, y,) form =0, 1,2,3, and 4, 
and then connect successive points with straight line segments, as done in Fig. 18-13, we have an approximation to 


the solution curve on [0, 1] for this initial-value problem. 


Solve Problem 18.12 with h=0.1. 


With h=0.1, y(1) =yyo. As before, y;=y, —x,. Then, using Eq. (/8.4) with n=0, 1,... , 9 successively, 


we obtain 


n=0: x =0, yo=2, yo=Yo-X=2-0=2 
y, =yo thyg =2 + (0.1)(2) = 2.2 

n=1: x,=0.1, y)=2.2, yf=y,-x,=2.2-0.1=2.1 
yo =y, thy/ =2.2+(0.D(2.1) =241 

n=2: x,=0.2, y»=241, yy=y2-x) =2.41-0.2=2.21 
y3=yo thy =2.41 + (0.1)2.21) =2.631 

n=3: x3;=0.3, y3=2.631, y3=y3—x3=2.631 —0.3 =2.331 
y4 = y3 + hy3z = 2.631 + (0.1)(2.331) = 2.864 

n=4: x,=04, yy=2.864, yf =y4—xX4=2.864-04=2.464 
ys =y4 t+ hyj = 2.864 + (0.1)(2.464) = 3.110 

n=5: x5=0.5, ys=3.110, ys =y5 —x5=3.110 —0.5 =2.610 
Yo =Ys + hys = 3.110 + (0.1)(2.610) = 3.371 

n=6: x%5=0.6, yo=3.371, ye=yo—% =3.371 —0.6=2.771 
y7 =o + hyg = 3.371 + (0.1)(2.771) = 3.648 

n=7: x7=0.7, y7=3.648, y7=y7=xX7 = 3.648 — 0.7 = 2.948 
Ye =y7 + hy7 = 3.648 + (0.1)(2.948) = 3.943 

n=8: xg=0.8, yg=3.943, yg =yg — xg = 3.943 —0.8 = 3.143 
Yo = yg + hyg = 3.943 + (0.1)(3.143) = 4.257 

n=9: x9=0.9, yo=4.257, yo =yo —X9 =4.257 —0.9 = 3.357 
Yo = Yo + hyg = 4.257 + (0.1)(3.357) = 4.593 


aiI6bb —---—-— - 
we 


Fig. 18-13 


> x 
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The above results are displayed in Table 18-1: For comparison, Table 18-1 also contains results for h = 0.05, 
h=0.01, and h =0.005, with all computations rounded to four decimal places. Note that more accurate results are 
obtained when smaller values of h are used. 

If we plot (x,, y,) for integer values of n between 0 and 10, inclusively, and then connect successive points 
with straight line segments, we would generate a graph almost indistinguishable from Fig. 18-13, because graphical 
accuracy with the chosen scales on the axes is limited to one decimal place. 


Find y(0.5) for y’ = y; y(0) = 1, using Euler’s method with h=0.1. 


For this problem, f(x, y)=y, xX) =0, and yo=1; hence, from Eq. (18.5), yy =f, Yn) =n. With h=0.1, 
y(0.5) = ys. Then, using Eq. (/8.4) with n=0, 1, 2,3, 4 successively, we obtain 


n=0: x)=0, yo=1, yo =Yo=1 

y, =Yo + hyp =1+ (0.1) = 11 
n=1: x,=0.1, y,=1.1, yf=y,=1.1 

yy =y, thy{ =1.14+ (0.1.1) =121 
n=2: x =0.2, y=1.21, yy=y.=1.21 

y3= yo + hyf = 1.21 + 0.11.21) = 1.331 
n=3: x3=0.3, y3=1.331, yj =y3 = 1.331 

y4 = y3 + hyz = 1.331 + (0.1)11.331) = 1.464 
n=4: x,=04, yy=1.464, yf=y,= 1.464 

ys = ya + hy{ = 1.464 + (0.1)(1.464) = 1.610 


Thus, y(0.5) = ys = 1.610. Note that since the true solution is Y(x) = e*, Y(0.5) = e®° = 1.649. 


Table 18-1 


Method: EULER’S METHOD 


Problem: y =y—x; y(0)=2 


True solution 
Y(x)=e*+x4+1 


2.0000 


2.2052 


2.4214 


2.6499 


2.8918 


3.1487 


3.4221 


3.7138 


4.0255 


4.3596 


4.7183 


170 GRAPHICAL METHODS FOR SOLVING DIFFERENTIAL EQUATIONS (CHAP. 18 


18.15. Find y(1) for y’ = y; y(0) = 1, using Euler’s method with h =0.1. 


We proceed exactly as in Problem 18.14, except that we now calculate through n=9. The results of these 
computations are given in Table 18-2. For comparison, Table 18-2 also contains results for h = 0.05, h = 0.001, and 
h =0.005, with all calculations rounded to four decimal places. 


18.16. Find y(1) for y’ = y* + 1; y(0) =0, using Euler’s method with h=0.1. 
Here, f(x, y)=y?+1, x9 =0, and yy=0; hence, from Eq. (18.5), yf =f(%_. Y,) =(,)? +1. With h=0.1, 
y(1) = yjo. Then, using Eq. (/8.4) with n=0, 1, ..., 9 successively, we obtain 
n=0: x=0, yo=0, yo=(yo +1= (0 +1=1 
y, =yo + hyg =0 + 0.1) = 0.1 


n=1: x,=0.1, y;=0.1, yf=())?+1=(.1I?+1=101 
yo=y, thy{ =0.1 +(0.1)(.01) =0.201 


n=2: 2x%»=0.2, y,=0.201 
y3 =(92) +1 = (0.201)? +1 = 1.040 
y3= yo + hyy = 0.201 + (0.1)(1.040) = 0.305 


n=3: x3=0.3, y3=0.305 
ys = (93)? + 1 = (0.305)? + 1 = 1.093 
y4 =y3 + hys = 0.305 + (0.1)(1.093) = 0.414 


Table 18-2 


Method: EULER’S METHOD 


Problem: y =y; y(0)=1 


True solution 
Y(x) = e* 


1.0000 


1.1052 


1.2214 


1.3499 


1.4918 


1.6487 


1.8221 


2.0138 


2.2255 


2.4596 


2.7183 


CHAP. 18] GRAPHICAL METHODS FOR SOLVING DIFFERENTIAL EQUATIONS 171 


Table 18-3 


Method: EULER’S METHOD 


Problem: y =y*+1; y(0)=0 


True solution 
h=0.005 Y(x) = tan x 


0.0000 0.0000 


0.1003 0.1003 


0.2026 0.2027 


0.3091 0.3093 


0.4223 0.4228 


0.5455 0.5463 


0.6827 0.6841 


0.8400 0.8423 


1.0260 1.0296 


1.2541 1.2602 


1.5470 1.5574 


n=4: x4=04, y,=0414 
yf = (yg)? +1 = (0.414) +1 = 1.171 
ys=y4+hy{ =0414 + 0.1)(1.171) =0.531 


Continuing in this manner, we find that yj = 1.396. 

The calculations are found in Table 18-3. For comparison, Table 18-3 also contains results for h =0.05, 
h=0.01, and h=0.005, with all computations rounded to four decimal places. The true solution to this problem is 
Y(x) = tan x, hence Y(1) = 1.557. 


Supplementary Problems 


Direction fields are provided in Problems 18.17 through 18.22. Sketch some of the solution curves. 


18.17. 


18.19. 


18.21. 


18.23. 


18.24. 


See Fig. 18-14. 18.18. See Fig. 18-15. 
See Fig. 18-16. 18.20. See Fig. 18-17. 
See Fig. 18-18. 18.22. See Fig. 18-19. 


Draw a direction field for the equation y’ =x -y+1. 


Describe the isoclines for the equation in Problem 18.23. 
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Fig. 18-15 
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Fig. 18-18 


Fig. 18-19 
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18.25. 


18.26. 


18.27. 


18.28. 


18.29. 


18.30. 


18.31. 


18.32. 


18.33. 


18.34. 


18.35. 


18.36. 
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Draw a direction field for the equation y’ = 2x. 

Describe the isoclines for the equation in Problem 18.25. 

Draw a direction field for the equation y’ =y— 1. 

Describe the isoclines for the equation in Problem 18.27. 

Draw a direction field for the equation y’ = y — x”. 

Describe the isoclines for the equation in Problem 18.29. 

Draw a direction field for the equation y’ = sin x -— y. 

Describe the isoclines for the equation in Problem 18.31. 

Find y (1.0) for y’ =—y; y (0) = 1, using Euler’s method with h =0.1. 
Find y (0.5) for y’ = 2x; y(0) =0, using Euler’s method with h =0.1. 
Find y (0.5) for y’ =-y +x + 2; y(0) =2, using Euler’s method with h=0.1. 


Find y (0.5) for y’ = 4x°; y(0) =0, using Euler’s method with h =0.1. 
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CHAPTER 19 


Further Numerical 
Methods for Solving 
First-Order 
Differential Equations 


GENERAL REMARKS 


As we have seen in the previous chapter, graphical and numerical methods can be very helpful in obtaining 
approximate solutions to initial-value problems at particular points. It is interesting to note that often the only 
required operations are addition, subtraction, multiplication, division, and functional evaluations. 

In this chapter, we consider only first-order initial-value problems of the form 


y =f, y); yQ%) =o (19.1) 


Generalizations to higher-order problems are given in Chapter 20. Each numerical method will produce 
approximate solutions at the points x9, x,, x2, ..., where the difference between any two successive x-values 
is a constant step-size h; that is, x, ,, —x, =h (n=0, 1, 2,...). Remarks made in Chapter 18 on the step-size 
remain valid for all the numerical methods presented below. 

The approximate solution at x, will be designated by y(x,), or simply y,. The true solution at x, will be 
denoted by either Y(x,,) or Y,,. Note that once y, is known, Eq. (/9./) can be used to obtain y;, as 


Yn =f Ons Yn) (19.2) 


The simplest numerical method is Euler’s method, described in Chapter 18. 

A predictor-corrector method is a set of two equations for y, ,,. The first equation, called the predictor, 
is used to predict (obtain a first approximation to) y, , ;; the second equation, called the corrector, is then used 
to obtain a corrected value (second approximation) to y, ,,. In general, the corrector depends on the predicted 
value. 
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MODIFIED EULER’S METHOD 


This is a simple predictor-corrector method that uses Euler’s method (see Chapter 18) as the predic- 
tor and then uses the average value of y’ at both the left and right end points of the interval [x,, x, 41] 
(n=0, 1, 2,...) as the slope of the line element approximation to the solution over that interval. The resulting 
equations are: 


predictor: yy41=Ypat hy, 


h , , 
corrector: y,,,=y,+ Ont +) 


For notational convenience, we designate the predicted value of y, ., by py, , 1. It then follows from Eq. (19.2) 
that 


PYn+1 =f (On41>PYn+1) (19.3) 


The modified Euler’s method becomes 


predictor: Py; 41=Yn+ hyn 


h (19 4) 
corrector: y,,,;=Y, + 3 P¥net +y,) 
RUNGE-KUTTA METHOD 
1 
Sree ee Ua iy Pai) (9.5) 
where ky =hf (Xn Yn) 
k, =hf| x,+ aj, + a 
2 n 2 Dn 2 1 
1 1 
k, =hf Het Bal eh 
ky = hf (Xn + h, Yat k3) 
This is not a predictor-corrector method. 
ADAMS-BASHFORTH-MOULTON METHOD 
predictor: py,,,=y, + #5? —59y’_,+37y'_, -9y"_,) 
: n+l n 24 n n-1 n-2 n-3 (19.6) 
h , , , , 
corrector: Vat = Vn + 4 OP ant + 19y, ~ OY. a Yn-2) 
MILNE’S METHOD 
predictor: py,,,=y,_;+ a (2y —y_,+2y’_,) 
: n+l n-3 3 n n-1 n-2 (19.7) 


h , , , 
corrector: Yn =Yn-t +z (PYns1 + 4Yn + Yn) 
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STARTING VALUES 


The Adams—Bashforth—Moulton method and Milne’s method require information at yo, y;, y2, and y3 to 
start. The first of these values is given by the initial condition in Eq. (/9./). The other three starting values are 
derived by the Runge-Kutta method. 


ORDER OF A NUMERICAL METHOD 


A numerical method is of order n, where n is a positive integer, if the method is exact for polynomials of 
degree n or less. In other words, if the true solution of an initial-value problem is a polynomial of degree n or 
less, then the approximate solution and the true solution will be identical for a method of order n. 

In general, the higher the order, the more accurate the method. Euler’s method, Eq. (/8.4), is of order one, 
the modified Euler’s method, Eq. (/9.4), is of order two, while the other three, Eqs. (/9.5) through (/9.7), are 
fourth-order methods. 


Solved Problems 


19.1. Use the modified Euler’s method to solve y’ = y — x; y(0) = 2 on the interval [0, 1] with h=0.1. 


Here f(x, y) =y —x, xX) =0, and yo = 2. From Eq. (19.2) we have yg =f(0, 2) = 2 —0 = 2. Then using Eqs. (/9.4) 
and (19.3), we compute 


n=0: x,=0.1 
PY, =Yot hyo =2+0.1(2) =2.2 
Py{ =f(%, py1) =f(0.1, 2.2) = 2.2 -0.1 =2.1 
yy =Yy + =(0y + y,) =2 +0.05(2.1 + 2) =2.205 
yi =f(x,, y)) =f(0.1, 2.205) = 2.205 — 0.1 = 2.105 
n=1: x,=0.2 
Py2=y, + hy, = 2.205 +0.1(2.105) = 2.4155 
PY3 =f(X, PY2) =f(0.2, 2.4155) = 2.4155 — 0.2 = 2.2155 
Yo =y, + =(py% + yi) =2.205 + 0.05(2.2155 + 2.105) = 2.421025 


y3 =f(%, y2) = f(0.2, 2.421025) = 2.421025 — 0.2 = 2.221025 
n=2: x%,=03 

PY3 = Y2 + hys = 2.421025 + 0.1(2.221025) = 2.6431275 

PY3 =f(%3, Py3) =f(0.3, 2.643 1275) = 2.6431275 — 0.3 = 2.3431275 


y3 =). + 50% + y,) =2.421025 + 0.05(2.3431275 + 2.221025) = 2.6492326 


ys = f(x, y3) = f(0.3, 2.6492326) = 2.6492326 — 0.3 = 2.3492326 


Continuing in this manner, we generate Table 19-1. Compare it to Table 18-1. 


19.2. Use the modified Euler’s method to solve y’ = y* + 1; y(0) =0 on the interval [0, 1] with h=0.1. 
Here f(x, y) =y? + 1,x9 =0, and yp = 0. From (19.2) we have yo =f(0, 0) = (0)? + 1=1. Then using (19.4) and 
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Table 19-1 


Method: MODIFIED EULER’S METHOD 


Problem: y’ =y—x; y(0) =2 


Yn 


True solution 
Y(x)=e*+x4+1 


2.0000000 


2.0000000 


2.2000000 


2.2050000 


2.2051709 


2.4155000 


2.4210250 


2.4214028 


2.6431275 


2.6492326 


2.6498588 


2.8841559 


2.890902 1 


2.8918247 


3.1399923 


3.1474468 


3.1487213 


3.4121914 


3.4204287 


3.4221188 


3.7024715 


3.7115737 


3.7137527 


4.0127311 


4.0227889 


4.0255409 


4.3450678 


4.3561818 


4.359603 1 


4.7017999 


(19.3), we compute 
n=0: x,=0.1 
PY1 =yo + hyp =0 40.101) =0.1 


4.7140808 


py, =f(x1, py) = f(O.1, 0.1) = (0.1)? + 1 = 1.01 


V1 =Yo + (A/2)(py{ + y4) = 0 + 0.05(1.01 + 1) = 0.1005 
yi =f, 91) = f@.1, 0.1005) = (0.1005)? + 1 = 1.0101003 


n=1: x,=0.2 


PY2=y, + hyj = 0.1005 + 0.1(1.0101003) = 0.2015100 


4.7182818 


py3 =f, py2) = f(0.2, 0.2015100) = (0.2015100)? + 1 = 1.0406063 
yo =y1 + (h/2)(py5 + yf) = 0.1005 + 0.05(1.0406063) + 1.0101002 = 0.2030353 
y3 =f(%, yo) = f(0.2, 0.2030353) = (0.2030353)? + 1 = 1.0412233 


n=2: x,=03 


Py3 = yo + hy} = 0.2030353 + 0.1(1.0412233) = 0.3071577 


pys =f(%3, pys) = f(0.3, 0.3071577) = (03071577)? + 1 = 1.0943458 
y3 +2 + (h/2)(py$ + y3) = 0.2030353 + 0.05(1 0943458 + 1.0412233) = 0.3098138 
ys = f(x, y3) = f(0.3, 0.3098 138) = (0.3098 138)? + 1 = 1.0959846 


Continuing in this manner, we generate Table 19-2. Compare it to Table 18-3. 
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Table 19-2 


Method: MODIFIED EULER’S METHOD 


Problem: y’=y*+ 1; y(0)=0 


Yn 


True solution 
Y(x) = tan x 


0.0000000 


0.0000000 


0.1000000 


0.1005000 


0.1003347 


0.2015100 


0.2030353 


0.2027100 


0.3071577 


0.3098 138 


0.3093363 


0.4194122 


0.4234083 


0.4227932 


0.5413358 


0.5470243 


0.5463025 


0.6769479 


0.6848990 


0.6841368 


0.8318077 


0.8429485 


0.8422884 


1.0140048 


1.0298869 


1.0296386 


1.2359536 


1.2592993 


1.2601582 


1.5178828 


Find y(1.6) for y’ = 2x; y(1) = 1 using the modified Euler’s method with h =0.2. 


1.5537895 


1.5574077 


(CHAP. 19 


Here f(x, y) = 2x, X) = 1, and yo =2. From Eq. (/9.2) we have yg =f(1, 2) =2(1) =2. Then using (/9.4) and 


(19.3), we compute 
n=0: x, =x) +h=1+02=12 
PY, =Yot hyo =1+0.2(2)=14 


Pyi=f(x1, py) =f(1.2, 1.4) =2(1.2) =2.4 
1 =Yo + (A/2)(py, + yv) =1+0.1(2.4 +2) = 1.44 


yp =f), yy) =fC.2, 1.44) =2(1.2) =2.4 
n=1: x» =x,+h=124+02=14 
Py2=y, t+ hy{ = 1.44 + 0.2(2.4) = 1.92 


pys =f, pyr) =f. 4, 1.92) = 2(1.4) = 28 


Yo =y1 + (h/2)(py3 + yf) = 1.44 +0.1(2.8 +2.4) = 1.96 


¥2 =f(x2, Yo) =f(1 4, 1.96) = 2(1.4) = 2.8 
n=2: x3=xX.+h=144+02=1.6 
PY3 =Y2 t+ hy3 = 1.96 + 0.2(2.8) = 2.52 


Py3 =f(%3, pys) =f(1.6, 2.52) = 2(1.6) = 3.2 


Y3 = Yo + (h/2)(pys + y3) = 1.96 +0.1(3.2 +2.8) = 2.56 


The true solution is Y(x) =x?; hence, Y(1.6) = y(1.6) = (1.6)* = 2.56. Since the true solution is a second-degree 


polynomial and the modified Euler’s method is a second-order method, this agreement is expected. 
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19.4. Use the Runge-Kutta method to solve y’ = y — x; 
Here f(x, y) =y — x. Using Eq. (19.5) with n=0, 1, ... ,9, we compute 


n=0: x) =0, yo=2 

k, =hf(xo, yo) =hfO, 2) =(0.1)(2 — 0) = 0.2 

k, =hf (x) + 4h, y, +4k,) =Af[0 +4(0.1),2+40.2)] 
= hf (0.05, 2.1) =(0.1)(2.1 — 0.05) = 0.205 

k, =f (x) + 4h, yy + 4k) =hf[0 +4(0.1),2 + 4(0.205)] 
= hf (0.05, 2.103) = (0.1)(2.103 — 0.05) =0.205 

ky =hflxo +h, yo + k3) = Af + 0.1, 2 + 0.205) 
=hf(0.1, 2.205) = (0.1)(2.205 — 0.1) =0.211 

VY, =o + Fk, + 2k, + 2k; + ky) 
=2+ 4[0.2 + 2(0.205) + 2(0.205) + 0.211] =2.205 


n=1: x,=0.1, y,; =2.205 

ky =hf(, y,) =hfO.1, 2.205) = (0.1)(2.205 — 0.1) = 0.211 

k, =hf(x, +ih,y, + 4k,) =Af[0.14+ 40.1, 2.205 +4(0.21)) 
=hf (0.15, 2.311) =(0.1)(2.311 — 0.15) =0.216 

k, =hf(x, +4h, y, +44.) =hfl0.1 + 4£(0.1), 2.205 + 4(0.216)] 
= hf (0.15, 2.313) =(0.1)(2.313 — 0.15) = 0.216 

ky =hf(x, +h, y; + ks) =AfO.1 + 0.1, 2.205 + 0.216) 
=hf(0.2, 2.421) = (0.1)(2.421 — 0.2) =0.222 

V2 =, + 3(k, + 2k, + 2k, + ky) 
= 2.205 + 4[0.211 + 2(0.216) + 2(0.216) +0.222]=2.421 


n=2: x, =0.2, yy=2.421 

ky =hf(x, yo) = hf(0.2, 2.421) = 0.1)(2.421 — 0.2) = 0.222 

k, =hf (x, +4h, y, +4k) =hfl0.2 + 40.1), 2.4214 4(0.222)] 
= hf (0.25, 2.532) = (0.1)(2.532 — 0.25) = 0.228 

k, =hf(x, + 4h, y, + 4k,) = hf[0.2 + 40.1), 2.421 + 4.228)] 
= hf (0.25, 2.535) = (0.1)(2.535) — 0.25) = 0.229 

ky =hf(a +h, yo + k3) =hf(O.2 +0.1, 2.421 +0.229) 
=hf(0.3, 2.650) = (0.1)(2.650 — 0.3) =0.235 

V3 =), + $(k, + 2k, + 2k, + ky) 
=2.421+ +[0 222 + 2(0.228) + 2(0.229) + 0.235] = 2.650 


Continuing in this manner, we generate Table 19-3. Compare it with Table 19-1. 


19.5. Use the Runge-Kutta method to solve y’ = y; y(0) = 1 on the interval [0, I] with h =0.1. 


Here f(x, y) = y. Using Eq. (19.5) with n=0, 1, ... ,9, we compute 
n=0: x) =0, y=l 
ky =hf(%o, Yo) =hfO, I) = (0.0) =0.1 
k, =hf (%) + they + $k) = Af[0 +$(00.),14+40.D)] 
= hf (0.05, 1.05) = (0.1.05) = 0.105 


y(O) = 2 on the interval [0, 1] with h=0.1. 
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Table 19-3 


Method: RUNGE-KUTTA METHOD 


Problem: y’ = y—x; y(0) =2 


h=0.1 
Yn 


True solution 
Yx)=e*4+x4+1 


2.0000000 


2.0000000 


2.2051708 


2.2051709 


2.4214026 


24214028 


2.6498585 


2.6498588 


2.8918242 


2.8918247 


3.1487206 


3.1487213 


3.4221180 


34221188 


3.7137516 


3.7137527 


4.0255396 


4.0255409 


4.3596014 


4.359603 1 


4.7182797 


4.7182818 


k, =hf (%) +44, yp + $k.) =hf[0 + $0.1), 1 +$(0.105)] 


= hf (0.05, 1.053) =(0.1)(1.053) =0.105 


ky = hf(xo +h, Yo + kz) = Af +0.1, 1 +0.105) 


=hf(0.1, 1.105) = (0.1)(1.105) =0.111 
VY, =o + S(k, + 2k, + 2k; + ky) 


=1+4+[0.1+2(.105) + 2(0.105) + 0.111] =1.105 


n=1: x,=0.1, y, =1.105 


k, =hf(x, y1) =hf(.1, 1.105) = (0.1)(1.105) =0.111 
k, =hf(x, + 4h, y, +44) =Afl0.14 4.1), 1.105 + 40.111] 


=hf (0.15, 1.161) =(0.1)(1.161) =0.116 


k, =hf(x, + 4h, y, + $k) = hf[0.1 + $0.1), 1.105 + $(0.116)] 


=hf (0.15, 1.163) =(0.1)(1.163) =0.116 


ky =hf(x, +h, y, +k) =hfO.1 +0.1, 1.105 +0.116) 


=hf(O.2, 1.221) = (0.1)(1.221) =0.122 
Vy =y, + o(k, + 2k, +2k; + ky) 


= 1.105 +4[0.111 + 2(0.116) + 2(0.116) + 0.122] =1.221 
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n=2: x, =0.2, yy=1.221 

ky =Af(%, yo) =hf (0.2, 1.221) = (0.1)(1.221) = 0.122 

k, =hf(x, + 4h, y, +4k,) =Afl0.2 + (0.1), 1.221 +4(0.122)] 
= hf (0.25, 1.282) = (0.1)(1.282) = 0.128 

k, =hf (x, +4h, y, +4k,) =Af[0.2 + 40.1), 1.221 + 4(0.128)] 
= hf (0.25,1.285) = (0.)..285) =0.129 

kg =hf(x2 +h, yo + ks) = hf(O.2 +0.1, 1.221 +0.129) 
=hf(0.3, 1.350) = (0.1)(1.350) = 0.135 

V3 =)_ + E(k, + 2k, + 2k, + ky) 
=1.221 + 4[0.122 + 2(0.128) + 2(0.129) + 0.135] = 1.350 


Continuing in this manner, we generate Table 19-4. 


Table 19-4 


Method: RUNGE-KUTTA METHOD 


Problem: y’ =y; y(0) = 1 


h=0.1 True solution 
Yn Y(x) = e* 


1.0000000 1.0000000 


1.1051708 1.1051709 


1.2214026 1.2214028 


1.3498585 1.3498588 


1.4918242 1.4918247 


1.6487206 1.6487213 


1.8221180 1.8221188 


2.0137516 2.0137527 


2.2255396 2.2255409 


2.4596014 2.459603 1 


2.7182797 2.7182818 


19.6. Use the Runge-Kutta method to solve y’ = y? + 1; y() =0 on the interval [0, 1] with h=0.1. 


Here f(x, y) = y* + 1. Using Eq. (19.5) we compute 
n=0: x) =0, yo=0 
ky =hf(Xo. yo) = hf, 0) = (0.1)[0)? + 1] =0.1 
k, =hf (%) + 5h, ¥y + 3k,) + AF(O +F00.D,0+4(0.1)] 
= hf (0.05,0.05) =(0.1)[(0.05)° + 1] =0.1 
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k, =hf (x) + th, Vo + +k) =hf[0 +4(0.1),0 + +(0.1)] 
= hf (0.05, 0.05) = (0.1)[(0.05) + 1] =0.1 

ky =hf(%o +h, Yo + ks) =hf[0 +0.1,0+0.1] 
=hf01,0.1)= (0.1)[(0.1)? + 1] =0.101 

Y= My + E(k, + 2k, + 2k, + ky) 
=0+4[0.1+2(0.1) + 20.1) + 0.101] =0.1 


n=1: x,=0.1, y, =0.1 

ky =hf(x), y,) =hf(0.1, 0.1) = (0.1)[(0.1)? + 1] = 0.101 

k, =hf (x, +4h, y, +4k,) =Af[0.14+ 40.1), (0.1) +40.10D] 
= hf (0.15, 0.151) =(0.D[(0.151)? + 1] =0.102 

k, =hf(x, + 4h, y, + 4k) =hf[0.1+ 400.1), (0.1) + 4(0.102)] 
= hf (0.15, 0.151) =(0.1)[(0.151)? + 1] = 0.102 

ky =hf(x, +h, y; + ks) = AfO.1 + 0.1, 0.1 + 0.102) 
= hf(0.2, 0.202) = (0.1)[(0.202)? + 1] = 0.104 

V2 =, + 5(k, + 2k, + 2k, + ky) 
=0.1+ +[0.101 + 2(0.102) + 2(0.102) + 0.104] =0.202 


n=2: x =0.2, yo =0.202 

ky =hf(x, yo) = hf(0.2, 0.202) = (0.1)[(0.202)? + 1] = 0.104 

k, =hf(x, +h, y, + 4k,) = hf[0.2 + 40.1), 0.202 + £(0.104)] 
= hf (0.25, 0.254) = (0.1)[(0.254)’ + 1] = 0.106 

k, =hf(x, + 4h, y, + 4k,) = hf[0.2 +4(0.1), 0.202 + 4(0.106)] 
= hf (0.25, 0.255) = (0.1)[(0.255)" + 1] =0.107 

ky = Afr +h, yo + ky) = Af [0.2 + 0.1, 0.202 + 0.107] 
=hf(0.3, 0.309) = (0.1)[(0.309)? + 1] =0.110 

V3 =), + $(k, + 2k, +2k, + ky) 
=0.202 + 1[0.104 + 2(0.106) + 2(0.107) + 0.110] =0.309 


Continuing in this manner, we generate Table 19-5. 


19.7. Use the Adams—Bashforth—Moulton method to solve y =y—.x; y(0)=2 on the interval [0, 1] with 
h=0.1. 


Here f(x, y)=y—x, x) =0, and yo =2. Using Table 19-3, we find the three additional starting values to be 
y, = 2.2051708, yo = 2.4214026, and y3 = 2.6498585. Thus, 


=yo —Xp=2-0=2 yt =y, — x, = 2.1051708 
= yy— x9 =2.2214026 yh = yx — x, = 2.3498585 


YO 
y3 


Then, using Eqs. (79.6), beginning with n = 3, and Eq. (19.3), we compute 
n=3: x4=04 
PY4 = Y3 + (A/24)(S5y3 — S9y3 + 37y{ — 9yo) 
= 2.6498585 + (0.1/24)[55(2.349585) — 59(2.2214026) + 37(2.1051708) — 9(2)] 
= 2.8918201 
PY4 = Py4 — X4 = 2.8918201 —0.4 =2.4918201 
y4 = y3 + (h/24)9pyy + 19y3 — 5y3 + y1) 
= 2.6498585 + (0.1/24)[9(2.4918201) + 19(2.3498585) — 5(2.2214026) + 2.1051708] 
= 2.8918245 
V4 = V4 —X4 = 2.8918245 — 0.4 = 2.4918245 
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Table 19-5 


Method: RUNGE-KUTTA METHOD 


Problem: y’ = y? + 1; y(0) =0 


h=0.1 True solution 
Yn Y(x) = tan x 


0.0000000 0.0000000 


0.1003346 0.1003347 


0.2027099 0.2027100 


0.3093360 0.3093363 


0.4227930 0.4227932 


0.5463023 0.5463025 


0.6841368 0.6841368 


0.8422886 0.8422884 


1.0296391 1.0296386 


1.2601588 1.2601582 


1.5574064 1.5574077 


n=4; x5=0.5 
PYs = ya + (h/24)55y4 — S9y3 + 37y3 — 9y1) 
= 2.8918245 + (0.1/24)[55(2.4918245) — 59(2.3498585) + 37(2.2214026) — 9(2.1051708)] 
= 3.1487164 
py = pys — Xs = 3.1487164 — 0.5 =2.6487164 
Ys =Yqt (h/24)(9pys + 19y4 — Sy3 + y3) 
= 2.8918245 + (0.1/24)[9(2.6487164) + 19(2.4918245) — 5(2.3498585) + 2.2214026] 
= 3.1487213 
yg =y5 —X5 = 3.1487213 — 0.5 = 2.6487213 
n=5: x%,=0.6 
PY¥6 = Ys + (h/24)(SSy5 — S9yq + 37y3 — 9y3) 
= 3.1487213 + (0.1/24)[55(2.6487213) — 59(2.4918245) + 37(2.3498585) — 9(2.2214026)] 
= 3.4221137 
PY6 = PY¥6 — Xo = 3.4221137 — 0.6 =2.8221137 
Yo = Ys + (h/24)9pye + 19y5 — Sy4 + y3) 
= 3.1487213 + (0.1/24)[9(2.8221 137) + 19(2.6487213) — 5(2.4918245) + 2.3498585] 
=3.4221191 
YG = 6 —X6 = 34221191 — 0.6 =2.8221191 


Continuing in this manner, we generate Table 19-6. 
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Table 19-6 


Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y’ =y-— x; y(0)=2 


Yn 


True solution 
Y(xp=et+x4+1 


2.0000000 


2.0000000 


2.2051708 


2.2051709 


2.4214026 


2.4214028 


2.6498585 


2.6498588 


2.8918201 


2.8918245 


2.8918247 


3.1487164 


3.1487213 


3.1487213 


3.4221137 


3.4221191 


3.4221188 


3.7137473 


3.7137533 


3.7137527 


4.0255352 


4.0255418 


4.0255409 


4.3595971 


4.3596044 


4.3596031 


4.7182756 


4.7182836 


4.7182818 
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Use the Adams—Bashforth—Moulton method to solve y’ = y +1; y(O) =0, on the interval [0, 1] with 


h=0.1. 


Here f(x, y) =y* + 1, x) =0, and yo =0. Using Table 19-5, we find the three additional starting values to be 
y, =0.1003346, y. =0.2027099, and y3; = 0.3093360. Thus, 


y= (Oo +1= OP +1=1 
yf =(y)2 + 1 = (0.103346)? + 1 = 1.0100670 
y$ = (92)? + 1 = (0.2027099) + 1 = 1.0410913 
ys = (v3)? + 1 = (0.3093360)? + 1 = 1.0956888 


Then, using Eqs. (79.6), beginning with n = 3, and Eq. (19.3), we compute 


n=3: x4=04 


Py4=y3 + (h/24)(S5y3 — 59y3 + 37y{ — 9y9) 


= 0.3093360 + (0.1/24)[55(1.0956888) — 59(1.0410913) + 37(1.0100670) — 9(1)] 


= 0.4227151 


pys = (py4)? + 1 = (0.4227151)* + 1 = 1.1786881 


ya =y3 t+ (h/24)(9py4 + 1993 — 5y3 + y7) 


= 0.3093360 + (0.1/24)[9(1.1786881) + 19(1.0956888) — 5(1.0410913) + 1.0100670] 


= 0.4227981 


yt = (ya)? + 1 = (0.4227981) + 1 = 1.1787582 
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n=4: x,=0.5 


PYs = Y4t (H/24)(SSy4 — 59y3 + 373 — 9y1) 
= 0.4227981 + (0.1/24)[55(1.1787582) — 59(1.0956888) + 37(1.0410913) — 9(1.0100670)] 
= 0.5461974 
pys = (pys)? + 1 = (0.5461974)? + 1 = 1.2983316 
ys = Yq t (h/24)Opys + 194 — Sy3 + y3) 
= 0.4227981 + (0.1/24)[9(1.2983316) + 19(1.1787582) — 5(1.0956888) + 1.0410913] 
= 0.5463 149 
yé = (ys)? + 1 = (0.5463149)? + 1 = 1.2984600 


n=5: x,=0.6 


PY6 = Ys + (A/24)(S5y5 — S9yq + 37y3 — 9y3) 
= 0.5463149 + (0.1/24)[55(1.2984600) — 59(1.1787582) + 37(1.0956888) — 9(1.0410913)] 
= 0.6839784 
PYé= (py6)* + 1 = 0.6839784)2 + 1 = 14678265 
Yo = ys + (h/24)(Opye + 19y5 — Syg + y3) 
= 0.5463149 + (0.1/24)[9(1 4678265) + 19(1.2984600) — 5(1.1787582) + 1.0956888] 
= 0.6841611 
yé = (6)? + 1 = (0.684161 1)? + 1 = 1.4680764 
Continuing in this manner, we generate Table 19-7. 


Table 19-7 


Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y’=y*+ 1; y(0)=0 


True solution 
Vn Y(x) = tan x 


0.0000000 0.0000090 


0.1003346 0.1003347 


0.2027099 0.2027100 


— 0.3093360 0.3093363 


0.4227151 0.4227981 0.4227932 


0.5461974 0.5463149 0.5463025 


0.6839784 0.6841611 0.6841368 


0.8420274 0.8423319 0.8422884 


1.0291713 1.0297142 1.0296386 


1.2592473 1.2602880 1.2601582 


1.5554514 1.5576256 1.5574077 
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Use the Adams—Bashforth—Moulton method to solve y’ = Qxyl(x? = 7); y(1) =3 on the interval [1, 2] 
with h=0.2. 


Here f(x, y) =2xy/(x* —y’), x9 =1, and yo=3. With h=02, x, =x) +h=1.2, =x, +h=1.4, and 
x3 =X,+h=1.6. Using the Runge-Kutta method to obtain the corresponding y-values needed to start the 
Adams-—Bashforth—Moulton method, we find y, = 2.8232844, y) = 2.5709342, and y3 = 2.1321698. It then follows 
from Eq. (/9.3) that 


j 3 2(1)(3 

y= Foo = ‘ Xe ) -_0.75 
(%) -Oo) = -@) 

ie 2x.) = 2(1.2)(2,8232844) 24 es 
(x,)°-(," (1.2)? —(2.8232844)? 

pe 23 7 2(1 4)(2.5709342)_ eee 
(x,)? -(,)? (1.4)? — (25709342) 

ve 2xyy,____2(1.6)(2.1321698)_ 3 ageneag 


(x,)° —(y,)? 1.6)? — (2.1321698)" 


Then, using Eqs. (19.6), beginning with n = 3, and Eq. (9.3), we compute 
n=3: x4=18 


Py4=y3 + (h/24)(S5y3 — 59y3 + 37y{ — 96) 
= 2.1321698 + (0.1/24)[55(—3.4352644) — 59(—1.5481884) + 37(-1.0375058) — 9(— 0.75)] 
= 1,0552186 


,_2x,py, — __ 20.8)(1.0552186) 


= 1.7863919 
oe (x,)° —(py,)” (1.8)? — 1.0552186)* 


ya = 3 t+ (h/24)9py4 + 1993 — 5y3 + y7) 
= 2.1321698 + (0.1/24)[9(1.7863919) + 19(—3.4352644) — 5(-1.5481884) — (-1.0375058)] 


= 1.7780943 
2 24) == es ~ =81,6671689 
(x,) -Q,) 8) — (1.7780943) 
n=4: x5=2.0 


Ps =y4 + (h/24)(S5y4 — S9y5 + 375 — yi) 
= 1.7780943 + (0.1/24)[55(81.6671689) — 59(-3.4352644) + 37(-1.5481884) — 9(-1.0375058)] 
= 40.4983398 


,_ 2xspys __-2(2.0)(40.4983398) 


= —0.0990110 
ie (xs) —(pys)’  (2.0)* — (40.4983398)° 


ys =yat (h/24)9pys + 19y4 — 5y3 + y3) 
= 1.17780943 + (0.1/24)[9(-0.09901 10) + 19(81.6671689) — 5(—3.4352644) + (—1.5481884)] 
= 14.8315380 


, 2X5Vs _ 2(2.0)0.4.8315380) 


y=— : : = = —0.2746905 
(x5)? — (5)? (2.0)? = (14.8315380) 


These results are troubling because the corrected values are not close to the predicted values as they should be. 
Note that ys; is significantly different from py; and y, is significantly different from pyj. In any predictor-corrector 
method, the corrected values of y and y’ represent a fine-tuning of the predicted values, and not a major change. 
When significant changes occur, they are often the result of numerical instability, which can be remedied by a 
smaller step-size. Sometimes, however, significant differences arise because of a singularity in the solution. 

In the computations above, note that the derivative at x = 1.8, namely 81.667, generates a nearly vertical slope 
and suggests a possible singularity near 1.8. Figure 19-1 is a direction field for this differential equation. On this 
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19.10. 


7 ee ee oe ee } bos oft 
. ‘ \ \ \ / / / 7 2 Ze 1 SS wy Pe \ ‘ \ \ / 7 / / 
eR ye a A OT Ee eB Ry HR A ye eh ee Oe 
Ny \ \ \ / / / ar ane al Oo ‘ \ \ / / / 4 sf Ff 
\ \ \ \ \ \ \ / / Z 7 4 = ‘ Re \ \ \ | / / 7 x 7 7 
NN NON VON \ I / i a ee ,\v/\ \ / / J o¢ 4 4 4 
NN NON ON YQ Y \ ! / Le of, = , \ ! 4 oto fF FF 4 4 4 
SN NNN NY \ \ / / / - \ \ / a a a a a 
ee Se, ke. Y \ \ \ ' / / - \ \ | / / / 7 4 4 4 ee 4 
~ ~ ~ ~ N \ \ \ \ \ / / _ \ \ / / / 7 2 2 - - - - 
~~~ SYN NY QQ ! - 4 ‘re re a 2 
Se & SB 2 x wR RO. Gee Ed FF 2S ee Be ae 
————__> x 
ee ee ee ee ee ae ee | ee ee 
ere ge ee we oe PR hee SE ng tat we we ey Hs 
Se ee ee Ge ee |e ee a a 
- - 2 - 7 7 / / / | \ \ = / i | \ \ \ % oe me a ae a 
o 7 rd 7 Z ‘4 / / / \ \ \ a / / \ \ i & ne me es 
7 7 7 7 7 7 E | \ \ \ \ _ / / if ) \ \ \ N \ NY & re 
7 ce ¢ / / / | \ \ \ « at £7 / / / | \ \ . \ uo oR re 
A Bye ah the A \ VV NN Je 4 \ Ci Qe OR OAL nk 
7 4 7 / / / \ \ \ nd eS Se Be ee od / / \ \ \ Ye & 
fe Pe Bp OB ee Se Niles a PE IR Ra oe 
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ft NM foe a eh ee een eo FOP PR a & 
Fig. 19.1 


direction field we have plotted the points (xo, yo) through (x4, y4) as determined by the Adams—Bashforth—Moulton 
method and then sketched the solution curve through these points consistent with the direction field. The cusp 
between 1.6 and 1.8 is a clear indicator of a problem. 

The analytic solution to the differential equation is given in Problem 4.14 as x7+y?=ky. Applying 
the initial condition, we find k=10/3, and then using the quadratic formula to solve explicitly for y, 


we obtain the solution 
54+/25-9x° 
==, 
3 


This solution is only defined through x = 5/3 and is undefined after that. 


Redo Problem 19.7 using Milne’s method. 


The values of yo, y1, y2, y3, and their derivatives are exactly as given in Problem 19.7. Using Eqs. (/9.7) and 
(19.3), we compute 


4h , , , 
n=3: py,=Yo+ 5 (2y; — y) +2y,) 
4(0.1) 
=2+ ——12(2.3498585) —2.2214026 + 2(2.1051708)] 


= 2.8918208 
PY4 = Pya — X4 = 2.4918208 


h , , Pa 
Ye = V2 + 3 Py + 4y, + y.) 
= 24214026 + “(2.4918208 + 4(2.3498585) + 2.2214026] 


= 2.8918245 
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n=4: x,=04, yg=y4—x4=2.4918245 


4h oj, , 
PYs =y, + 3 (2y, — 3 +2y,) 


= 2.2051708 + [2(2.4918245) — 2.3498585 + 2(2.2214026)] 


4(0.1) 
3 


= 3.1487169 
PY$ = Pys — X5 = 2.6487169 
h Fa - ry 
Ys=)3+ Pos + 4y, + y3) 
= 2.6498585 + “=(2.6487169 + 4(2.4918245) + 23498585] 


=3.1487209 


n=5: x5=0.5, ys =ys —X5 = 2.6487209 


4h , , , 
PYs =Y2 + 5 (2y5 — yy +2y5) 
4(0.1) 
= 24214026 + —{ 122.6487209) —2.4918245 + 2(2.3498585)] 


= 3.4221138 
PY6 = PY6 — Xo = 2.8221138 


h , ts , 
Ve =Yat 3 Ps +4y;+y4) 
=2.8918245 + “(2.8221 138 + 4(2.6487209) + 2.4918245] 
= 34221186 


Continuing in this manner, we generate Table 19-8. 


19.11. Redo Problem 19.8 using Milne’s method. 


The values of yo, y;, y2, y3, and their derivatives are exactly as given in Problem 19.8. Using Eqs. (/9.7) and 
(19.3), we compute 


4h , , , 
n=3: PYy,=Yo + 3 (2y; —¥. +2y,) 


4(0.1) 
3 
= 0.4227227 


=0+ 


[2(1 0956888) — 1.0410913 + 2(1.0100670)] 


pyt = (pya)? + 1 = (0.4227227)? + 1 = 1.1786945 
h , , , 
Ye =). + 3 Py +4y; + y2) 
=0.2027099 + a .1786945 + 4(1.0956888) + 1.0410913] 


= 0.4227946 


~) 
Il 
as 


: x4=04, yf =(yy)? + 1 = (0.4227946)? + 1 = 1.1787553 


4h , , , 
PYys =y, + ys — y3 + 2y,) 


4(0.1) 
3 


= 0.1003346 + 


[2(1.1787553) — 1.0956888 + 2(1.0410913)] 


= 0.5462019 
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Table 19-8 


Method: MILNE’S METHOD 


Problem: yy’ = y—x; y(0) =2 


h=0.1 . 
True solution 


Vn Yaj)=e*+x+1 


2.0000000 2.0000000 


2.205 1708 2.2051709 


2.4214026 2.4214028 


— 2.6498585 2.6498588 


2.89 18208 2.8918245 2.8918247 


3.1487169 3.1487209 3.1487213 


3.4221138 3.4221186 3.4221188 


3.7137472 3.7137524 3.7137527 


4.0255349 4.0255407 4.0255409 


4.3595964 4.3596027 4.3596031 


4.7182745 4.7182815 4.7182818 


Pys =(pys)+1= (0.5462019)* + 1 = 1.2983365 
h , , , 
Ys =y3 + 3 (PY +4y, + y3) 


=0.3093360 + a .2983365 + 4(1.1787553) + 1.0956888] 


= 0.5463042 


n=5: x5=0.5, y= (ys)? +1 = (0.5463042)? + 1 = 1.2984483 


4h , rd - 
PYs =Y2 + ; (2y5 — y, +2y5) 
4(0.1) 
= ().2027099 + —; a 2984483) — 1.1787553 + 2(1.0956888)] 


= 0.6839791 
PYG = (py6)" + 1 = (0.6839791)* + 1 = 1.4678274 


ee Pao cb 
Ye =Yat 3 (Ps +4y;+y,) 
=0.4227946 + “1 4678274 + 4(1.2984483) + 1.1787553] 
= 0.6841405 


Continuing in this manner, we generate Table 19-9. 
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Table 19-9 


Method: MILNE’S METHOD 


Problem: y’ = y?+ 1; y(0) =0 


True solution 


Vn Y(x) = tan x 


0.0000000 0.0000000 


0.1003346 0.1003347 


0.2027099 0.2027100 


— 0.3093360 0.3093363 


0.4227227 0.4227946 0.4227932 


0.5462019 0.5463042 0.5463025 


0.6839791 0.6841405 0.6841368 


0.8420238 0.8422924 0.8422884 


1.0291628 1.0296421 1.0296386 


1.2592330 1.2601516 1.2601582 


1.5554357 1.5573578 1.5574077 


19.12. Use Milne’s method to solve y’ = y; y(0) = | on the interval [0, 1] with h=0.1. 


Here fix, y)=y, X9=0, and yy=1. From Table 19-4, we find as the three additional starting values 
y, = 1.1051708, yz = 1.2214026, and y3 = 1.3498585. Note that y;’=y), yo’ =yo, and y3’=y3. Then, using Eqs. (19.7) 
and (/9.3) and, we compute 


4h, , . 
n=3: P¥4=Yo ty Oys — Yo +291) 


=1+ 20 3498585) —1.2214026 + 2(1.1051708)] 


=1.4918208 
PY4= py4 = 1.4918208 


h , , # 
Vg =y. + 3 (Po + 4y, + yx) 
= 12214026 + a 4918208 + 4(1.3498585) + 1.2214026] 


= 1.4918245 
n=4: x,=04, yg=y4= 14918245 


4h , , , 
PYs =Y, + 3 (2y, — 3 +2y) 


=1.1051708 + 20 4918245) — 1.3498585 + 2(1.2214026)] 
= 1.6487169 
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PYs = Pys = 1.6487169 
h , , , 
Ys =Y3 + 3 (Ps + 4y, + y3) 
=1.3498585 + a 6487169 + 4(1.4918245) + 1.3498585] 


= 1.6487209 


n=5: x5=0.5, ys =ys5 = 1.6487209 


4h , , , 
PY6 =Y2 + 3 (2y¥5 — yy +23) 


4(0.1) 
3 


=1.2214026 + 


[2(1.6487209) — 1.4918245 + 2(1.3498585)] 


= 1.8221138 
PYG = PY¥o = 1.8221138 


h , -- , 
Ye = Ya + 3 (Ps + 4y; + y4) 
=1.4918245 + =U 8221138 + 4(1 6487209) + 1.4918245] 


= 1.8221186 


Continuing in this manner, we generate Table 19-10. 


Table 19-10 


Method: MILNE’S METHOD 


Problem: y’=y; y(0)=1 


True solution 
Yn Y(x) =e" 


1.0000000 1.0000000 


1.1051708 1.1051709 


1.2214026 1.2214028 


— 1.3498585 1.3498588 


1.4918208 1.4918245 1.4918247 


1.6487169 1.6487209 1.6487213 


1.8221138 1.8221186 1.8221188 


2.0137472 2.0137524 2.0137527 


2.2255349 2.2255407 2.2255409 


2.4595964 2.4596027 2.459603 1 


2.7182745 2.7182815 2.7182818 
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Supplementary Problems 


Carry all computations to three decimal places. 


19.13. 


19.14. 


19.15. 


19.16. 


19.17. 


19.18. 


19.19. 


19.20. 


19.21. 


19.22. 


19.23. 


19.24. 


19.25. 


19.26. 


19.27. 


19.28. 


Use the modified Euler’s method to solve y’ =—y + x + 2; y(0) = 2 on the interval [0, 1] with h=0.1. 


Use the modified Euler’s method to solve y’ = —y; y(0) = 1 on the interval [0, 1] with h=0.1. 

2 2 

Use the modified Euler’s method to solve y’ = ae ; y(1) =3 on the interval [1, 2] with h = 0.2. 
xy 


Use the modified Euler’s method to solve y’ = x; y(2) = 1 on the interval [2, 3] with h =0.25. 


Use the modified Euler’s method to solve y’ = 4x°; y(2) = 6 on the interval [2, 3] with h = 0.2. 
Redo Problem 19.13 using the Runge—Kutta method. 
Redo Problem 19.14 using the Runge-Kutta method. 
Redo Problem 19.15 using the Runge-Kutta method. 
Redo Problem 19.17 using the Runge-Kutta method. 


Use the Runge-Kutta method to solve y’ = 5x4; y(0) = 0 on the interval [0, 1] with h =0.1. 


Use the Adams—Bashforth—Moulton method to solve y’ = y; y(0) = 1 on the interval [0, 1] with h=0.1. 


Redo Problem 19.13 using the Adams—Bashforth—Moulton method. 
Redo Problem 19.14 using the Adams—Bashforth—Moulton method. 
Redo Problem 19.15 using the Adams—Bashforth—Moulton method. 
Redo Problem 19.13 using Milne’s method. 


Redo Problem 19.14 using Milne’s method. 
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CHAPTER 20 


Numerical Methods 
for Solving Second- 
Order Differential 
Equations Via Systems 


SECOND-ORDER DIFFERENTIAL EQUATIONS 


In Chapter 17, we showed how a second (or higher)-order differential equation could be expressed as a 
system of first-order differential equations. 

In this chapter we investigate several numerical techniques dealing with such systems. 

In the following system of initial-value problems, y and z are functions of x: 


y =f x, y,2) 
2 = g(x,y, 23 (20.1) 
y (Xo) = Yo, Z (Xo) = 20 


We note that, with y’ =f(x, y, z) =z, System (20.1) represents the second-order initial-value problem 
y"=8 (X,Y, y)s YX) = Yor Yo) = Zo 
Standard form for a system of three equations is 


y =f(x, y,Z,W) 
z = g(x,y, Z, w) 
w =r(x, y, Z, W); 


Y (Xo) = Yo. Z(Xo) = Zo, W(X) = Wo 


(20.2) 


If, in such a system, f(x, y, z, w) =z, and g(x, y, z, w)=w, then System (20.2) represents the third-order 
initial-value problem 


y’=r(x,y,Z,W); y(X%o) =Yo, W(X) = 20, YX) = Wo 
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The formulas that follow are for systems of two equations in standard form (20./). Generalizations to 
systems of three equations in standard form (20.2) or systems with four or more equations are straightforward. 


EULER’S METHOD 


Ynt+1=Ynt hy’, (20.3) 


¥ 
Zn 1 = ln then 


RUNGE-KUTTA METHOD 


1 
Yn+1 =Vn + 6" + 2k, + 2k, + k,) 


(20.4) 
Zn41 = Zn +2) + 21, + 21, +1,) 
where ky =hf (Xn, Yn» Zn) 
I = hg (Xn Yn> Zi) 
k, =hf (x, oP shy, at aK: Zn a7 51) 
2 =heg(x, + By, + ah, + zi) 
k, =hf (x, au sh.y, a ahs k, + a) 
Ll, =hg(x, +5h,y, +4k,,Z, +4h) 
kK, =hf(x, +Ay, +k, Zz, +45) 
L=hg(x, +h, y, +k,,z, +4) 
ADAMS-BASHFORTH-MOULTON METHOD 
. h , , , , 
predictors: = py, ,, =), + mae DIY pg POI es Is) 
h , , , , 
PSn+1 = Zn of mae ~ 297554 + 372-9 _ 9z,-3) 
(20.5) 
h , , , , 
correctors: —-y,4; =), + 94 Oo Pvns F1DY, ni Fae) 
h , , , , 
Zn+1 = kn + 54 Pena al 19z,, ~ 32524 ae Zing) 
Corresponding derivatives are calculated from System (20./). In particular, 
Vnt1 =f(Xn41, Yn+1> Zn+1) (20.6) 


/ = 
Snt1 = 8(n415 Ynt1>2nt VD 


The derivatives associated with the predicted values are obtained similarly, by replacing y and z in 
Eq. (20.6) with py and pz, respectively. As in Chapter 19, four sets of starting values are required for the 
Adams-—Bashforth—Moulton method. The first set comes directly from the initial conditions; the other three sets 
are obtained from the Runge—Kutta method. 
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20.1. 


20.2. 


20.3. 


20.4. 


Solved Problems 


Reduce the initial-value problem y” — y =x; y(0) =0, y’ (0) = 1 to System (20.1). 
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Defining z=y’, we have z(0)=y’(0)=1 and z’=y”. The given differential equation can be rewritten as 


y” =y +x, or z’ =y +x. We thus obtain the first-order system 
ae 
Z=ytx; 
yO) = 9, 2(0) = 1 


Reduce the initial-value problem y” — 3y’ + 2y =0; y(0) =—1, y’() =0 to System (20.1). 


Defining z=y’, we have z(0)=y’(0)=0 and z’=y”. The given differential equation can be rewritten as 


y” =3y’ — 2y, or z’ =3z—2y. We thus obtain the first-order system 


y(0) =—1, 20) =0 


Reduce the initial-value problem 3x’y” — xy’ + y =0; y() = 4, y(1) =2 to System (20./). 


Defining z= y’, we have z(1) = y'(1) = 2, and z’ = y”. The given differential equation can be rewritten as 


or eo 


We thus obtain the first-order system 
y=z 
xZ— 
v= es 
3x 


y(1) =4, 21) = 2 


Reduce the initial-value problem y” — 2xy” + 4y’ — xy = 1; y(0) = 1, y'(0) =2, y"(0) 
Following Steps 1 through 3 of Chapter 17, we obtain the system 


ll 
ce 


2 
3 


al 
we) 


ll 
4 


y'3 = xy, — 4yn + 2xy3 +1; 


y1(0) = 1, yo(0) = 2, y3(0) = 3 


To eliminate subscripting, we define y = y,, z= 2, and w = y3. The system then becomes 
yrz 


Z=w 


w =xy—4¢4+2xw 41; 


y(0) = 1, 2(0) =2, w(0) =3 


3 to System (20.2). 
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20.5. Use Euler’s method to solve y” — y =x; y(0) = 0, y’(0) = | on the interval [0, 1] with h=0.1. 


Using the results of Problem 20.1, we have f(x, y, z) =z, g(, y, Z) =Y +X, X9 =0, yo =0, and z= 1. Then, 
using (20.3), we compute 


n=0: yo =f(X0, Yo. 20) = Zo = 1 
29 = 8X0» Yoo 20) =Yo +X =0+0=0 
y, =yo thy’y9 =0 + (0.1)C1) = 0.1 
q=z2thzyp=14+0.10)=1 
W=1: y)=fO,y,.7)=a=! 
21 =e8(X, V1, 2) =, $x, =0.1 40.1 =0.2 
yo=y, thy’, =0.14+ O0.1)) =0.2 
=z +h’; =14+(0.1)0.2) = 1.02 


= 
I 
Lag 


yo =f Xo, V2, 22) = Zy = 1.02 

Z'o = 8(Xas Yo» 22) =Y2 +¥2=0.24+0.2=04 
y3 =y2 thy’) =0.2 + (0.1)(1.02) = 0.302 
23 = 2) + hz’y = 1.02 + (0.1)(0.4) = 1.06 


Continuing in this manner, we generate Table 20-1. 


Table 20-1 


Method: EULER’S METHOD 


Problem: y”’ — y =x; y(0) =0, (0) = 1 


True solution 
Y(~) =e -—e*-x 


0.0000 


0.1003 


0.2027 


0.3090 


0.4215 


0.5422 


0.6733 


0.8172 


0.9762 


1.1530 


1.3504 


20.6. Use Euler’s method to solve y” — 3y’ + 2y = 0; y(0) =—1, y'(0) = 0 on the interval [0, 1] with 
h=0.1. 


Using the results of Problem 20.2, we have f(x, y, z) =z, g(%, y, Z) = 3z— 2y, x) =0, vy =—1, and 
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Z =0. Then, using (20.3), we compute 


n=0: yo =f (Xo; Yo. Zo) = 20 =0 
Z'0 = 8(X0; Yoo Zo) = 329 — 2¥y = 30) — 2-1) = 2 
y, =yo t+ hyp =-1 + 0.1)(0) =-1 
zy = Zo thz’p9 =0+ (0.1)(2) = 0.2 
n=1: y\=f(«1, 91,2) =21 =0.2 
2/1 = 8X15 Vis 21) = 321 — 2y, = 3(0.2) — 2-1) =2.6 
yo =y, thy’; =—-1 + (0.1)(0.2) = 0.98 
zy =z, thz’; =0.2 + (0.1)(2.6) = 0.46 


Continuing in this manner, we generate Table 20-2. 


Table 20-2 


Method: EULER’S METHOD 


Problem: y” —3y’ + 2y=0; yO) =—1, y((0) =0 


True solution 
¥(x) = e* — 2e* 


—1.0000 


—0.9889 


—0.9510 


—0.8776 


—0.7581 


—0.5792 


—0.3241 


0.0277 


0.5020 


1.1304 


1.9525 


20.7. Use the Runge-Kutta method to solve y” — y =x; y(0) = 0, y’(0) = 1 on the interval [0, 1] with h =0.1. 


Using the results of Problem 20.1, we have f(x, y, z) =z, g(x, y,Z) =y +X, Xp =0, yo =O, and zp = 1. Then, using 
(20.4) and rounding all calculations to three decimal places, we compute: 


n=0: ky =hf@o, Yo. 0) = AFO, 9, 1) = O.DC) =0.1 
Ll, =hg(Xxo, Yo, Zo) = hg(O, 0, 1) = (0.1)(0 +0) =0 
ky =Mf (Xo + Th Yo + 7h % +74) 
=hAf[0 + 5(0.1),0+5(0.1),1+5(0)] 
= hf (0.05, 0.05, 1) =(0.1)0) =0.1 
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L, =hg(Xxo 


1 1 
+ 5h, Yo +5k,, 2% q 
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tz) 


=hg(0.05,0.05,1) =(0.1)(0.05 + 0.05) =0.01 


k, =Mf (x) 4 


1 1 
th, Vy + hy, % 4 


th) 


=hf[0+4(0.1),0+4(0.1),1+400)] 
= hf (0.05, 0.05, 1.005) = (0.1)(1.005) =0.101 
1, =hg(x%) +$h, Vo + 5k. % + 5h) 
= hg(0.05,0.05, 1.005) = (0.1)(0.05 + 0.05) =0.01 


ky =hf(xo +h, yo +k, 29 +b) 
=hf(0+0.1,0+0.101, 1 +0.01) 


=hf(0.1, 0.101, 1.01) = (0.1I)11.01) =0.101 
ly =hg(xo +h, yo + k3, 20 + 13) 
=hg(0.1, 0.101, 1.01) = (0.1)(0.101 + 0.1) =0.02 


+ 2(0.1) + 2(0.101) + (0.101)] =0.101 


Vy = My + 2k, + 2k, + 2k, + ky) 
=0+4[0.14 
Z, = 2% +2, + 2, +21, + L,) 


=1++{0 +2(0.01) + 20.01) + (0.02)]=1.01 


n=1: ky =hf(x,y,.z)) =/f@.1, 0.101, 1.01) 


=(0.1)(1 


01) =0.101 


ly =hg(x.y1, 21) = hg(0.1, 0.101, 1.01) 


=(0.1)(0 


101 +0.1) =0.02 


k, =hf (x, +5h,y, +3k,.% +74) 
=hf[0.1+5(0.1),0.101 + (0.101), 1.01 +4(0.02)] 
= hf (0.15,0.152, 1.02) =(0.1)1.02) =0.102 


L, =hg(x, +5h,y, 7k. Z 
=hg(0.15,0.152, 
k, =hf(x, + 5h, y, + 7k, % 


74) 


1.02) = (0.1)(0.152 +0.15) =0.03 


7h) 


=hf[0.1+4(0.1),0.101 + 4.102), 1.01 + 4(0.03)] 


=hf (0.15,0.152, 
1, =hg(x, +h, y, 4 


1.025) =(0.1)(1.025) =0.103 
r ahs 5% + 3!) 


= hg (0.15,0.152, 1.025) = (0.1)(0.152 +0.15) =0.03 
ky =hf, +h, y, tks, 2, +4) 

=hf(0.1 +0.1, 0.101 + 0.103, 1.01 + 0.03) 

= hf 0.2, 0.204, 1.04) = (0.1)(1.04) = 0.104 
ly =hg (xy +h, y+ ks, z1 + 1s) 

= hg(0.2, 0.204, 1.04) = (0.1)(0.204 +. 0.2) = 0.04 
VY. =y, + E(k, + 2k, + 2k, +k,) 

=0.101 + 4[0.101 + 2(0.102) +2(0.103) + 0.104)] 


= 0.204 
2, =Z, +2 


L $48 40 41) 


=1.01 +4[0.02 + 2(0.03) + 2(0.03) + 0.04] = 1.04 
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Continuing in this manner, but rounding to seven decimal places, we generate Table 20-3. 


Table 20-3 


Method: RUNGE-KUTTA METHOD 


Problem: y” — y =x; y(0) =0, y’(0) =1 


True solution 
Yn Zn Y(x) =e—-e*—-x 


0.0000000 1.0000000 0.0000000 


1.1003333 1.0100083 0.1003335 


0.2026717 1.0401335 0.2026720 


0.3090401 1.0906769 0.3090406 


0.4215040 1.1621445 0.4215047 


0.5421897 1.2552516 0.5421906 


0.6733060 1.3709300 0.6733072 


0.8171660 1.5103373 0.8171674 


0.9762103 1.6748689 0.9762120 


1.1530314 1.8661714 1.1530335 


1.3504000 2.0861595 1.3504024 


20.8. Use the Runge-Kutta method to solve y’ — 3y’ + 2y =0; y(0) =—1, y’(0) = 0 on the interval [0, 1] with h=0.1. 


Using the results of Problem 20.2, we have f(x, y, z) =z, g(x, y, Z) =3z — 2y, %) =0, yp =—1, and z = 0. Then, 
using (20.4), we compute: 


n=0: k, =hf(, yo. Zo) =AfO, —-1, 0) = (0.1)(0) =0 
l, =hg(xo, Yo. Zo) = Ag(O, —1, 0) = (0.1)[3(0) — 2(-1)] = 0.2 
k, =hf (x) + Shy yy +$k,s% +54) 
=hf[0 +5(0.1),-1+4(0),0 + $(0.2)] 
=hf(0.05,-1,0.1) =(0.D0.) =0.01 
1, =hg(X + zh, Yo + 5k. % + 5h) 
=hg(0.05, -1,0.1) =(0.1)[30.1) — 2(-1)] = 0.23 


ky =hf (Xq + ahs Vy + oko» % + 7h) 
=hf[0++(0.1), -1+40.01),0+4(0.23)] 
=hf (0.05, —0.995, 0.115) =(0.)(0.115) =0.012 
1, =hg(x) + th, yy +4ks% +5h) 
=hg(0.05, —0.995, 0.115) =(0.1)[3(0.115) — 2(-0.995)] 
=0.234 
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ky =hfo +h, yo + kg, Zo + 1s) 
=hf(0 + 0.1, -1 +0.012, 0 + 0.234) 
= hf 0.1, -0.988, 0.234) = (0.1)(0.234) = 0.023 
ly =hg(xo +h, yo + kg, 20 + 13) 
= hg(0.1, 0.988, 0.234) = (0.1)[3(0.234) — 2(0.988)] 
= 0.268 
Vy = My + 2K, + 2k, + 2k, +k) 
=-1+4[0 +2(0.01) + 2(0.012) + (0.023)] =—0.989 


2 =% +4, + 21, + 21, +1,) 
=0 ++[0.2 + 2(0.23) + 2(0.234) + (0.268)] = 0.233 


Continuing in this manner, we generate Table 20-4. 


Table 20-4 


Method: RUNGE-KUTTA METHOD 


Problem: y”’ — 3y’ + 2y =0; yO) =—1, y'(0) =0 


True solution 
Yn Zn Y(x) = eg” = 2e" 


—1.0000000 


0.0000000 


—1.0000000 


—0.9889417 


0.2324583 


—0.9889391 


—0.9509872 


0.5408308 


—0.9509808 


—0.8776105 


0.9444959 


—0.8775988 


—0.7581277 


1.4673932 


—0.7581085 


—0.5791901 


2.1390610 


—0.5791607 


—0.3241640 


2.9959080 


—0.3241207 


0.0276326 


4.0827685 


0.0276946 


0.5018638 


5.4548068 


0.5019506 


1.1303217 


7.1798462 


1.1304412 


1.9523298 


9.3412190 


1.9524924 


20.9. Use the Runge-Kutta method to solve 3x°y” — xy’ + y=0; y(1) =4, (1) =2 on the interval [1, 2] 
with h=0.2. 


It follows from Problem 20.3, we have f(x, y, z) = Z, g(x,y, Z) = (xz — y)/(33°), Xo = 1, y9 =4, and 
Zo = 2. Using (20.4), we compute: 


n=0: ky =hf (x, Yo. 2) = Af (1, 4, 2) = 0.22) =04 


1(2) -4 
3(1)? 


I, = 39.2) =a 4,2) =03] ]--0.1930000 
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ky =hf (xX) + 5h, ¥y) +k, .% +54) 
=hf (1.1, 4.2,1.9333333) = 0.2(1.9333333) = 0.3866666 
L, =hg(x, + 4A, yy + 4k, % +44) =hg(1 1, 4.2,1.9333333) 


29 1.1(1,9333333) ~ 4.2 
3(1.1)° 


- 0.1142332 


k, =hf (Xp + $A, Vg + $ky.% +44) 
=Af (1.1, 4.1933333, 1.9428834) =0.2(1.9428834) =0.3885766 
1, =hg(x, + 4h, y, +4k,,z, +41) = hg 1, 4.1933333, 19428834) 


=0.9| Ll.9428834) - 4.19333333 
‘ 3(1.1) 


- 0.1132871 


kg = hf (Xo + h, Yo + k;, ZO + 13) 
= hf (1.2, 4.3885766, 1.8867129) = 0.2(1.8867129) = 0.3773425 


1, =hgxy +h, Yy + kys% +4) =hg(l 2, 4.3885766, 18867129) 
=p 2! 2(1.8867129) — 4.3885766 


: =—0.0983574 
3(1.2) 


VY, =o + SK, + 2k, + 2k, + ky) 
=4+ z[0 4+ 2(0.3866666) + 2(0.3885766) + 0.3773425] = 4.3879715 


Z =%p $+ 4(L, + 21, +21, +L) 


= 2 + <[-0.1333333 + 2(-0.1142332) + 2(-0.1132871) + (-0.0983574)] =1.8855447 


Continuing in this manner, we generate Table 20-5. 
Table 20-5 


Method: RUNGE-KUTTA METHOD 


Problem: 3x’y” — xy’ + y =0; y(1) =4, YC) =2 


True solution 
Yn if ¥(x) =x + 3x!" 


4.0000000 2.0000000 4.0000000 


4.3879715 1.8855447 4.3879757 


4.7560600 1.7990579 4.7560668 


5.1088123 1.7309980 5.1088213 


5.4493 105 1.6757935 54493212 


5.7797507 1.6299535 5.7797632 
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20.10. Use the Adams—Bashforth—-Moulton method to solve 3x*y” — xy’ + y =0; y(1) =4, y'(1) =2 on the interval 


[1,2] with h =0.2. 


It follows from Problem 20.3, that f(x, y, z) =z, g@, y, Z) =Qz— y)/Bx?), Xo = 1, yo =4, and z =2. From Table 20-5, 
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we have 
x, =1.2 y, = 4.3879715 Z, = 1.8855447 
xy =14 Y = 4.7560600 Z2 = 1.7990579 
x,=1.6 y3 = 5.1088123 23 = 1.7309980 
Using (20.6), we compute 
Yo=%=2 yy’, = 2 = 1.8855447 
y's = 2 = 1.7990579 y’3 = 23 = 1.7309980 
z= Zoo [Yn = 1) 4 _ _0.6666667 
3X) 3(1) 
es X,2, af _ 1.2(1.8855447) ee EIEAEE =_0.4919717 
3x; 3(1.2) 
ge X24 mez) _ 14(.7990579) ae = 03805066 
° 3x; 3(1.4) 
ee X52, as _ 1.6(1.7309980) eu = 03045854 
° 3x; 3(1.6) 


Then using (20.5), we compute 
n=3: x4=1.8 
h , # , , 
PY, = Y3 + Vice —59y, + 37y, — 9yo) 
=5.1088123 + (0.2/24)[55(1.7309980) — 59(1.7990579) + 37(1.8855447) — 9(2)] = 5.4490260 
h , , , , 
PZ = 23 + mo —59z, + 37z, —92z)) 
=1.7309980 + (0.2/24)[55(-0.3045854) — 59(-0.3805066) + 37(-0.4919717) 
— 9(-0.6666667)] = 1.6767876 
PY’ 4 = pza = 1.6767876 


+ _ X4PZ4 — PY, _ 1.8(1.6767876) — 54490260 _ 
a ae 3(1.82) 


0.2500832 


h , , , , 
Ys = Ys + 5 OPYs + 19y, —5Sy, + y,) 


=5.1088123 + (0.2/24)[9(1 .6767876) + 19(1.7309980) — 5(1.7990579) + 1.8855447] 
=5.4493982 


h , , , , 
Z4 =%_ + 74 OP +19z, —5z, +2) 


= 1.7309980 + (0.2/24)[9(—-0.2500832) + 19(-0.3045854) — 5(-0.3805066) + (-0.4919717)] 
=1.6757705 


y’4 = 24 = 1.6757705 


of a Xa 7 Ys _ 1.8(1.6757705) - 5.493982 _ 
‘ a 3(1.87) 


0.2503098 
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n=4:; x;=2.0 


h , ¥ , , 
PYs= Va? 55 (S5y, — 59y; + 37y, — 9y;) 
= 5 4493982 + (0.2/24)[55(1.6757705) — 59(1.7309980) + 37(1.7990579) — 9(1.8855447)] 
=5.7796793 


h , ; P , 
P25 = 24+ Vie —59z, + 37z, —92z;) 
= 1.6757705 + (0.2/24)[55(—0.2503098) — 59(—0.3045854) + 37(-0.3805066) — 9(-0.4919717)] 
= 1.6303746 
PY’s = P%s = 1.6303746 


of 2 XsP%s= PYs _ 2.0(1.6303746) ~ 5.7796793 _ 


5 : : 0.2099108 
3x2 3(2.0) 


h Pa ¥ - # 
Ys =Y4 + mAs + 19y, —5y3 + y>) 


=5.4493982 + (0.2/24)[9(1.6303746) + 19(1.6757705) — 5(1.7309980) + 1.7990579] 
=5.7798739 


h , , , - 
Z5 =Z,4 aA Pes +19z, —5z, +Z3) 


=1.6757705 + (0.2/24)[9(—0.2099108) + 19(-0.2503098) — 5(-0.3045854) + (-0.3805066)] 
=1,6299149 


y's =Z5 = 1.6299149 


» _ XsZ5— Ys _ 2.0(1.6299149) —5.7798739 _ 


z : : 0.2100037 
3x? 3(2.0) 


See Table 20-6. 


Table 20-6 


Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: 3x°y” — xy’ + y=0; y(1) =4, y(1) =2 


True solution 
Yn ba Yigieatan 


4.0000000 2.0000000 4.0000000 


4.3879715 1.8855447 4.3879757 


4.7560600 1.7990579 4.7560668 


— — 5.1088123 1.7309980 5.1088213 


5.4490260 1.6767876 54493982 1.6757705 5.4493212 


5.7796793 1.6303746 5.7798739 1.6299149 5.7797632 
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20.11. Use the Adams—Bashforth—Moulton method to solve y” — y=.x; y(0) =0, y((0) = 1 on the interval [0, 1] 
with h=0.1. 


It follows from Problem 20.1 that f(x, y, z) =z and g(x, y, z) =y +x and from Table 20-3 that 


Xo = 0 Yo = 0 Zo = 1 
x,=01 y, = 0.1003333 z = 1.0100083 
%y=02 yo = 0.2026717 zz = 1.0401335 


x3= 03 y3_ = 0.3090401 z3 = 1.0906769 


Using (20.6), we compute 
Yo= M=1 yy =z = 1.0100083 
Vn = Z = 1.0401335 y’3 = z3 = 1.0906769 
Zo =Yo +X =0+0=0 


z/, =y, +x; =0.1003333 + 0.1 =0.2003333 


z/y =) +X) =0.2026717 + 0.2 = 0.4026717 


2/3 =y3 +X3 =0.3090401 + 0.3 =0.6090401 


Then using (20.5), we compute 


n=3: x4=04 


h , , Fs fd 
PY, =Y3 + 74 (S5y; —59y, + 37y, -—9y¥) 
= 0.3090401 + (0.1/24)[55(1 .0906769) — 59(1.0401335) + 37(1 .0100083) — 9(1)] 
=0.4214970 


h - f , , 
P24 = 23 + a (55z, —59z, +37z, —92z)) 


= 1.0906769 + (0.1/24)[55(0.609040 1) — 59(0.4026717) + 37(0.2003333) — 9(0)] 
=1.1621432 


Py’4 = pz4 = 1.1621432 


pz'4 =pya4 + x4 =0.4214970 + 0.4 =0.8214970 


h , , , , 
V4 = 93 + 54 OP + 19y, —5y, + y,) 
=0.3090401 + (0.1/24)[9(1.1621432) + 19(1.0906769) — 5(1.0401335) + 1.0100083] 
=0.4215046 
h , , - , 
Z4 =2Z3 + 54 OPE +19z, —5z, —Z) 


=1.0906769 + (0.1/24)[9(0.8214970) + 19(0.6090401) — 5(0.4026717) + (0.2003333)] 
=1.1621445 


yg = 24 = 1.1621445 


24 =y4tx4=0.4215046 + 0.4 =0.8215046 


CHAP. 20] SOLVING SECOND-ORDER DIFFERENTIAL EQUATIONS 207 


Continuing in this manner, we generate Table 20-7. 


Table 20-7 


Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y”’ — y=.x; y(0)=0, y()=1 


True solution 


Yn Zn Y(x) =e*—e*-x 


0.0000000 1.0000000 0.0000000 


0.1003333 1.0100083 0.1003335 


0.2026717 1.0401335 0.2026720 


— — 0.3090401 1.0906769 0.3090406 


0.4214970 1.1621432 | 0.4215046 1.1621445 0.4215047 


0.5421832 1.2552496 | 0.5421910 1.2552516 0.5421906 


0.6733000 1.3709273 | 0.6733080 1.3709301 0.6733072 


0.8171604 1.5103342 | 0.8171687 1.5103378 0.8171674 


0.9762050 1.6748654 | 0.9762138 1.6748699 0.9762120 


1.1530265 1.8661677 1.1530358 1.8661731 1.1530335 


1.3503954 | 2.0861557 1.3504053 2.0861620 1.3504024 


20.12. Formulate the Adams—Bashforth-Moulton method for System (20.2). 
I rs , , , 
predictors: Pn =), = 54 (55% —S9Y,-1 + 37Yp—2 — Yn -3) 


h , , , , 
Ply ay FZ, + oe — 59z + 37Z,,-9 = 9z,,-3) 


n-1 


h , if , , 
PW. =W, + aoe 59w,_, +37w,_, —9w,_;) 


h , , , , 
correctors: Ynsi =n Fg Pyne t19y, —5Y,-1 + Y,-2) 


h , # ¥ 
Zna1 = Zt 54 OP Ent +192, —5z,_1 + 2-2) 


h , , , , 
Wisi =W, Ft 5g OP Wns + 19w, — 5w,,_) +W,,_2) 


20.13. Formulate Milne’s method for System (20.1). 


; 4h, , 
predictors: P¥ns1 =In-3 FZ (2y,, —Yn-1 +22) 


4h, 4 , 
PZ a1 = <y-3 Pa Thy + 22,9) 
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h , , , 
correctors: Yn+t =Va-a t 3 (PYns1 +4y, + Yn) 


h , , , 
Snt1 > <n-1 Fy Pens +4z, + 2,1) 


20.14. Use Milne’s method to solve y” — y =x; y(0) =0, y(0) = 1 on the interval [0, 1] with h =0.1. 


All starting values and their derivatives are identical to those given in Problem 20.11. Using the formulas given 
in Problem 20.13, we compute 


4h , , 7 
n=3: Bis Moe Ola Ya ON) 


=0+ 


— [2(1.0906769) —1.0401335 + 2(1.0100083)] 


=0.4214983 


4h op an 
P24 = 2 + 3% —Z, +2z,) 
4(0.1) 
=1+ 3 12(0.6090401) — 0.4026717 + 2(0.2003333)] 
=1.1621433 
PY’ 4 = p24 = 1.1621433 


D2 4 = Py4 + X4 = 04214983 + 0.4 =0.8214983 


h r , , 
Ya oF 3 (PY t4y, ty) 
=0.2026717 + [1.162143 + 4( .0906767) + 1.0401335] 


=0.4215045 
h , , , 
24 $2, + 3 (Pe +4z, +2) 
=1.0401335+ “10.82 14983 + 4(0.6090401) + 0.4026717] 
=1.1621445 


n=4: Va=u= 1.1621445 


24 =Y4 +X4=0.4215045 + 0.4 =0.8215045 
4h, , , 
PY; =y, + —y Ns —y3 +2y,) 


4(0.1) 
3 


=0.1003333 + 


(2(1.1621445) — 1.0906769 + 2(1.0401335) 


=0.5421838 


4h , , , 
Pls =% + = 2 —% +2z,) 


4(0.1) 
3 


=1.0100083 + [2(0.8215045) — 0.6090401 + 2(0.4026717)] 


=1.2552500 


py’s =pzs = 1.2552500 
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p2's = pys + Xs = 0.5421838 + 0.5 = 1.0421838 


h , y , 
Ys =Y3 + 3 (pys +494 + Y3) 


=0.3090401 + “1 2552500 + 4(1.1621445) + 1.0906769] 


=0.5421903 


h , , # 
Z5 =%3 + 3 Pes +42, +25) 


=1.0906769 + a 0421838 + 4(0.8215045) + 0.6090401] 


=1.2552517 


Continuing in this manner, we generate Table 20-8. 


Table 20-8 


Method: MILNE’S METHOD 


Problem: y”’ — y=x; y(0) =0, y'(0) = 1 


Zn 


True solution 
Y(x) =e -—e*-x 


0.0000000 


1.0000000 


0.0000000 


0.1003333 


1.0100083 


0.1003335 


0.2026717 


1.0401335 


0.2026720 


0.3090401 


1.0906769 


0.3090406 


0.4214983 1.1621433 


0.4215045 


1.1621445 


0.4215047 


0.5421838 1.2552500 


0.5421903 


1.2552517 


0.5421906 


0.6733000 1.3709276 


0.6733071 


1.3709300 


0.6733072 


0.8171597 1.5103347 


0.8171671 


1.5103376 


0.8171674 


0.9762043 1.6748655 


0.9762120 


1.6748693 


0.9762120 


1.1530250 1.8661678 


1.1530332 


1.8661723 


1.1530335 


1.3503938 | 2.0861552 


1.3504024 


2.0861606 


Supplementary Problems 


20.15. Reduce the initial-value problem y” + y = 0; y(0) 


1.3504024 


1, y'(0) =0 to System (20.1). 


20.16. Reduce the initial-value problem y” — y =x; y(0) =0, y(0) =—1 to System (20.1). 


209 
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20.17. 
20.18. 
20.19. 
20.20. 
20.21. 


20.22. 


20.23. 


20.24. 


20.25. 


20.26. 


20.27. 
20.28. 
20.29. 
20.30. 
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Reduce the initial-value problem 2yy” — 4xy’y’ + 2(sin x)y* = 6; y(1) =0, y'(1) = 15 to System (20.1). 
Reduce the initial-value problem xy” — x? y’ + (y’)°y =0; y(0) = 1, yO) = 2, yO) =3 to System (20.2). 


Use Euler’s method with h =0.1 to solve the initial-value problem given in Problem 20.15 on the interval [0, 1]. 
Use Euler’s method with h =0.1 to solve the initial-value problem given in Problem 20.16 on the interval [0, 1]. 


Use the Runge-Kutta method with h = 0.1 to solve the initial-value problem given in Problem 20.15 on the interval 
(0, 1]. 

Use the Runge-Kutta method with h = 0.1 to solve the initial-value problem given in Problem 20.16 on the interval 
(0, 1]. 

Use the Adams—Bashforth—Moulton method with h = 0.1 to solve the initial-value problem given in Problem 20.2 
on the interval [0, 1]. Obtain appropriate starting values from Table 20-4. 


Use the Adams—Bashforth—Moulton method with h = 0.1 to solve the initial-value problem given in Problem 20.15 
on the interval [0, 1]. 


Use the Adams—Bashforth—Moulton method with h = 0.1 to solve the initial-value problem given in Problem 20.16 
on the interval [0, 1]. 


Use Milne’s method with h =0.1 to solve the initial-value problem given in Problem 20.2 on the interval [0, 1]. 
Obtain appropriate starting values from Table 20-4. 


Use Milne’s method with h = 0.1 to solve the initial-value problem given in Problem 20.15 on the interval [0, 1]. 
Formulate the modified Euler’s method for System (20.1). 

Formulate the Runge-Kutta method for System (20.2). 

Formulate Milne’s method for System (20.2). 


The Laplace 
Transform 


DEFINITION 


Let f(x) be defined for 0 < x < o and let s denote an arbitrary real variable. The Laplace transform of f(x), 
designated by either £{f(x)} or F(s), is 


Lf(x)}=F(s) = [ef dx (21.1) 
for all values of s for which the improper integral converges. Convergence occurs when the limit 


lim Le finds 12) 


exists. If this limit does not exist, the improper integral diverges and f(x) has no Laplace transform. When evaluating 
the integral in Eq. (2/./), the variable s is treated as a constant because the integration is with respect to x. 

The Laplace transforms for a number of elementary functions are calculated in Problems 21.4 through 21.8; 
additional transforms are given in the Appendix. 


PROPERTIES OF LAPLACE TRANSFORMS 


Property 21.1. (Linearity.) If £{f(x)} = F(s) and L{g(x)} = G(s), then for any two constants c; and c, 


LA f(x) + crg(x)} = CLL F)} + CoL{g(x)} = ci F(s) + crG(s) (21.3) 
Property 21.2. If L£{f(x)} = F(s), then for any constant a 
L{e“ f(x)} = F(s — a) (21.4) 


Property 21.3. If L{f(x)} = F(s), then for any positive integer n 


n 


Px" fooy=(-y" 4 


F 
as [F(s)] (21.5) 


Property 21.4. If £{f(x)} = F(s) and if lim fH) exists, then 
sz x 


x>0 
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| feo} = J “F(t) dt 
x s 
Property 21.5. If £{f(x)} = F(s), then 
x 1 
£ dt}=—-F 
{f, £0 a}=—Fo) 
Property 21.6. If f(x) is periodic with period @, that is, f(x + @) =f(x), then 


lig e™ f(x) dx 


0 
l-e®™ 


L{f(~)}= 


FUNCTIONS OF OTHER INDEPENDENT VARIABLES 


(CHAP. 21 


(21.6) 


(21.7) 


(21.8) 


For consistency only, the definition of the Laplace transform and its properties, Eqs. (2/./) through (21.8), 
are presented for functions of x. They are equally applicable for functions of any independent variable and 
are generated by replacing the variable x in the above equations by any variable of interest. In particular, the 


counterpart of Eq. (2/./) for the Laplace transform of a function of f is 


Af O}=F(s)= |e" fat 


Solved Problems 


21.1. Determine whether the improper integral [sax converges. 
2x 


Since 


the improper integral converges to the value e 


21.2. Determine whether the improper integral [ota converges. 
x 
Since 


R 
lin “2 dx = lim init =lim(in R=1n9) Soo 
R50 d9 x Roo 9 Roo 


the improper integral diverges. 


21.3. Determine those values of s for which the improper integral [eax converges. 


For s=0, 


oe 6a: R R 
I e“dx = i e OO dy = lim | (1) dx =lim x | =lim R= 
0 — 300 J) Roe |g Reco 


0 R 
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hence, the integral diverges. For s #0, 


[eta =lim [ e“dx =lim - te| 
0 Roo Ss bs 


Roo J0 


I 
° 


Roel AS: Ss 


=lim Ge + :) 
when s <0,—sR > 0; hence, the limit is © and the integral diverges. When s > 0, —sR < 0; hence, the limit is 1/s and 


the integral converges. 


Find the Laplace transform of f(x) = 1. 


214. 
Using Eq. (21.1) and the results of Problem 21.3, we have 
F(s)= Lh = J ee (ldx= 1 Gores) 
S 
(See also entry 1 in the Appendix.) 
21.5. Find the Laplace transform of f(x) = 2°. 


Using Eq. (2/./) and integration by parts twice, we find that 
= 2 = —x 2 -1: R 2 3x 
F(s)=L{x }= [Ve x°dx=lim |, x°e dx 


2 x= R 
XT sx 2x os a 


=lim 
x=0 


=lim 
Reco 


2 
R? non 2R se pens | 
Ss Ss ‘ 


For s <0, limpr_,.. [- (R2/s)e~ °®] = &6, and the improper integral diverges. For s > 0, it follows from repeated use of 


L’Hopital’s rule that 
; R? 2) ,. (—-R’\ |. (-2R 
in| ; e in| sor lim Zo 


Rove 


Hm et \atin( Er Je in| ef 
Reco Ss Roo se R-eco se 


Also, limp_,.. [— (2/s*)e**] =0 directly; hence, the integral converges, and F(s) = 2/s°. For the special case s = 0, we have 
3 


ge 2 = _ 50) 2 , Ro : 
e“x'dx=| e°’x'dx=lim | x°dx =lim—=00 
0 0 R40 R30 3 


Finally, combining all cases, we obtain L{x7} = 2/s°, s > 0. (See also entry 3 in the Appendix.) 


21.6. Find fe}. 
Using Eq. (2/./), we obtain 
= axy sx ax a e (a-s)x 
F(s) = L{e t=["e e dx =lim |e dx 


 x=R = 
. ete : et s)R -1 
=lim =lim 
Ropes a-s 


x=0 


a (for s >a) 


S-a 


Note that when s < a, the improper integral diverges. (See also entry 7 in the Appendix.) 


214 THE LAPLACE TRANSFORM 
21.7. Find L{sin ax}. 
Using Eq. (2/./) and integration by parts twice, we obtain 


heal ay} . R —sr . 
L{sin ax} =| e“sinaxdx = lim} e™ sinax dx 
0 Rox d0 


: . aoe x=R 
. |-se™ sinax ae™ cosax 
= lim 2 2 2 2 
Roe sta sta hoe 
ask) 3 —sR 
: —sesinaR _ae™cosaR | a 
= lim 2 2 2 2 ry 2 
Rave sta gS +a gS +a 


a4 ~ (for s>0) 
+ 


(See also entry 8 in the Appendix.) 


e x<2 


21.8. Find the Laplace transform of f(x) = : 
3 x>2 


2 
0 


Lf (x)} = i eo f(x) dx = I eetdx + ie e" (3) dx 


x=2 


2 (l=s)x : R = sx ee : 
=| e "dx +3lim| e“dx= ——lime 
0 Roo d2 l-s g Roe 
20-5) -2(s-1) 
e 32 2 oy, 1l- 
- lim[e —e*"]= + 
l-s 1l-s_ sk s-l 


21.9. Find the Laplace transform of the function graphed in Fig. 21-1. 


#@) -l1 x<4 
x)= 
1 x>4 
f(x) 
1 —_—_—_—__ 


Fig. 21-1 


| 
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oo 4. oo 
Lf (x)}= i e™ f(x)dx = i e™ (Idx + i, e™(l)dx 


e™ ea . R ee 
= +lim | e “dx 
Ss o Roo d4 
v= 
4s 
e 1. f-1_ 1, 
= + lim et ace 
S gs Roel gs Ss 
2e* 1 
= —-— (for s>0) 
RY Ss 


21.10. Find the Laplace transform of f(x) = 3 + 2x”. 


Using Property 21.1 with the results of Problems 21.4 and 21.5, or alternatively, entries 1 and 3 (n = 3) of the 
Appendix, we have 


F(s) = £3 + 2x7} =3 Lf} + 2Lfx7} 
1 2\)3 4 


21.11. Find the Laplace transform of f(x) =5 sin 3x — 17e*. 


Using Property 21.1 with the results of Problems 21.6 (a = —2) and 21.7 (a =3), or alternatively, entries 7 and 8 
of the Appendix, we have 


F(s) = £{5sin3x —17e*"} = 5 L{sin 3x} — 17 Lfe*"} 


“(= = |-nf 1 } 15 17 
s* +(3) s—(-2)} s?+9 s+2 


21.12. Find the Laplace transform of f(x) = 2 sin x +3 cos 2x. 
Using Property 21.1 with entries 8 (a = 1) and 9 (a = 2) of the Appendix, we have 


F(s) = £{2sin x + 3cos2x} = 2L{sin x} + 3L{cos 2x} 
=) 1 3 = _ = a 
s +1 s +4 gs'4+1 gs +4 


21.13. Find the Laplace transform of f(x) = 2x? — 3x +4. 
Using Property 21.1 repeatedly with entries 1,2, and 3 (n = 3) of the Appendix, we have 


F(s) = Lf2x° —3x + 4$=2P0073}-3Lfx} + 4 £0} 


Ss So Ss Ss Ss” Ss 


21.14. Find Lf{xe*}. 


This problem can be done three ways. 
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(a) Using entry 14 of the Appendix with n = 2 and a=4, we have directly that 


1 


4xy _ 
L{xe"} = Ga4yp 


(b) Set f(x) =x. Using Property 21.2 with a =4 and entry 2 of the Appendix, we have 


F(s)= Lf} = La} = “: 
and Lfe"x} = F(s —4) = =a 


(c) Set f@)= e*, Using Property 21.3 with n = 1 and the results of Problem 21.6, or alternatively, entry 7 of the 
Appendix with a = 4, we find that 


F(s)= Lf }= He"}= 
s-4 
d 1 1 
d f. 4xy _ _—F’ _ 7 
- mes _ é() (s—4)° 


21.15. Find £fe* sin 5x}. 


This problem can be done two ways. 


(a) Using entry 15 of the Appendix with b = —2 and a =5, we have directly that 


5 _ 5 
[s—(-2)P +659 (8 +2)? +25 


Pfe** sin 5x} = 


(b) Set f(x) = sin 5x. Using Property 21.2 with a = —2 and the results of Problem 21.7, or alternatively, entry 8 of 
the Appendix with a=5, we have 


: 5 
F(s)= L{f (x) = L{sin 5.x} = Jane 
20% _ fe = = ae 
and L{e-™ sin 5x} = F(s —(— 2)) = F(s + 2) (42) 425 


21.16. Find L{xcos 7x}. 


This problem can be done two ways. 
(a) Using entry 13 of the Appendix with a= V7, we have directly that 


s-(J7y _ 9-7 


£ Tx}= 
roo NE OT 


(b) Set f(x) =cos V7x. Using Property 21.3 with n= 1 and entry 9 of the Appendix with a= aT we have 


S 


F(s) = £{cos V7x} = ——— = 
Ooo) s4(V7P 8? +7 
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2 
and L{xcosV7x} = Al . } ey 


ds\s°+7]} (s°+7) 


21.17. Find £{e™ x cos 2x}. 
Let f(x) =x cos 2x. From entry 13 of the Appendix with a = 2, we obtain 
2 
-4 
F()= 
(s° +4) 


Then, from Property 21.2 with a=-1, 


(s+1) -4 


PECRR ONDE HNO eg + 4p 


21.18. Find L{x77}. 
Define f(x) = Vx. Then x7? =x? Vx = x° f(x) and, from entry 4 of the Appendix, we obtain 


F(s) = LEf(x)} = Lx} = ; jas? 


It now follows from Property 21.3 with n = 3 that 


so y= 9 (io? |= BE Va 
5° 


16 


which agrees with entry 6 of the Appendix forn =4. 


21.19. Find st} a“ =I, 
x 


Taking f(x) = sin 3x, we find from entry 8 of the Appendix with a = 3 that 


3 
r+9 


F(s)= or F(t)= 


so + 
Then, using Property 21.4, we obtain 


send) E atiny dt 


x 


‘ t 
= lim arctan — 
Reco 


: R KY 
= lim] arctan — — arctan — 
3 3 


Reo 


1 S 
=— — arctan — 
2 3 


21.20. Find 4 sinh 2 ar}, 


Taking f(t) = sinh 2t, we have f(x) = sinh 2x. It now follows from entry 10 of the Appendix with a =2 that 
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F(s) = 2/(s* — 4), and then, from Property 21.5 that 


e{ {sinh 2¢ ar} =* an eae 
0 s{s°-4 ] s(s° -4) 


21.21. Prove that if f(x + @) =— f(x), then 


fre" r@ax 


Lf (x)} = — (J) 
lt+e 


Since 


f(x +20) =f[@ + @) + o] =-f(x + @ =- [-f@]=f@ 


f(x) is periodic with period 2@. Then, using Property 21.6 with w replaced by 2a, we have 


20 - o =e 20 etnies 
cro {i f(x i eo f(x)dx + [ eo f(x)dx 
LfQ)}= 95 — a es 


Substituting y =x — @ into the second integral, we find that 


20 ee ® _sy+o -os [° —sy : 
[ret s@ ds = [Pe Fy + ody =e |e [-F ON dy 
=-e [ef )dy 
The last integral, upon changing the dummy variable of integration back to x, equals 
-e J, ef (x)dx 


(=e) [Pe fond 


Thus, LEf (x) P= =r 
l-e~* 
A -e [Pe fdde few flxdx 
(l-e“)d+e) l+e” 


A(x) 


Fig. 21-2 
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21.22. Find £{ f(x)} for the square wave shown in Fig. 21-2. 


This problem can be done two ways. 


(a) Note that f(x) is periodic with period @ = 2, and in the interval 0 <x <2 it can be defined analytically by 


1 O0<x<l 
-1l 1l<xs2 


roe| 
From Eq. (2/.8), we have 


[ew sdx 
Ff (x)}= tee 


eo 


fer raars fe War + [e"(-Nax 
1 


ale 26 +1) =1(e* - 1)? 
S Ss 


Since 


it follows that 


(e*-1lP  d-e*y se 
si-e*) s(l-e“)\+e%) s(l+e%) 


el? l-e” el? ~¢e@ il? 1 5 
=| —sP sy |= te = — tanh 
e site *)| s(e" +e) s 2 


(b) The square wave f(x) also satisfies the equation f(x + 1) =— f(x). Thus, using (/) of Problem 21.21 with @=1, 
we obtain 


F(s)= 


te fade fe"@ax 


L{f (x)}=2 = = 
l+e lt+e 

_ (d/s)d =e") _l ani Ss 

l+e° Ss 2 


f(x) 


Fig. 21-3 
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21.23. Find the Laplace transform of the function graphed in Fig. 21-3. 


Note that f(x) is periodic with period @= 27, and in the interval 0 < x < 27 it can be defined analytically by 


#Q) Bs O<sx<a 
x)= 

20 -x MSx<20 
From Eq. (2/.8), we have 


* 6 F(x) dx 
Af (x)}= pes 


P Qn To an 
Since i e f(x)dx = if ex dxt+ ii e “(2m —x)dx 
1 21s ns 1 -ms 2 
=z(e™ -2e" +D= se" -1) 
s- Ss 


it follows that 
(l/s*e™ -1yP _ d/s*ye™ -1) 
l-e* (d-e™)i+e™) 


1fl-e”™ 1 1s 
=3 =x: |= a tanh 
s|l+e Ss 2 


L{f (a= 


21.24. Find afer f tes sin 3¢ ar. 


Using Eq. (27.4) with a =— 4 on the results of Problem 21.19, we obtain 


1 as +4 
of te" sin sx} ae arctan : 
x 2 


It now follows from Eq. (21.7) that 


s+4 


A fee sin3t dt} = A eta 
of 2s 8 


and then from Property 21.3 with n= 1, 


A xf'te* sin 3t dt }= as E arctan © 4 3 ; 
of 2s" s 3 s[9+(s+4)7] 


Finally, using Eq. (21.4) with a = 4, we conclude that the required transform is 


a 1 
2%(s—4) (s—4) 


~ arctan + z r 
3 (s—4)(s° +9) 


21.25. Find the Laplace transforms at (a) t, (b) e“, and (c) sin at, where a denotes a constant. 


Using entries 2, 7, and 8 of the Appendix with x replaced by ¢, we find the Laplace transforms to be, 
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respectively, 


a 


(@) LH=— ) Le =—-— (| Lsinat= 


RY s-a Sta 


21.26. Find the Laplace transforms of (a) 07, (b) cos a@, (c) e”® sin a@, where a and b denote constants. 


Using entries 3 (with n = 3), 9, and 15 of the Appendix with x replaced by 0, we find the Laplace transforms 
to be, respectively. 


Ss a 


(s-bY +a 


248 (c) Le” sinab}= 


(a) £0} =5 (b) L{cosab}= 


Supplementary Problems 


In Problems 21.27 and 21.42, find the Laplace transforms of the given function using Eq. (2/./). 


21.27. f(x) =3 21.28. f(x) =V5 
21.29. f(x) =e 21.30. f(xy=e® 
21.31. f(x) =x 21.32. f(x) =- 8x 
21.33. f(x) =cos 3x 21.34. f(x) =cos 4x 
21.35. f(x) =cos bx, where b denotes a constant 21.36. f(x) =xe ® 
21.37. f(x) =xe?*, where b denotes a constant 21.38. fiy=x 
1 O<x<l 
21.39. f(x)= ‘ . - i. 21.40. f(x) = : I< : . 
21.41. f(x) in Fig. 21-4 21.42. f(x) in Fig. 21-5 


In Problems 21.43 through 21.76, use the Appendix and Properties 21.1 through 21.6, where appropriate, to find the Laplace 
transforms of the given functions. 


f(x) 


Fig. 21-4 
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21.43 


21.45 


21.47 


21.49 


21.51 


21.53. 


21.55 


21.57. 


21.59. 
21.61. 
21.63. 
21.65. 
21.67. 
21.69. 


21.71. 


21.73. 


21.75. 


fx) =x! 
fx) =e 


soy=ze"" 


f@W= 2sin? 3x 


ae 
. | 


f(x)=- : Vx 
F(x) =e" sin 2x 
f(x) = e* cos 2x 
f(x) s ex 
fwM=e 2* sin2x 
5e* + Te* 
f@=3- 4x2 
F(x) =2 cos 3x — sin 3x 


2x? e~* cosh x 
vxe™ 


x 3r 
i e cost dt 


f(x) in Fig. 21-7 


fix) 
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Fig. 21-5 


21.44. 


21.46. 


21.48. 


21.50. 


21.52. 


21.54, 
21.56. 
21.58. 


21.60. 
21.62. 
21.64. 
21.66. 
21.68. 
21.70. 


21.72. 


21.74, 


21.76. 


F(x) =x cos 3x 


1 
ae 


fase" 


fx) =8e™ 


f(x) =-— cos V19x 

FQ) =e™ sin 2x 

Ff) =e~ cos 2x 

f(x) = e** cos 5x 
fase vx 

x9 +3 cos 2x 

f@) =24+3x 

f(x) = 2x +5 sin 3x 
2x? cosh x 


x? sin 4x 


fe sinh t dt 


f(x) in Fig. 21-6 


f(x) in Fig. 21-8 
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Sx) 


Fig. 21-6 


f(x) 


Fig. 21-7 


fx) 


Fig. 21-8 


Inverse Laplace 
Transforms 


DEFINITION 


An inverse Laplace transform of F(s), designated by £-'{F(s)}, is another function f(x) having the property 
that L{ f(x)} = F(s). This presumes that the independent variable of interest is x. If the independent variable of 
interest is ¢ instead, then an inverse Laplace transform of F(s) is f(t) where L{ f(t)} = F(s). 

The simplest technique for identifying inverse Laplace transforms is to recognize them, either from mem- 
ory or from a table such as the Appendix (see Problems 22.1 through 22.3). If F(s) is not in a recognizable form, 
then occasionally it can be transformed into such a form by algebraic manipulation. Observe from the Appendix 
that almost all Laplace transforms are quotients. The recommended procedure is to first convert the denominator 
to a form that appears in the Appendix and then the numerator. 


MANIPULATING DENOMINATORS 


The method of completing the square converts a quadratic polynomial into the sum of squares, a form that 
appears in many of the denominators in the Appendix. In particular, for the quadratic as? + bs + c, where a, b, 
and c denote constants, 


b 
as’ +bs+c=als’ +—s |+c 


=a(st+ky +h? 


where k = b/2a and h =./c — (b’/4a). (See Problems 22.8 through 22.10.) 

The method of partial fractions transforms a function of the form a(s)/b(s), where both a(s) and b(s) are 
polynomials in s, into the sum of other fractions such that the denominator of each new fraction is either a first- 
degree or a quadratic polynomial raised to some power. The method requires only that (1) the degree of a(s) be 
less than the degree of b(s) (if this is not the case, first perform long division, and consider the remainder term) 
and (2) b(s) be factored into the product of distinct linear and quadratic polynomials raised to various powers. 
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The method is carried out as follows. To each factor of b(s) of the form (s — a)”, assign a sum of m frac- 
tions, of the form 


+ fees 
s-a (s-ay (s—a)” 


To each factor of b(s) of the form (s? + bs +c)”, assign a sum of p fractions, of the form 


Bs+C, B,s+C, B,s+C, 
t ra seep 
s+tbste (s°+bs+cy (s°+bs +c)’ 


Here, A,, Bi, and C, (i= 1, 2,...,m; j,k =1, 2,..., p) are constants which still must be determined. 

Set the original fraction a(s)/b(s) equal to the sum of the new fractions just constructed. Clear the resulting 
equation of fractions and then equate coefficients of like powers of s, thereby obtaining a set of simultaneous 
linear equations in the unknown constants A,, B;, and C,. Finally, solve these equations for A;, B;, and C;. (See 


Problems 22.11 through 22.14.) 


MANIPULATING NUMERA TORS 


A factor s—a in the numerators may be written in terms of the factor s—b, where both a and b are 
constants, through the identity s—a=(s — b) + (b—a). The multiplicative constant a in the numerator may be 
written explicitly in terms of the multiplicative constant b through the identity 


a 
a= 0) 


Both identities generate recognizable inverse Laplace transforms when they are combined with: 


Property 22.1. (Linearity.) If the inverse Laplace transforms of two functions F(s) and G(s) exist, then for 
any constants c, and c), 


L"{c F(s) + CG(s)} =, Lf F(s)} + OL "{G(s)} 


(See Problems 22.4 through 22.7.) 


Solved Problems 


22.1. Find £7! ‘4h. 


Ss 
Here, F(s) = 1/s. From either Problem 21.4 or entry 1 of the Appendix, we have £{1} = 1/s. Therefore, 
L141 /s}=1. 


22.2. Find ¢" ih 
s-8 


From either Problem 21.6 or entry 7 of the Appendix with a = 8, we have 


1 
s- 


ig t= 


oo 


Therefore, fF! ial =e" 
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22.3. Find 2) = i 
s° +6 


From entry 9 of the Appendix with a= V6 , we have 


L{cos V6 x} = a z= 
s° +(V6) 


Therefore, #| = +} =cosV6 x 


(s° +1) 


The given function is similar in form to entry 12 of the Appendix. The denominators become identical if we 
take a = 1. Manipulating the numerator of the given function and using Property 22.1, we obtain 


oe f a, jes fee |- so" f aH j= Sosna 
So+ So+ so+ 


22.4. Find ¢"! | 


sJd 
22.5. Find £ ina 


The given function is similar in form to entry 5 of the Appendix. Their denominators are identical; manipulating 
the numerator of the given function and using Property 22.1, we obtain 


og ee ee, ge ee ee ee 
" eh . (We ‘| a {| Ge 


22.6. Find cal aa ; 
s—9 


The denominator of this function is identical to the denominator of entries 10 and 11 of the Appendix with 
a=3. Using Property 22.1 followed by a simple algebraic manipulation, we obtain 


o| ae jaz ae an = |acosn se" - —— 
s'-9 s -9 s -9 3\ 5° —(@) 


=cosh 3x4 lp > 2 > egiei 34 WANs 
3 s° —(3) 3 


22.7. Find 1 
(s—2)°+9 


The denominator of this function is identical to the denominators of entries 15 and 16 of the Appendix with 
a=3 and b=2. Both the given function and entry 16 have the variable s in their numerators, so they are the most 
closely matched. Manipulating the numerator of the given function and using Property 22.1, we obtain 


+ rao feta} festal lesa 
(s—2/ +9 (s—-2)/ +9 (s—2) +9 (s—2/ +9 


=e" cos3e+ "| 2 | ae cs aaa : - 
(s—2)° +9 3\(s-2) +9 


3 
(s-2)' +9 


=e" cos3x+ : x Jae cos arte sin 3x 
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22.8. 


22.9. 


22.10. 
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Find f=} 
so -2s+9 


No function of this form appears in the Appendix. But, by completing the square, we obtain 
2 
s? —25 +9 =(s? —25+1)+(9-1)=(s—1)? +(V8) 
Hence, : ! = 1 ; -( | v8 > 
82849 (say (V8) WB Jis—1? +(v8) 


Then, using Property 22.1 and entry 15 of the Appendix with a= J8 and b = 1, we find that 


2 - : \. : £! v8 p= : e* sinv8x 
gs —2s+9 V8 (s—1)° +(V8) V8 


Ti ap eee 
s +4s5+8 


No function of this form appears in the Appendix. Completing the square in the denominator, we have 
3° +49 +8=(s° + 45+4) + (8-4) =(9 +2)? + (2) 
st4 s+4 


Hence, ” > 5 
s+4s+8 (s+2) 4+(2) 


This expression also is not found in the Appendix. However, if we rewrite the numerator as s +4 =(s +2) +2 and 
then decompose the fraction, we have 


s+4 st+2 2 
) = 2 zt 2 2 
so+4s+8 (s+2)°4+(2) (s8+2)°+(2) 


Then, from entries 15 and 16 of the Appendix, 


| s+4 lex st+2 ea 2, 
sy +4548 (s +2) +(2) (s+2) +(2) 


2 


=e“ cos2x+e>* sin2x 


pg et 
s —3s+4 


No function of this form appears in the Appendix. Completing the square in the denominator, we obtain 


passste(o-ared)e(s-2} (6-3) [4] 


s+2 s+2 


a ae) 


so that 


We now rewrite the numerator as 


. 
so that = = 2 7 
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22.11. 


22.12. 
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Then, 
sa a v7 
= s+2 . 2 = 2 
Lf | , jaw 1 2 +J7£ 1 2: 
gs —3s+4 3 V7 3 2 JT 
s—= | +/— — =} +/— 
2 2 2 2 
=e cos v7, +V7e°™ sin a 
2 2 
Use a partial function to decompose 


(s+1)(s? +1) — 


To the linear factor s + 1, we associate the fraction A/(s + 1); whereas to the quadratic factor s? + 1, we associ- 
ate the fraction (Bs + C)/(s* + 1). We then set 


1 _A Bs+C (1) 
(sts? +1) s41 s?41 


Clearing fractions, we obtain 


1 =A(s? + 1) + (Bs +C) (s +1) (2) 
or s°(0) + 5(0) +1 =57(A+B)+s(B+C)+(A+C) 


Equating coefficients of like powers of s, we conclude that A+B=0,B+C=0, and A+ C=1. The solution of 
this set of equations is A = ss B= 5, and C= 5. Substituting these values into (/), we obtain the partial-fractions 
decomposition 


1 2 apes 


(s+I(s° +1) stl s?4l 


The following is an alternative procedure for finding the constants A, B, and C in (/). Since (2) must hold for 

all s, it must in particular hold for s =—1. Substituting this value into (2), we immediately find A = 5. Equation (2) 

must also hold for s = 0. Substituting this value along with A = + into (2), we obtain C = 5. Finally, substituting any 
i 2 


other value of s into (2), we find that B = — 5. 


1 
(s? + 1)(s? +4548) 


Use partial fractions to decompose 


To the quadratic factors s?+1 and s?+4s+8, we associate the fractions (As + B)/(s? +1) and (Cs + D)/ 
(s* +45 +8). We set 


1 _As+B Cs+D 
(s° +18? +45+8) sttl gs? +4548 


() 


and clear fractions to obtain 
1 = (As + B)(s? + 4s + 8) + (Cs + D)(s? + 1) 
or 9°(0) +52(0) +5(0) +1 =8°(A+C)4+5°(4A+B+D)+5(8A+4B+C) +(8B+D) 


Equating coefficients of like powers of s, we obtain A+C =0,44+B+D=0, 8A+4B+C=0, and 8B+D=1. 
The solution of this set of equations is 


CHAP. 


22.13. 


22.14. 


22.15. 
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4 7 4 
S+ S+ 
| 65 65465. 65 


stl sv +4s+8 


Therefore, 


(s? +1)(s? +45 +8) ‘ 


s+3 
(s—2)(s+1)° 


To the linear factors s — 2 and s + 1, we associate, respectively, the fractions A/(s — 2) and B/(s + 1). We set 


Use partial fractions to decompose 


s+3 _ A 
(s—2)(stl) s—2 


B 
stl 


and, upon clearing fractions, obtain 


s+3=A(s + 1) + B(s —2) (/) 


To find A and B, we use the alternative procedure suggested in Problem 22.11. Substituting s =—1 and then s =2 
into (/), we immediately obtain A = 5/3 and B = —2/3. Thus, 


st+3  _ 5/3 
(s—-2\(stl) s—2 


stl 


8 
Use partial fractions to decompose ——,——.-. 
P Pp s(s =9= 2) 
Note that s* — s — 2 factors into (s — 2)(s + 1). To the factor s? = (s —0)°, which is a linear polynomial raised 
to the third power, we associate the sum A,/s + A,/s* + A;/s°. To the linear factors (s — 2) and (s + 1), we associate 
the fractions B/(s — 2) and C/(s + 1). Then 


8 
s(s°-s-2) s gs 5 


or, clearing fractions, 


8 = Ays*(s — 2)(s + 1) + Ans(s — 2)( + 1) + Ax(s — 2)(s +1) + B83(s + 1) + Cs7(s — 2) 


Letting s =—1, 2, and 0, consecutively, we obtain, respectively, C = 8/3, B = 1/3, and A; = —-4. Then choosing s = 1 
and s =—2, and simplifying, we obtain the equations A, + A,=—1 and 2A, — A, =—8, which have the solutions 
A, =-3 and A, = 2. Note that any other two values for s (not —1, 2, or 0) will also do; the resulting equations may 
be different, but the solution will be identical. Finally, 


2 2 2 
ts 


s(ser--s-2) 5 9 5 


3 


1/3 8/3 
co3- 441 


: +3 
Find £7! io} 
(s—2)(s +1) 
No function of this form appears in the Appendix. Using the results of Problem 22.13 and Property 22.1, we 
obtain 
gil__s+3 Jaber 1 2! 1 
(s—2)(s+1) 3 s—2 3 s+ 


a aad 


3 3 
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8 
22.16. Find waa 
s°(s° —s—2) 


No function of this form appears in the Appendix. Using the results of Problem 22.14 and Property 22.1, we obtain 


ae zz |. s'|"beoe{ 2} 
s(s° —s—2) Ss KY 


22.17. Find {| t. 
(s+1)(s* +1) 


Using the result of Problem 22.11, and noting that 


—zstt 1 Ss 1 1 
z = 2: FP 2 
s+] 2\s° +1) 2\s°4+1 


we find that 


¢ i ell gs } Le|_s eae | 
(st+1)(s°+1)J 2 stl 2 s +1) 2 s +1 
1, 1 in 
=—e COS x + sin x 
2 2 2 
. 1 
22.18. Find £°'}— ; 
(s° +1)(s° +4548) 
From Problem 22.12, we have 
4 7 4 9 
—~—s+— —s+— 
| 1 jaw 65 65 + po} 65 65 
(s* +1)(s? +45 +8) stl s°+4s+8 


The first term can be evaluated easily if we note that 


7 
es es 4 
2 = 2 a 2 
s+] 65 Js +1 \65 Js” +1 
To evaluate the second inverse transforms, we must first complete the square in the denominator, 
s? +45 +8 =(s +2)* + (2), and then note that 


4 9 


565 4| s+2 hs | 2 
+4548 65 (542) +2) | 130|(s4+2)? +(2)° 
Therefore, 


"| |. : ef |+ : ef | 
(s? +1)(s* +45 +8) 65 s+1) 65 s+ 


| ra s+2 \. 1 a 2 | 
65. l(s+2y +} 130 [(s+2" +2) 


2 


4 Te “9% Ti ee 
= cosx+4 sinx +—e “ cos2x+——e “ sin2x 
65 65 65 130 
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22.19. Find £1}! _}. 
s(s° +4) 


By the method of partial fractions, we obtain 


1 _1/4, C1/4)s 
s(s'+4) os +4 


Thus, a : jato{i} tsp 
s(s'+4)} 4 sJ 4 


Supplementary Problems 


Find the inverse Laplace transforms, as a function of x, of the following functions: 


290. 2.21. = 
AY Ss 
2399. es 22.23. = 
Ss Ss 
22.24. Ea 22.25. — 
e, s+ 
22.26, 2 2227, 2 
s—2 3s+9 
1 1 
22.28. 22.29, —— 
25-3 (s —2)° 
12 387 
22.30. —~— 22.31. 
(s+5)' (s° +1) 
s 1 
22.32. —=—> 22.33. 
(s* +3) s+4 
a 7 
(s-—2) +9 (stl) +5 
Oe ee ae 237, —— 
“(gs -1P +7 wn Os? 41 
i ee, a he 
s?-29+2 s’+2s+5 
RY s+l1 
22.40. 3 aa74 22.41. eee 
28° 1 
22.42. 22.43. 


(s —1)(s? +1) sl 
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22.44, 


22.46. 


22.48. 


22.50. 


22.52. 


2 


(s° +1)(s -1)° 


—s+6 


3 
S 


124+15Vs 


4 
S 


25-1) 
sv —stl 


1/2 
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22.45. 


22.47. 


22.49. 


22.51. 


2(s-D(s? -s b & 1(s* —s—-1) 


22.53. 


2s—13 


s(s° —45 +13) 


S 


(s° +9) 
s _ i/2)s 
28° +454+5/2 5° +4+254+5/4 
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Convolutions and 
the Unit Step Function 


CONVOLUTIONS 


The convolution of two functions f(x) and g(x) is 
£0) * g(x) =  f(Og(x- Dat (23.1) 
Theorem 23.1. f(x) * g(x) = g(x) * f(x). 
Theorem 23.2. (Convolution theorem.) If L{f(x)} = F(s) and L{g (x)} = G(s), then 
PE F(a) * B(x)} = LL FOL 8 (0)} = F()G(S) 
It follows directly from these two theorems that 


L{F(s) G(s)} =f) * 80) = 8 (@) *fO) (23.2) 


If one of the two convolutions in Eq. (23.2) is simpler to calculate, then that convolution is chosen when 
determining the inverse Laplace transform of a product. 


UNIT STEP FUNCTION 


The unit step function u(x) is defined as 


( x<0 
u(x) = 


1 x20 


As an immediate consequence of the definition, we have for any number c, 


( ) 0 x<c 
u(x-—c)= 
1 x2c 


The graph of u(x — c) is given if Fig. 23-1. 
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u(x—c) 


Fig. 23-1 


Theorem 23.3. L{u(x —c)}= 1 es. 
S 


TRANSLATIONS 
Given a function f(x) defined for x = 0, the function 


x<c 
f(x-c) x2c 


Wx-ofe-0=4 


represents a shift, or translation, of the function f(x) by c units in the positive x-direction. For example, if f(x) 
is given graphically by Fig. 23-2, then u(x — c) f(x — c) is given graphically by Fig. 23-3. 


SQ) u(x—c)f (xc) 
A A 
> xX oe > x 
c 
Fig. 23-2 Fig. 23-3 


Theorem 23.4. If F(s) = L{f(x)}, then 


L{u(x — c) f(x —0)} =e Fis) 


Conversely, 


eae 0 x<c 
L fe“ F(s)} = u(x —c) f(x -c) = 


f(x-c) x2c 


CHAP. 23] CONVOLUTIONS AND THE UNIT STEP FUNCTION 


23.2. 


23.5. 


Solved problems 


Find f(x) « g(x) when f(x) = e** and g(x)= e*, 


Here, f() =e*, g(x-) =e?®, and 


f(x) * g(x) = [emer Pat = J eve*e at 


0 


fe ‘ = gc Ss ‘ 
=e edt =e" [e'] => =e"(e' -1)=e* —e* 


Find g(x) « f(x) for the two functions in Problem 23.1 and verify Theorem 23.1. 


With f(x — f) = &°-9 and g(t) = e”, 


a(x) * f=] Of —Dar= [ee Pat 
=e ih e'dt=e"[-e Vi} 
2x 


=e'(-e* +1) =e" -e 


which, from Problem 23.1 equals f(x) * g(x). 


Find f(x) « g(x) when f(x) =x and g(x) = x. 
Here, f() =t and gx-—H=(% ft) =x? —2xt+?r. Thus, 


f(x) * g(x) = [@ —2xt+1°)dt 
2.32 [* = i) ea 
=% fora 2x] Pdr + [rade 
_ Pe x" Xx 


x° —-2x—+—=—x 
2 3 4 «12 


Find | by convolutions. 


sy —55+6 


Note that 
1 1 1 1 


aT ae ee ee 
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Defining F(s) = 1/(s — 3) and G(s) = 1/(s — 2), we have from the Appendix that f(x) = e** and g(x) = e**. It follows 


from Eq. (23.2) and the results of Problem 23.1 that 


| 1 pape gtayaernet ae 


xs’ —55+6 


6 
Find ca | by convolutions. 


"lei ecnean| leave} 
s-l (s —1)(s +1) (s—-1) (s +1) 


2 
S 


Note that 
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Defining F(s) = 1/(s — 1) and G(s) = 1/(s + 1), we have from the Appendix that f(x) = e* and g(x) =e”. It follows 
from Eq. (23.2) that 


ca 6 | 656 (FUNGI) =e 86" 


- of ee" dt= bef. edt 


=6e7|© = =3e* —3e* 
2 


23.6. Find 2 by convolutions. 


s(s’ +4) 


Note that 
1 1 1 


s(s° +4) ss? +4 


Defining F(s) = 1/s and G(s) = 1/(s* + 4), we have from the Appendix that f(x) = 1 and g(x) = +sin 2x . It now follows 
from Eq. (23.2) that 


1 1 i 
” twa! FUGD}= 80) * FO) 


= { g(t) f(x —fdt = Ila 2t Joa 


1 
=—(l-—cos2x 
a! ) 


See also Problem 22.19. 


1 


(s=1) 


23.7. Find | by convolutions. 


If we define F'(s) = G(s) = 1/(s — 1), then f(x) = g (x) = e* and 


| a = £F(s\G(s)} = fla) * g(x) 
(s—1 


= f f(t)g(x —t)dt = [ecg 


=e"| (ae = xe“ 


23.8. Use the definition of the Laplace transform to find £{u(x — c)} and thereby prove Theorem 23.3. 
It follows directly from Eq. (2/./) that 


Hu(x—o}= J eMule —odx= fe“ Ode + |e" Dar 


oer 
sy : UE fae : e™-e™ 
=|] e“dx=lim]| e”™dx=lim 
c Roode Roo -Ss 


= 1 one (if s > 0) 
Ss 
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23.9. Graph the function f(x) = u(x — 2) — u(x — 3). 


Note that 
0 x<2 0 x<3 
u(x —2)= and u(x—-3)= 
1 x22 1 x23 
0-0=0 x<2 
Thus, f(®) =u(x —- 2) -—u(x —3)=4 1-O=1 28 x<3 
1-1 =0 x23 
the graph of which is given in Fig. 23-4. 
23.10. Graph the function f(x) = 5 — Su(x — 8) for x 2 0. 
Note that 
0 x<8 
Su(x —8) = 
5 x28 
5 x<8 
Thus x) =5—S5u(x —8)= 
I(x) (x -8) tr ise 


The graph of this function when x = 0 is given in Fig. 23-5. 


u(x—2)—u(x-3) SF) 
A A 

6 bese 

5 
4 L. 
3 Ls 
Tek e— Qe 
| l THE 

I 
—— a a eer 
1 2 3 4 5 2 4 


Fig. 23-4 


Fig. 23-5 
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23.11. Use the unit step function to give an analytic representation of the function f(x) graphed in Fig. 23-6. 


Note that f(x) is the function g(x) =x, x 2 0, translated four units in the positive x-direction. Thus, 


F(x) = ux — 4g (x -— 4) = & — A(x —- 4). 


23.12. Use the unit step function to give an analytic description of the function g(x) graphed on the interval 


(0, ©) in Fig. 23-7. If on the subinterval (0, a) the graph is identical to Fig. 23-2. 


Let f(x) represent the function graphed in Fig. 23-2. Then g(x) = f(x)[1 — u@ — a)]. 
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FQ) 
A 
gx) 
A 
Slope=1 r %., 
| 
| | > o—________ >, 
1 2 3 4 5 a 
Fig. 23-6 Fig. 23-7 


0 x<4 


23.13. Find L£{g(x)} if g(x) = : 

{g(a)} if g(x) i ane 

If we define f(x) =x*, then g(x) can be given compactly as g(x) = u(x — 4) f(x — 4) = u(x — 4)(x — 4)”. Then, 
noting that L{f(x)} = F(s) = 2/s? and using Theorem 23.4, we conclude that 


2 
=e 


L{e(x)} = L{u(x — 4)(x — 4)" } =e 


0 «<4 


23.14. Find L£{9(x)} if g(x) -| Sey 
x x2 


We first determine a function f(x) such that f(x — 4) =x’. Once this has been done, g(x) can be written as 
g(x) = u(x — 4)f(x — 4) and Theorem 23.4 can be applied. Now, f(x — 4) = x only if 


fo) =f(xt+ 4-4) = (x +47 =2° + 8x4 16 


8 16 


Since LE (x)} = LO} + SLL} + 16 LY = = i 
Ss Ss” Ss 


it follows that 


Lig(x)} = lux — 4) fla -4}se ( " + = + *) 


23.15. Prove Theorem 23.1. 
Making the substitution T= x — ¢ in the right-hand side of Eq. (23.1), we have 
x 0 
FO) * 8) =f FOg(«—Nat =f fla—Dg(e)-dr) 


=-f' s(fla—nat=' gm f(x-dde 
= g(x) * f(x) 
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23.16. Prove that f(x) « [g(x) +h(x)] =f(x) * o(x) + £0) * h(x). 


FO) *[g0) + A) = f° fOLGx - 1) + A(x — Dat 
= [L/Oaee-) + OAC lat 


= I f(Og(x —t)dt+ I f(h(x -dt 
= f(x) * g(x) + f(x) * h(x) 


23.17. The following equation is called an integral equation of convolution type. 


Assuming that the Laplace transform for y(x) exists, we solve this equation, and the next two examples, 
for y(x). 


yW(x)=x+ fro sin (x —t)dt 


We see that this integral equation can be written as y(x) = x + y(x) « sin x. Taking the Laplace transform & of 
both sides and applying Theorem 23.2, we have 


1 
stl 


Ly} = La} + L{y} L{sin x} = Ea + L{y} ; 
s 
Solving for £{y} yields 
stl 
st 


L{y} = 


3 
This implies that y(x) =x + 2 which is indeed the solution, as can be verified by direct substitution as follows: 


3 


x 3 3: 
vf G pinot avn 


23.18. Use Laplace transforms to solve the integral equation of convolution type: 
y(x) =2- ye dt 
0 


Here, we have y(x) = 2 — y(x) « e*. Continuing as in Problem 23.17, we find that 


25-2 
s 


Ly} = 


which gives y(x) = 2 — 2x as the desired solution. 
23.19. Use Laplace transforms to solve the integral equation of convolution type: 


W(x) = xt fan) dt 


Noting that y(x) =x + 4 « y(x), we find that £{y}= 
the solution. 


6 3 
which gives y(x) = 1+e* —4x —8x’) as 
D g y(x) aD ) 


s( 
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Supplementary Problems 


23.20. Find x « x. 23.21. Find 2 «x. 
23.22. Find 4x « e*. 23.23. Find e* * e*. 
23.24. Find x « e*. 23.25. Find x « xe™. 
23.26. Find 3 « sin 2x. 23.27. Find x « cos x. 


In Problems 23.28 through 23.35, use convolutions to find the inverse Laplace transforms of the given functions. 


23.28. oe 23.29. : 
(s —1)(s —2) (s)(s) 
23.30. —2 23.31. oe 
s(s +1) s +3s-—40 
a 
s’(s° +3) 
23.33. wb with F(s) = 1/s? and G(s) = s/(s? +4). Compare with Problem 23.6. 
s(s° + 
23.34. = 23.35. a 
s(s* +9) s'(s° +9) 


23.36. Graph f(x) = 2u(x — 2) — u(x - 4). 
23.37. Graph f(x) = u(x — 2) — 2u(x — 3) + u(x — 4). 


23.38. Use the unit step function to give an analytic representation for the function graphed in Fig. 23-8. 


A 
1 i) 
¢—______ > 
é 
Fig. 23-8 
23.39. Graph f(x) = u(x — m) cos 2(x — 7). 23.40. Graph f(x) = a —1) u(x -1). 


In Problems 23.41 through 23.48, find £{g(x)} for the given functions. 


23.41. g(x) Oe ge ai, gos 
tl. x)= 42. x)= 
: sin(x-l) x21 : x-3 x23 
0 x<3 0 x<3 
23.43. = 23.44. x)= 
oy) . x23 a fea x23 
O «<5 0 x<5 
23.45. = 23.46. = 
8) ie x25 s(x) {° x25 
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QO «<2 0 x<2 
23.47. x)= 
8) i x2>2 


23.48. = 
s(x) {, +1 x22 


In Problems 23.49 through 23.55, determine the inverse Laplace transforms of the given functions. 


2349, —" ~¢* 23.50, —~—e* 
s +4 s +4 
Asi, — 3 DASD. Pg 
s +4 s—3 
8 -s 2s 
23.53. e 23.54. —<e 
s+3 s 
1 1s 
23.55. > e 
S 


23.56. Prove that for any constant k, [Kf(x)] * g(x) =kLf@) * gd]. 


In Problems 23.57 through 23.60, assume that the Laplace transform for y(x) exists. Solve for y(x). 


23.57. y(x)=x°+ fo —t)y(t)dt 
0 
23.58. y(x)=e" + [rw dt 
0 
23.59. y(x)=1+ fo —x)y(t)dt 
0 


23.60. y(x)= fo —x)y(t)dt 
0 
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Solutions of 

Linear Differential 
Equations with 
Constant Coefficients 
by Laplace Transforms 


LAPLACE TRANSFORMS OF DERIVATIVES 


Denote L{y(x)} by Y(s). Then under broad conditions, the Laplace transform of the nth-derivative 
(ilies) Of y(x) is 


ooo) = s"Y(s)—s"-!y(0) — s*-2y'(0) — +» — sy" (0) — y"" (0) G4) 
X 


If the initial conditions on y(x) at x =0 are given by 
y¥OjHc—. ¥O=Heu... 9" OH c,4 (24.2) 


then (24./) can be rewritten as 


2 *}-e10) Ge See ae ee (24.3) 


For the special cases of n = | and n=2, Eq. (24.3) simplifies to 
PLy(x)} = s¥(s) — cy (24 4) 
Ly" (oles YG)y—qs 4 (24.5) 
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SOLUTIONS OF DIFFERENTIAL EQUATIONS 


Laplace transforms are used to solve initial-value problems given by the nth-order linear differential equation 
with constant coefficients 


d"""y 


n-1 


d' 
a y 


n dx" + by 


bce ahs (24.6) 
dx 


together with the initial conditions specified in Eq. (24.2). First, take the Laplace transform of both sides of 
Eq. (24.6), thereby obtaining an algebraic equation for Y(s). Then solve for Y(s) algebraically, and finally take 
inverse Laplace transforms to obtain y(x) = £'{¥(s)}. 

Unlike previous methods, where first the differential equation is solved and then the initial conditions are 
applied to evaluate the arbitrary constants, the Laplace transform method solves the entire initial-value problem 
in one step. There are two exceptions: when no initial conditions are specified and when the initial conditions 
are not at x =0. In these situations, cg through c,, in Eqs. (24.2) and (24.3) remain arbitrary and the solution to 
differential Eq. (24.6) is found in terms of these constants. They are then evaluated separately when appropriate 
subsidiary conditions are provided. (See Problems 24.11 through 24.13.) 


Solved Problems 


24.1. Solve y’ —5y=0; y(0) =2. 


Taking the Laplace transform of both sides of this differential equation and using Property 24.4, we obtain 
LL{y’} —5L{y} = L{0}. Then, using Eq. (24.4) with co= 2, we find 


[sY¥(s) -—2]-5Y(s)=0 fromwhich Y(s)= 
gc 


Finally, taking the inverse Laplace transform of Y(s), we obtain 


o=#'aoy=4 2 | =20'| : jaz 
s—5 5 


s- 


24.2. Solve y’ —5y=e™; y(0) =0. 


Taking the Laplace transform of both sides of this differential equation and using Property 24.4, we find that 
LLy’} — 5LLy} = L{e>*}. Then, using the Appendix and Eq. (24.4) with cy)=0, we obtain 


[sY(s) —O] —S5Y(s) = from which Y(s)= = 
KY 


a 
s—5 —5) 


Finally, taking the inverse transform of Y(s), we obtain 


—1 _— o¢p-l 1 = 5x 
YQ) = LNY()}= L re “5 | =e 


(see the Appendix, entry 14). 


24.3. Solve y +y=sin x; y(0)=1. 


Taking the Laplace transform of both sides of the differential equation, we obtain 


Phy} + Ly} = L{sinx} or [s¥(s)-1]+Y(s)= oa 
Ss 
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Solving for Y(s), we find 


Y(s)= eo + : 
(s+1I(s° +1) stl 


Taking the inverse Laplace transform, and using the result of Problem 22.17, we obtain 


; A 1 ae 1 
y(x) = LY (s)}= lott (aa 


1. 1 te ~~ 
= e cos x + sinx |+e° =—e 
2 2 2 2 


1 1. 
cos x +—sinx 
2 


24.4. Solve y’ + 4y=0; y(0) =2, y(0) = 2. 
Taking Laplace transforms, we have S{y”’} + 4L{y} = £{0}. Then, using Eq. (24.5) with cp=2 and c,=2, 


we obtain 
[s?¥(s) — 2s —2] + 4Y(s) =0 
2s+2 2s 2 
or Yisy=s5 = + 
” S+4 gs +4 s?4+4 


Finally, taking the inverse Laplace transform, we obtain 


=H YO =I} . Jal = | =2eoax-sina 
+4 4 


°° et 


24.5. Solve y’— 3y’ + 4y =0; y(0) = 1, y(0) =5. 


Taking Laplace transforms, we obtain L{y’’} —3L{y’} + 4L£{y} = L{0}. Then, using both Eqs. (24.4) and 
(24.5) with co= 1 and c;=5, we have 


[s?¥(s) — s — 5] — 3[s¥(s) — 1] +4¥(s) =0 
st+2 


or Y(s = 
(s) sy’ —35+4 


Finally, taking the inverse Laplace transform and using the result of Problem 22.10, we obtain 


(3/2)x v7. Ee VTe2!D* sin v7 


xX)=e cos —— —x 
y(x) 5 ; 


24.6. Solve y’— y — 2y = 4x7; y(0) = 1, y'(0) =4. 


Taking Laplace transforms, we have Lf{y”} — L{y’} —2Pff{y} =4L{x7}. Then, using both Eqs. (24.4) and 
(24.5) with cy= 1 and c,; = 4, we obtain 


[s°¥(s) -—s —4]-[s¥(s) -1] ov(sy = 
: 


or, upon solving for Y(s), 
st3 | 8 
v—s—2 s(s?-s—2) 


Y(s)= 


Finally, taking the inverse Laplace transform and using the results of Problems 22.15 and 22.16, we obtain 


v00{3 oH 34+2x xt oe : | 


e 
3 3 
=2e +2e* —2x° +2x -3 


(See Problem 13.1.) 
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24,7. 


24.8. 


24.9. 


24.10. 


Solve y” + 4y’ + 8y = sin x; y(0) = 1, y(0) =0. 


Taking Laplace transforms, we obtain L{y”} + 4L£{y’} + 8L{y} = L{sin x}. Since co=1 and c;=0, this 
becomes 


[s°Y(s) — s —0] + 4[s¥(s) -1]+8Y(s) = 


stl 


+4 1 
Thus, ¥(s)=— — 
gs +4s+8 (s° +1)(s° +45 +8) 


Finally, taking the inverse Laplace transform and using the results of Problems 22.9 and 22.18, we obtain 


y(x) =(e** cos2x + e** sin 2x) 


4 (ae A. 25s TS 25a. 
+ cosx +—sinx +—e “ cos2x +———e “sin2x 
65 65 65 130 


-oy( 69 131. Ts 4 
=e cos2x + sin2x |+—sin x —-—cosx 
65 130 65 65 
(See Problem 13.3.) 
Solve y’— 2y’ + y =f(x); y(0) =0, YO) =0. 


In this equation f(x) is unspecified. Taking Laplace transforms and designating L{f(x)} by F(s), we obtain 


F(s) 
(s-1)° 


[s°¥(s) (0)s —O] —2[sY(s) -O]+Y(s)=F(s) or Y(s)= 


From the Appendix, entry 14, £-!{1/(s — 1)°} = xe". Thus, taking the inverse transform of ¥(s) and using convolutions, 
we conclude that 


y(x) = xe* * f(x) = [ie f(x —f)dt 


0 x<il 


Solve y” + y=f(x); yO) =0, y’(0) =0 if f(x) = . x21 


Note that f(x) = 2u (x — 1). Taking Laplace transforms, we obtain 


[s2¥(s) — O)s — 0] + Y(s) = LE f@O)} =2L{u(x — 1} = 2e°/s 


2 
or Y(s) =e ——— 
re s(s° +1) 
F 1 2 —1 1 1 s 
Since £ - =2f | ! 2L£°4— =2-2cosx 
s(s° +1) Ss sit] 


it follows from Theorem 23.4 that 


2 
(8° + 1) 


sey efer | 2cos(x —1)]u(x -1) 


Solve y” +y’ = e*; y(0) = y'(0) = y’"(0) =0. 


Taking Laplace transforms, we obtain £{y’”’} + L{y’} = L£(e*). Then, using Eq. (24.3) with n =3 and Eq. (24.4), 
we have 


1 1 
*Y(s) —(0)s* — (0)s — 0] + [sY¥(s) — 0] = —— Y(s) = ———_—_ 
[s°Y(s) —(0)s° —(0)s —0] + [s¥(s) — 0] =a or Y(s) GD 45) 
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Finally, using the method of partial fractions and taking the inverse transform, we obtain 


1 
1)=0"{ ly 24 
s 


58-5 1, 1 leer 
=>=—]+—e* + —cosx sin x 
s-l gs +l 2, 2 2 


24.11. Solve y’ —5y=0. 


No initial conditions are specified. Taking the Laplace transform of both sides of the differential equation, 
we obtain 


L{y"} — SL{y} = L{0} 
Then, using Eq. (24.4) with co= y(0) kept arbitrary, we have 
[sY¥(s)-—c,]-S5Y(s)=0 or Y(s) at 


s—5 
Taking the inverse Laplace transform, we find that 


y(x) = LY (s)} = cet} = oe 
s—5 


24.12. Solve y’— 3y’ + 2y=e™. 


No initial conditions are specified. Taking Laplace transforms, we have L{y”} — 3L{y’} + 2L{y} = £(e*), or 


[s?¥(s) SCo — Cy] — 3[LSY(s) — co] + 2L%(s)] = 1/(s +1) 
Here, cp and c, must remain arbitrary, since they represent y(0) and y’(0), respectively, which are unknown. Thus, 
s-3 1 1 
2 not g a 2 
sg —35+2 s —3s+2 (s+I1)(s° —35 +2) 


Y(s) =cy 


Using the method of partial fractions and noting that s* — 3s + 2 =(s — 1)(s — 2), we obtain 


sO ae 2,7! +e, £" 1 tl get) 1 He I 
s-l s-2 s-l s-2 stl s-1l s-2 


a ph : 1.41, 14, 
=¢,(2e* —e*) +¢,(-e* +e") + ie 7 oe + "| 


1 x 1 2x ee 
=| 2c, —¢, : e+ ae, ara 
1 


where d, = 2c, —c, —} and d, =—c, +¢,+4 


24.13. Solve y’— 3y’ + 2y =e; y1) =0, YC) =0. 
The initial conditions are given at x = 1, not x =0. Using the results of Problem 24.12, we have as the solution 
to just the differential equation 


ol 
y=det+ de" + aa 


Applying the initial conditions to this last equation, we find that d, = — te” and d, = te%, hence, 


1. 1 
y(x) = xf | iam a sd 
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24.14. Solve = 0.05: (0) = 20,000. 
t 


This is a differential equation for the unknown function M(t) in the independent variable t. We set 
Ms) = L{N(t)}. Taking Laplace transforms of the given differential equation and using (24.4) with N replacing y, 
we have 


[sM(s) — N(0)] = 0.05N(s) 
[sN(s) — 20,000] = 0.05Ms) 


or, upon solving for Ns), 
20,000 


N(s)= 
") s —0.05 


Then from the Appendix, entry 7, with a =0.05 and ft replacing x, we obtain 


N(th=L{N(s)}= L" a =20,000£" : =20,000e°°" 
s —0.05 05 


SU, 


Compare with (2) of Problem 7.1. 


24.15. Solve - +501 =5:1(0) =0. 
t 


This is a differential equation for the unknown function /(f) in the independent variable t. We set [(s) = L{I()}. 
Taking Laplace transforms of the given differential equation and using Eq. (24.4) with / replacing y, we have 


S 


[sI(s) — 1(0)] + 501 (s) =(5 


1 
[sZ(s) —O] + 50/(s) (2) 
Ky 
or, upon solving for J(s), 
5 


IT <== ny 
(s) s(s + 50) 


Then using the method of partial fractions and the Appendix, with ¢ replacing x, we obtain 


. al 9S laa 
pe ae ton = s ue} 


eee gage ee ae a 
10 |sf 10 |s+50f/ 10 10 


Compare with (/) of Problem 7.19. 


24.16. Solve ¥+ 16x =2sin 4t; x(0)=—+4,x(0)=0. 


This is a differential equation for the unknown function x(t) in the independent variable t. We set 
X(s) = £{x(t)}. Taking Laplace transforms of the given differential equation and using Eq. (24.5) with x replacing 
y, we have 


(PX) —s40)~ H+ 164) =f 5 = ) 
s +16 


2 _ fil) __ 8 
: X(s) | 7) 0 |+16x0 Fac 


(s° +16)X(s) = 


sv +16 2 
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or X(s)=—5 3 3 : 5 us 
(s' +16) 2\s° +16 
Then using the Appendix, entries 17 and 9, with a = 4 and ¢ replacing x, we obtain 
8 1 s 
x(t) =L'{X(s)}}= FL" 
2) {X(s)} wos (=e 
Vagal 108 igal 3 
16 (s? +16)" | 2 s° +16 
— ig 4t — 4tcos4t) — ae 4t 
16 2 
Compare with the results of Problem 14.10. 
Supplementary Problems 
Use Laplace transforms to solve the following problems. 
24.17. y’+2y=0; (0) =1 24.18. y’+2y=2; y(0)=1 
24.19. y’+2y=e%; yO) =1 24.20. y’+2y=0; y(1)=1 
24.21. y’+5y=0; y(1) =0 24.22. y’ —S5y =e; y(0) =2 
24.23. y’+y=xe™; y(0) =-2 24.24, y’+y=sinx 
24.25. y’ +20y=6 sin 2x; y(0) =6 24.26. y’-—y=0; y(0)=1, (0) =1 
24.27. y” —y=sin x; y(0) =0, YO) =1 24.28. y”’ —y=e*; yO) =1, (0) =0 
(>) 24.29. y”’+2y’ —3y=sin 2x; y(0) = y’(0) =0 24.30. y’+y=sin x; yO) =0, y’(0) =2 
24.31. y’+y’+y=0; y(0) =4, y'(0) =-3 24.32. y"+2y’ +5y =3e y(0) =1, (0) =1 
24.33. y”’ +5y’ —3y =u(x — 4); yO) =0, y'(0) =0 24.34. y’+y=0; v(m =0, y(m =-1 
24.35. y’’—y=5; y(0) =0, y(0) =0, y’(0) =0 24.36. y —y=0; y(0) = 1, y'(0) =0, yO) =0, y’”(0) =0 
d’y_,@y_ dy 2x. j ‘ 
Ma. a a ee OO a Sey 8 
24.38. = —0.085N =0; N(O) =5000 24.39. = =3T; T(0) =100 
t t 
d 
24.40. cal + 3T =90; T(0) =100 24.41. = +2v=32 
dt dt 
de i : s 
24.42. - +q =4c0s2r; q(0) =0 24.43. ¥4+9%+14x=0; x(0)=0, x(0)=-1 
. : ‘ ax odx : 
24.44. x+4x+4x=0; x(0)=2, x(0)=-2 24.45. 7 +8 7 +25x=0; x(77) =0, x(71) =6 
t t 
2 
24.46. 4 


q. aq 1. ; 
+9—+14qg =—=sint; g(0)=0, g(0)=1 
ff a q(0)=0, q(0) 


Solutions of Linear 
Systems by Laplace 
Transforms 


THE METHOD 


Laplace transforms are useful for solving systems of linear differential equations; that is, sets of two or 
more differential equations with an equal number of unknown functions. If all of the coefficients are con- 
stants, then the method of solution is a straightforward generalization of the one given in Chapter 24. Laplace 
transforms are taken of each differential equation in the system; the transforms of the unknown functions are 
determined algebraically from the resulting set of simultaneous equations; inverse transforms for the unknown 
functions are calculated with the help of the Appendix. 


Solved Problems 


25.1. Solve the following system for the unknown functions u(x) and v(x): 


uo+u—v=0 
Vv -utv=2; 
uO)=1, WO) =2 
Denote L{u(x)} and L{v(x)} by U(s) and V(s), respectively. Taking Laplace transforms of both differential 
equations, we obtain 
[sU(s) —1]+U(s) —V(s) =0 


[sV(s) —2]-U(s) + V(s) = z 
s 
(s + DU(s) —V(s) =1 


or tievexpv@=n 
Ss 
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The solution to this last set of simultaneous linear equations is 


st] 25+1 
U(s)= 2 Vis)= 3 


Taking inverse transforms, we obtain 


may=£ Uo = 04} = ef! + fet tx 
S 


s Ss 


Wo = evens] EI} ase 5 s}=a+x 
Ss Ss 


25.2. Solve the system 


z+4y=0; 
y(0) = 1, 2(0)=-1 


Denote L{y(x)} and L{z(x)} by ¥(s) and Zs), respectively. Then, taking Laplace transforms of both differential 
equations, we obtain 


1 +l 
aoe 


[sY(s) -1]+ Z(s) = sY(s)+ Z(s)=—,5 
Ss 


Ss 
[sZ(s) +1]+ 4Y(s) =0 or 4Y(s) + sZ(s) =-1 


The solution to this last set of simultaneous linear equations is 


_s+stl 
s(s° —4) 


s+4s? +4 


Y 
s) (Ss? —4) 


Z(s)= 


Finally, using the method of partial fractions and taking inverse transforms, we obtain 


=L'NY(s)s=L" 
w(x) = LY (s)} re eee 


va, Te, 2 


25.3. Solve the system 
w +y=sin x 
y-z=e 
Z+wty=l; 
w(0)=0, y(0)=1, 2O)=1 


Denote L{w(x)}, L{y(x)}, and L{z(x)} by W(s), ¥(s), and Z(s), respectively. Then, taking Laplace transforms 
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of all three differential equations, we have 


sW(s)+Y(s)= 
+1 (s) (s) +l 


[sW(s) —-O]+Y(s)= 


isx(9-11-Ze@)=—— or sY(s) —Z(s) =~ 
s—l s-l 
stl] 


[sZ(s) —1]+ W(s) + Y(s) a W(s) + Y(s) + sZ(s) = —— 
s s 


The solution to this last system of simultaneous linear equations is 


-l sts s 
= Y — Z = 
i s(s—1) oe (s-1(s? +1) ree 


Using the method of partial fractions and then taking inverse transforms, we obtain 


wo) serio =| ! het e 
ss 


0 = £0) =F ! + Bi Jae + sinx 
f 


2(x) = L{Z(s)} = | : =cosx 


2 
Ss 


+ 
a 


25.4. Solve the system 
y’+z+y=0 
Z+y =0; 
y(0)=0, y'(0)=0, 20) =1 
Taking Laplace transforms of both differential equations, we obtain 
[s°¥(s) —(0)s — (0)] + Z(s) + Y(s) =0 (s* + 1)¥(s) + Z(s) =0 


[sZ(s) —1]+[sY(s) —0]=0 or rigtg@ee 
Ss 


Solving this last system for Y(s) and Z(s), we find that 


Y(s)= 


1 1 
7 Z(s)=-+5 
s s Ss 


Thus, taking inverse transforms, we conclude that 


I 3 1 a 
xX)=-=x (x) =1+—x 
y(x) ; (x) 5 


25.5. Solve the system 
Zz’ +y’ =cos x 
y’-z=sin x; 
20) =-1, z’(0)=-1, yO)=1, y(0)=0 


Taking Laplace transforms of both differential equations, we obtain 


3 


[s°Z(s) +5 +1] +[s¥(s)-1]=— s°Z(s) + s¥(s)=-— 
s +1 s +1 
[¥(s)-s-0]-Z(s)=—— o = - Zs) +*¥(s) = 84! 


s+] s +1 
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Solving this last system for Z(s) and Y(s), we find that 
stl _ s 
stl stl 


Z(s)= 


Finally, taking inverse transforms, we obtain 


2(x) =—cos x-sin x y(x) =cos x 


25.6. Solve the system 
w” —y+2z=3e~* 
—2w’ + 2y’+z=0 
2Qw’ —2yt+7/ +22” =0; 
w(0)=1, w(0)=1, y(0)=2, 20) =2, 7(0)=-2 


Taking Laplace transforms of all three differential equations, we find that 


[s°W(s) —s —1]-—Y(s) + 2Z(s) = —s 
s+] 


2[sW(s) — 1] + 2[sY(s) —2] + Z(s) =0 


or 2[sW(s) — 1] —2¥(s) + [sZ(s) — 2] + 2[s2Z(s) — 25 +2] =0 
so +25+4 
+] 


—2sW(s) + 2sY(s) +Z(s) =2 
2sW(s) —2Y(s) + (2s? +s) Z(s) = 4s 


s°W(s) —Y(s) +2Z(s) = 


The solution to this system is 


1 2s 2. 
Wis) s-l (s) (s —1)(s +1) (s) stl 


Hence, 


1 1 
s-l stl 


w(x)=e" y(x) =" =e+e" 2x) =2e* 


Supplementary Problems 


Use Laplace transforms to solve the following systems. All unknowns are functions of x. 


25.7. u’—-2v=3 25.8. u’+4u-—6v=0 
v+v—u=-x; v+3u—5v=0; 
u(0) =0, v(0) =-1 i0V= 3,310) =2 
25.9. u’+5u—12v=0 25.10. YW +z=x 
vy +2u—5v=0; Z-y=0; 


u(0) = 8, v(0) =3 y(0) = 1, (0) =0 
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25.11. yy —z=0 (>) 25.12. w’-w-2y=1 


y-7=0; y —4w-3y=-l; 
yO) = 1, 20) = 1 w(0) = 1, y(0) =2 
25.13. w’-y=0 25.14. u’+v=0 
wt+y+t+z=1 u’ —v' =—2e; 
w-yt+z7 =2 sinx; u(O) = 0, u’(0) = —2, v(0) = 0, v’(0) = 2 


w(0) = 1, y(0) = 1, (0) = 1 


25.15. u” —2v=2 25.16. w” —2z=0 
uty =5e*4+1; w ty’ —z=2x 
u(O) = 2, u’(0) =2, (0) =1 w —2y+2”=0; 


w(O) = 0, w’(0) =0, (0) =0, 


2(0) = 1, z/(0) =0 


25.17. w’+y+z=-l 
wty’-z=0 


-w’ -y’+2”=0; 


w(0) =0, w’(0) = 1, yO) =0, 


yO) =0, 20) =-1, 20) = 1 


CHAPTER 26 


Solutions of Linear 
Differential Equations 
with Constant 
Coefficients by Matrix 
Methods 


SOLUTION OF THE INITIAL-VALUE PROBLEM 


By the procedure of Chapter 17, any initial-value problem in which the differential equations are all linear 
with constant coefficients, can be reduced to the matrix system 


x(t)=Ax(t)+f(1);  x(t,) =e (26.1) 
where A is a matrix of constants. The solution to Eq. (26./) is 
x(t) = ehl-We 4 ev e™£(s) As (26.2) 


or equivalently 
x(t) = ee + [eA E(s) ds (26.3) 


In particular, if the initial-value problem is homogeneous [i.., f(t) = 0], then both Eqs. (26.2) and (26.3) 
reduce to 
A(t—ty ) 


xj=¢" es (26.4) 


In the above solutions, the matrices e*“~?, e~4’, and eA“ are easily computed from e“ by replacing the 


variable t by t — fo, —s, and t — s, respectively. Usually x(t) is obtained quicker from (26.3) than from (26.2), 
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since the former equation involves one less matrix multiplication. However, the integrals arising in (26.3) are 
generally more difficult to evaluate than those in (26.2). 


SOLUTION WITH NO INITIAL CONDITIONS 


If no initial conditions are prescribed, the solution of x(t)= Ax(t)+f(1) is 
x(t) =e"k +e" [ef dt (26.5) 


or, when f(t) = 0, 
x(t) = ek (26.6) 


where k is an arbitrary constant vector. All constants of integration can be disregarded when computing the 
integral in Eq. (26.5), since they are already included in k. 


Solved Problems 


26.1. Solve ¥+2x-—8x=0; x(1) =2, x(1)=3. 
From Problem 17.2, this initial-value problem is equivalent to Eq. (26./) with 


oa?) we 3) ese eel | et 
: | x(t) “lg 2 =e ay 


The solution to this system is given by Eq. (26.4). For this A, e“’ is given in Problem 16.2; hence, 


2(t-1) —4(t-1) 2(t-1) -4(t-1) 
ACH) = AUD i +2e e -e 


6] Bet") — ge) 9920-D 4 goer“ 


x(t) =e*"Ve 


1 ie ye et) — e Ae) (7) 

6 Ber" No etd 2e20 DY + 4etd 3 
2(4e7O? 4. 2eP 4.3007 — eA”) 
ee D _ geAD) 4 32676 4 get nl 


Therefore, 


1 
6 


ll 4, L cage 
2h let LS ged) 


and the solution to the original initial-value problem is 


—4(t-1) 


MW saa , 1 
x(t) =x,(t) =—e +—e 
()=x,@) 6 6 
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26.2. Solve X+2x%-8x=e'; x(0)=1, x(0)=—4. 
From Problem 17.1, this initial-value problem is equivalent to Eq. (26./) with 


[uO] ,_fo 1 fo] fi 
no-load Ale al -[e] ela] 


and fy = 0. The solution is given by either Eq. (26.2) or (26.3). Here, we use (26.2); the solution using (26.3) is found 
in Problem 26.3. For this A, e“” has already been calculated in Problem 16.2. Therefore, 


A(ttp) a 1[4e%+2e% ee —e™ 1 ee] 
7 ae Re comer 24 41 2 41 = 41 
6| 8e" —8e 2e° +4e —4 —4e™ | 


o™£(s) ms 4e* +20 ee -e* YO] 6 6 
e* —8e 2e** + de® |i e* 2 Sy 


f 1 —s 1 5s 
liewre J), Easy 
re —5e'-e 
J ets) ds = =— 


ty fT ce Doe, 30| -10e" +4e"% +6 
i) —e a ds : = 


onl! e™M£(s) ds = dy Ae 42e% eae | Sete 46 | 
t 6 }\ 30 || 8e% -8e*  2e +4e™ || -10e + 4e + 6 | 


1 (4e7 + 2e“' (Se — ee + 6) +(e" —e")(-10e7 + 4e™ +6) 


180] (8e” —8e~")(—Se" — e +6) + (2e” + 4e“")(-10e" + 4e" + 6) 
1 | —6e' +5e* +e 
30 | Ge’ +10e” — 4e“" 
Thus, 
x(t) =e" e+ ey e f(s) ds 
fo 
1 —4r 1 2t t 
7 e* te 1| -6e’+5e" +e" _ 30° Ee 7 
de“ | 30] Ge’ +10e" —4e™ 62. 4% Liye Tg 
ety e 
15 3 
ne ae ae 
and x(t) =x,(t) =—e "+ -—e e 
(1) =x,(4) 30 6 5 


26.3. Use Eq. (26.3) to solve the initial-value problem of Problem 26.2. 


—4t 
F e 
The vector e4“"¢ remains all? Furthermore, 
—4de 
ACs) p( ) 1 4e°"-9) + 2e*) ets) Sects) 0 
e sy== 
6 8e2t—) = Sete) Dert-s) 4 4e*e) °° 


1 et) — e455) 
Te Det) 4 gees) 
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i t (2t-s) (-41+5s) 

; 1 [e —e |ds 

J etfs) ds = | 
0 [ize + 4c] ds 


ae ee 6 1 
~e?! s) ae! om aves + 20 Fries —4t 
= 1 5 s20 | 1 5 aes 5 7 
sat 
262-8) 4 4 jes) 6 5 + 2¢e7' — a 
5 5 5 
L s=0 
Thus, 
A(t=t) (ts) 
x(t) =e c+f e f(s) ds 
6 31 1 
re a +e! qe et —4t +e! e 
-| e |: 1} 5 _|30 6 5 
—4et 6 6 2, 2r 4-4 62 At +4 e e 
5 5 15 5 
as before. 


26.4. Solve ¥+x=3; x(m) = 1, x(1)=2. 


From Problem 17.3, this initial-value problem is equivalent to Eq. (26./) with 


ie nO] ,_[ 91 oel” fi 
a ley an) i eae 


and ty = z. Then, using Eq. (26.3) and the results of Problem 16.3, we find that 
ee Ie (t—z) sin | be (t —) + 2sin (t—7) 
e Ve = = 


-sin(t—7) cos(t—7) || 2 sin (t — 7) + 2cos (t — 7) 
eM -OE(s) = cos(t—s) sin(t—s) ||0 _ 3sin (t —s) 
al -sin(t—s) cos(t—s)||3 ~ 3cos (t — s) 
[3 sin ne 


[3 cos (t — s) ds 


_| 3eos(¢-s)|" eed 


I eh£(s) ds 


fy 


3 sin (t —7) 


|-3 sin (t — 5) 


Thus, x(t) =e et i eX" £(s) ds 
_ cos (t — 7) + 2sin (t — 7) _ 3-3 cos (t—7) 
~ | sin (t — 2) + 2cos (t — 2) 3 sin (t —7) 


: 3-2 cos (t —7) +2sin (t —7) 
| 2cos(t—2) +2sin (t —7) 


and x(t) = x,(t) =3 —2 cos (t— 2) +2 sin (t— 7). 
Noting that cos (t — 2) =—cos t and sin (¢ — 7) = —sin ¢, we also obtain 


x(t) =3+2cost—2 sint 
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26.5. Solve the differential equation x—-6x+9x=t. 


26.6. 


This differential equation is equivalent to the standard matrix differential equation with 


el). gM OY gee 
el ay (28 G =I, 


(See Problem 17.4.) It follows from Problem 16.4 that 


jie (1—3t)e* te™ ir ete (1+3t)e" = -te* 
—9te* (1+ 31re” ote (1—3n)e™ 


Then, using Eq. (26.5), we obtain 
afi =| 3t)e* te” Ky |_| (-3k, + k,)t + kJe* 
-9te" = (1+ 3t)e* |] k, | | (9k, +3k,)¢ +k, ]e™ 


e™£(1) = " + oe te L] -| a | 
Me™ = (1 -3r)e™ It | L(t - 327 )e™ 


1,,2 > ,2) 5 
=| Peas 3! Ta oF (a 
Je*t@ dt = ws |F 
J@-3P)e%ar Ay, Le es 
3 9 


i 3! 1p jee. ie 142 
1-30)e te’ |v 9 27 _|9 37 


-9re" = (1+ 3t) e” [rn 1 


e fe™tW dt= j 


and x(t) =e"k + e“fe*F() dt 


1 2 
3k, +k,)t+k Je* +-t+— 
[(-3k, +k, )t +k, a) on 


[(-9k, +3k, )t+k, Je" + . 


Thus, 
2 


, 1 2 a 2 
x(t) = x,(t) =[(-3k, +k, t+ ke ratte + ke" tet Ga 


27 


where k3 = —3k, + kp. 


Solve the differential equation a . 2—, +—=0. 
dt dt dt 


Using the results of Problem 17.5, we reduce this homogeneous differential equation to the matrix equation 
x(t) = Ax(f) with 
x, (0) 0 10 
x()=|x,()| and A=|0 O 1 
x(t) Oo -1 2 
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We have from Problem 16.6 that 


1 -te'+2e'-2 te’-e' +1 
e“ =|0 -te'+e' te’ 
0 —te' te’ +e' 
Then using Eq. (26.6), we calculate 
[1 —te'+2e'-2 te'—e'+1][k, 
e“k=|0 —te' +e! te’ : 
0 -te' te'+e' Ik, 
lk, + k,(—te' + 2e' —2) + k,(te’ -e' +1) 
= k,(-te' + e') + k,(te’) 
k,(-te') + k,(te’ +e’) 
Thus x(t) =x,(t) =k, + k,(-te’ + 2e' —2) + k,(te' -e' +1) 


=(k, —2k, + k,) + (2k, —k,)e’ +(-k, + k,)te’ 
=k, +k,e' +kgte’ 


where ky = k, = 2k + k;, ks = 2k = k;, and Ke =_ ky + k3. 


26.7. Solve the system 
X=-2x-S5y+3 
yHx+2y; 
x(0)=0, x(0)=0, yO)=1 


This initial-value problem is equivalent to Eq. (26./) with 


x,(1) 0 1 0 0 0 
x()=|x,)| A=|0 -2 -5}| f@=/3] c=l0 
y,(0) O° Se 0 1 


and ty =0. (See Problem 17.8.) For this A, we have from Problem 16.7 that 


1 —2+2cost+sint 5+5cost 
e“ =|0 cost — 2 sint —5 sint 
0 sint cost +2 sint 


Then, using Eq. (26.3), we calculate 


1 -2+2cost+sint -5+5cost ||0 —5+5 cost 
ee =!0 cost — 2 sint —5 sint O|=| —Ssin¢ 
0 sint cost +2 sint |} 1 cost +2 sint 
1 -2+2cos(t—s)+sin(t—-s) 5+5cos(t-—s) 0 
eX“ £(s) =| 0 cos (t —s) —2 sin (t—s) —5 sin (t—s) 3 
0 sin (ft — s) cos (t — s) +2 sin (t —s) |] 0 


-—6 +6 cos (tf —s) +3 sin (t—s) 
= 3 cos (t — s) —6 sin (t—s) 
3 sin (t — s) 
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and 
ft +6 cos (t—s)+3sin (t —5)] ds 
[ eA" £(s) ds = ive cos (t — s) — 6 sin (t — s)] ds 
f3 sin (t — s) ds 
[-6s —6 sin (t—s) +3 cos (t—s)]%=5 
=| [-3sin (t—s) —6 cos (t—s)}=) 
3 cos (t — | 
—6t +3+6sint —3 cost 
=| -6+4+3sint+6cost 
3-3 cost 
Therefore, x(t) =erMet { e®—F(s) ds 
| -5 +5 cost —6t+3+6sint —3 cost 
= —5 sint +| -6+3sint+6cost 
| cost + 2 sint 3-3 cost 
| -2 —6r +2 cost +6 sint 
=| -6+6cost—2sint 
3-—2cost+2sint 
Finally, x(t) = x,(t) =2cost + 6sint — 2 — 6t 


y(t) = y,(t) =—2cost + 2sint +3 


26.8. Solve the system of differential equations 


x=xt+y 
y=9x+y 


This set of equations is equivalent to the matrix system x(t) = Ax(f) with 
x(t 1 1 
yi) 91 
(See Problem 17.9.) The solution is given by Eq. (26.6). For this A, we have from Problem 16.1 that 


1 ie 4+ 3e2! et —e! 
e 


~ 6|9e% —9e  3e# +307 
1}3e"4+3e" e*—-e* Ik 
At 1 
x(t) =e"k=— 
nee #) flee —9e"  3e" +367 I k, 


=k, + ke + =Gk, ~ ke 


=(3k, + ke" = 2k, ~ hye 
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1 , 1 2 
Thus, x() =x,() = 6h +k et + 5h —k,)e~ 


3 3 : 
YO = WO = Ek, ke 5k ke? 


If we define two new arbitrary constants k3 = (3k, + ky)/6 and ky = (3k, — k>)/6, then 


x(t) = kge + kye! and y(t) = 3k3e* — 3kye! 


Supplementary Problems 


Solve each of the following systems by matrix methods. Note that e“! for the first five problems is found in Problem 16.2, 
while e“’ for Problems 26.15 through 26.17 is given in Problem 16.3. 


26.9. ¢+2%-8x=0; x(1)=1. x(1) =0 26.10. %+2%-8x=4; x0) =0, <(0)=0 
26.11. %+2%-8x=4:; x(1) =0, x(1)=0 26.12. %+2%-8x=4; x0) =1, x(0)=2 
26.13. *+2x-8x=9e"; x(0) =0, x(0)=0 26.14. The system of Problem 26.4, using Eq. (26.2) 
26.15. x+x=0 26.16. *+x=0; x(2) =0, x(2)=0 
26.17. X*+x=t; x(1)=0, x0)=1 26.18. j-y-2y=0 
26.19. $—5—2y=0; yO) =2, y(0) =1 (b>) 26.20. j-y—2y =e"; yO) =2, (0) =1 
26.21. j-y—-2y=e" ; y(0)=1, y'(0) =2 26.22. £4 94142=sinr; z(0) =0, 2(0)=-1 
26.23. x=-4x+6y 26.24. %+5x-12y=0 

ya 3x+5y; yt+2x—S5y=0; 

x(0) = 3, (0) =2 x(0) =8, y(0)=3 
26.25. x-2y=3 26.26. x=x+2y 

yty-x=-P; y=4xt3y 


x(0)=0, y(0)=—1 


26.27. %=6r; x(0) =0, <(0)=0, ¥(0) =12 26.28. i+y=0 
ytx=2e"'; 
x(0)=0,x(0)=—2, y(0)=0 


26.29. x=2x+5y+3, 
y=-x-2y, 
x(0)=0,x(0) =0, (0) =1 


Power Series Solutions 
of Linear Differential 
Equations with 
Variable Coefficients 


SECOND-ORDER EQUATIONS 


A second-order linear differential equation 


by(x)y” + bi(x)y’ + bo(x)y = g@) (27.1) 
has variable coefficients when b(x), b;(x), and bo(x) are not all constants or constant multiples of one another. 
If b>(x) is not zero in a given interval, then we can divide by it and rewrite Eq. (27./) as 

y” + POx)y’ + OWy = 6 @) (27.2) 


where P(x) = b,(x)/b>(x), Q(x) = bo(x)/b2(x), and (x) = g(x)/b2(x). In this chapter and the next, we describe 
procedures for solving many equations in the form of (27./) or (27.2). These procedures can be generalized 
in a straightforward manner to solve higher-order linear differential equations with variable coefficients. 


ANALYTIC FUNCTIONS AND ORDINARY POINTS 


A function f(x) is analytic at xp if its Taylor series about xo, 


y FO (Xx = Xy)" 


n=0 n} 


converges to f(x) in some neighborhood of Xp. 
Polynomials, sin x, cos x, and e* are analytic everywhere; so too are sums, differences, and products of these 
functions. Quotients of any two of these functions are analytic at all points where the denominator is not zero. 
The point x9 is an ordinary point of the differential Eq. (27.2) if both P(x) and Q(@) are analytic at xp. If 
either of these functions is not analytic at x9, then Xo is a singular point of (27.2). 
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SOLUTIONS AROUND THE ORIGIN OF HOMOGENEOUS EQUATIONS 
Equation (27./) is homogeneous when g (x) = 0, in which case Eq. (27.2) specializes to 
y’ + PQx)y’ + OG)y =0 (27.3) 


Theorem 27.1. If x=0 is an ordinary point of Eq. (27.3), then the general solution in an interval containing 
this point has the form 


y= Y.a,x" =a,y,(x) + a,y,(2) (27.4) 


n=0 


where ap and a, are arbitrary constants and y,(x) and y,(x) are linearly independent functions 
analytic at x=0. 


To evaluate the coefficients a, in the solution furnished by Theorem 27.1, use the following five-step 
procedure known as the power series method. 


Step 1. Substitute into the left side of the homogeneous differential equation the power series 


= n 2 3 A sit sie 
y= }ia,x" =a, +a,x+,x + a,x? +4,x* + 
n=0 


(27.5) 
+4,X" +4," +a, x ee 
together with the power series for 
y =a, + 2agx + 304x7 + 4ayet 
+ na, xX"! + (n+ lay 4X" + (NF 2)ay pox" 1+. (27.6) 
and 
y” = 2an + 64x + 12ayx? + + 

+n(n—l)ayx" 72+ (n+ 1)(n)agy x"! + (n+ 2)(n t+ Day got (27.7) 


Step 2. Collect powers of x and set the coefficients of each power of x equal to zero. 


Step 3. The equation obtained by setting the coefficient of x" to zero in Step 2 will contain a; terms for a finite 
number of j values. Solve this equation for the a; term having the largest subscript. The resulting equation 
is known as the recurrence formula for the given differential equation. 


Step 4. Use the recurrence formula to sequentially determine a; (j = 2, 3,4, ...) in terms of ag and aj. 


Step 5. Substitute the coefficients determined in Step 4 into Eq. (27.5) and rewrite the solution in the form 
of Eq. (27.4). 


The power series method is only applicable when x=0 is an ordinary point. Although a differential 
equation must be in the form of Eq. (27.2) to determine whether x’ = 0 is an ordinary point, once this condition 
is verified, the power series method can be used on either form (27.1) or (27.2). If P(x) or Q(x) in (27.2) are quo- 
tients of polynomials, it is often simpler first to multiply through by the lowest common denominator, thereby 
clearing fractions, and then to apply the power series method to the resulting equation in the form of Eq. (27.1). 


SOLUTIONS AROUND THE ORIGIN OF NONHOMOGENEOUS EQUATIONS 


If @ (x) in Eq. (27.2) is analytic at x = 0, it has a Taylor series expansion around that point and the power 
series method given above can be modified to solve either Eq. (27.7) or (27.2). In Step 1, Eqs. (27.5) through 
(27.7) are substituted into the left side of the nonhomogeneous equation; the right side is written as a Taylor 
series around the origin. Steps 2 and 3 change so that the coefficients of each power of x on the left side of the 


264 LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS (CHAP. 27 


equation resulting from Step | are set equal to their counterparts on the right side of that equation. The form of 
the solution in Step 5 becomes 


y + doy (x) + ayyo(x) + y3@) 


which has the form specified in Theorem 8.4. The first two terms comprise the general solution to the associated 
homogeneous differential equation while the last function is a particular solution to the nonhomogeneous equation. 


INITIAL-VALUE PROBLEMS 


Solutions to initial-value problems are obtained by first solving the given differential equation and then 
applying the specified initial conditions. An alternate technique that quickly generates the first few terms of the 
power series solution to an initial-value problem is described in Problem 27.23. 


SOLUTIONS AROUND OTHER POINTS 


When solutions are required around the ordinary point xy #0, it generally simplifies the algebra if x9 is 
translated to the origin by the change of variables t = x — x9. The solution of the new differential equation that 
results can be obtained by the power series method about t=0. Then the solution of the original equation is 
easily obtained by back-substitution. 


Solved Problems 


27.1. Determine whether x = 0 is an ordinary point of the differential equation 


y’ —xy’ +2y=0 


Here, P(x) =— x and Q(x) =2 are both polynomials; hence, they are analytic everywhere. Therefore, every 
value of x, in particular x = 0, is an ordinary point. 


27.2. Find a recurrence formula for the power series solution around x = 0 for the differential equation given 
in Problem 27.1. 


It follows from Problem 27.1 that x=0 is an ordinary point of the given equation, so Theorem 27.1 holds. 
Substituting Eqs. (27.5) through (27.7) into the left side of the differential equation, we find 


[2ap + 6a3x + 12agx?+ +++ +n(n— Vayx"~ 2+ (nt L)(n)dyy x"~! + (n+ 2)(n Ft Vay pox" + °°] 
= x[ay + 2agx + 3a3x7 + dager t + + nag! + (1+ Dang X"+ (1+ 2a 4 ox" 1+] 
+ 2[ag + a,x + yx? + ag t agxt $+ Fax" + dy 4 1X" * | tay pox" 7 +++] =0 
Combining terms that contain like powers of x, we have 


(2a + 2a) + x(6a3 + a)) +x°(12a4) + x3(20a5— a3) 
tere $x"[(n + 2)(n + la, 42- na, + 2a,) +++ 
=0+0x+0x7+ Ox + ++ + Ox" ++ 


The last equation holds if and only if each coefficient in the left-hand side is zero. Thus, 


2a,+ 2ay=0, 6a3+a,=0, 12a,=0, 20a;-—a3=0, +: 


In general, (n+2)(n+ la, 4.—(n— 2)a,=0, or, 
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(1-2) 
(n+2)(n+1) " 


G42 = 
which is the recurrence formula for this problem. 


27.3. Find the general solution near x =0 of y” —xy’ + 2y =0. 


Successively evaluating the recurrence formula obtained in Problem 27.2 forn =0,1,2,... ,we 
calculate 
a, =— dy 
1 

a, = 6 a, 
a, =0 
ee 1 1 1 1 

> 20° 20 6! 120 | 

2 1 

a, =—a, = —(0) =0 

° 30 + 15 ) (1) 


3 1 1 1 
a, =—a, = la, = a, 
42 14\ 120 1680 


Note that since a,=0, it follows from the recurrence formula that all the even coefficients beyond ay, are also zero. 
Substituting (/) into Eq. (27.5) we have 


y =a) +a,X —ax° — Page + 0x" : ax +0x° ! a,x! —+ 
6 120 1680 (2) 
=a(1—x*)+a,} x - : x u Xl ae 
6 120 1680 
If we define 
y(x)=l—-x? and y,(x)=x i d x u x! 
. 6 120 1680 


then the general solution (2) can be rewritten as y = dgy,(x) + ayy2(x). 


27.4. Determine whether x = 0 is an ordinary point of the differential equation 


y" + y = 0 
Here, P(x) =0 and Q(x) = | are both constants; hence, they are analytic everywhere. Therefore, every value 


of x, in particular x = 0, is an ordinary point. 


27.5. Find a recurrence formula for the power series solution around x = 0 for the differential equation given 
in Problem 27.4. 


It follows from Problem 27.4 that x =0 is an ordinary point of the given equation, so Theorem 27.1 holds. 
Substituting Eqs. (27.5) through (27.7) into the left side of the differential equation, we find 


[2a. + 6a3x + 12ayx? + ++ + n(n — Vdyx™ 2+ (n+ V)ndy x"! + (0 +2) + Dy ox" $2] 
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+ [dg + ayx + agx? + ax? + ag? + 4 aX + dy x" t 4a, pox" t 74+ +] =0 


or (2ay + ao) + x(6a3+ ay) + x7°(12a4+ ap) + 7(20a5 + a3) 


x"[(n + 2)(n+ ldyso+a,] ++°° 
=0+0x+ 0x7 +--+ Ox"+ ++ 


Equating each coefficient to zero, we have 


2dy+ay=0, 6a3+a,=0, 12a4+a,=0, 20a;+a3=0, 
In general 
(n+ 2)(n+ la,4.+a,=9, 
which is equivalent to 
-1 
(n+2)n+ a 


n+2 = 


This equation is the recurrence formula for this problem. 


27.6. Use the power series method to find the general solution near x =0 of y’+ y=0. 


Since this equation has constant coefficients, its solution is obtained easily by either the characteristic equation 
method, Laplace transforms, or matrix methods as y = c, cos x + cy sin x. 

Solving by the power series method, we successively evaluate the recurrence formula found in Problem 27.5 
forn=0,1, 2, ..., obtaining 


_ 1 — 1 
a, = 7% = 5% 
1 Ls 
a, =—-—a,=-— 
: 6 
eee ee 1 
+e)” 6 2° a 
a oe 1 
Ba)” Be a 
1 1 
ag = = 0 Ay 
©6) 5a" i 
1 1 
a= = 1 
DO ala koa 


Recall that for a positive integer n,n factorial, which is denoted by n!, is defined by 
nl=n(n— 1)(n—2) > B)Q)0) 


and 0! is defined as one. Thus, 4! = (4)(3)(2)(1)=24 and 5!=(5)(4)(3)(2)(1) =5(4!) = 120. In general, 
n!=n(n-1)!. 
Now substituting the above values for a5, a3, a4, --- into Eq. (27.5) we have 


2 1 4 5 1 6 1 7 
yHa,+ax AyX ax +—ax° +—ax yx ax + 
! 3! ! ! 6! 7 1 
( Lowe Dy. Jb Y ( | ne ee () 
=a)|1-—x°+—x° -— x 4+: |taq)x- x +x - x +: 
2! 4! 6! 3! 5! 7! 
n.2n 
But cosx = yo Ds =1 : x? 4 ! x s xo pee 
Azo. «((2n)! 2! 4! 6! 


sinx = oS ie oh =x La : x x tee 
(2n +1)! 37 0CS ET 
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27.7. 


27.8. 


27.9. 


Substituting these two results into (/) and letting c, = ad and c.=a,, we obtain, as before, 


y=c, cosx+co sinx 


Determine whether x = 0 is an ordinary point of the differential equation 


” 


2x*y” + Tx(x + 1)y’ — 3y =0 
Dividing by 2x, we have 


_ xt) 


P 
oo aT 


=3 
QU) = 


As neither function is analytic at x = 0 (both denominators are zero there), x = 0 is not an ordinary point but, rather, 
a singular point. 


Determine whether x = 0 is an ordinary point of the differential equation 


xy” + 2y’ +xy=0 


Here, P(x) = 2/x* and Q(x) = 1/x. Neither of these functions is analytic at x = 0, so x = 0 is not an ordinary point 
but, rather, a singular point. 


Find a recurrence formula for the power series solution around t = 0 for the differential equation 


d’y 
dt? 


+¢-p2 +02t-3y =0 
dt 


Both P(t) =t— 1 and Q(t) = 2t — 3 are polynomials; hence, every point, in particular ¢ = 0, is an ordinary point. 
Substituting Eqs. (27.5) through (27.7) into the left side of the differential equation, with t replacing x, we have 


[2a + 6a3t + 12agt? + + + n(n — Dayt"~ 2+ (n+ Indy yt”! + (n+ 2)(n + Vay got” +] 
+ (t— Day + 2aot + 3a3t7 + 4agh + --- + nat" !+ (nt Vans it" + (nt 2)a, got" th 4 +] 


+ (2t— 3)[ap + ayt + aot? + ast? + agtt + Hagt” + dy 4 tT +a, got" *7 ++] =0 


or (2a — a, — 3a9) + t(6a3 + ay — 2ay + 2ay — 3a;) + P7124 + 2a — 3a; + 2a, — 3ay) ++ 
+t"[(n+2)(n + 1) dy42+na,—- (n+ la, 44+ 2a,_,-3a,] +-°° 


=0+0t+0P +++ +00" + = 
Equating each coefficient to zero, we obtain 
2a, — a, — 3ay=0, 6a3-—2a,—2a,+2a)=0, 12a4-—3a3;-a,+2a,=0, ... () 
In general, 
(n+2)(n + l)ay4.- (nt Da, . 1+ (n — 3)a,+2a,_,=0 
which is equivalent to 


1 (n-3) 2 
Gn+2 = Gna a, a, -1 (2) 
n+2 (n+2)(nt+l)" (n+2)\(n+]) 


Equation (2) is the recurrence formula for this problem. Note, however, that it is not valid for n =0, because a_, 
isan undefined quantity. To obtain an equation for n=0, we use the first equation in (J), which gives 
a, = Fa, +3. 


268 LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS (CHAP. 27 


27.10. Find the general solution near t=0 for the differential equation given in Problem 27.9. 
We have from Problem 23.9 that 


a, cS 74 + 7% 


Then evaluating recurrence formula (2) in Problem 27.9 for successive integer values of n beginning with n= 1, 
we find that 


Substituting these values into Eq. (27.5) with x replaced by ¢, we obtain as the general solution to the given dif- 


ferential equation 
1 3 2, {1 1 3 {1 4 
ya +att+ it 5% it + it Em fe 6° Sie are 


=a pao Pe pele e ta,| t+ Pa LP 401 +... 
2 6 6 2 2 


27.11. Determine whether x =0 or x= 1 is an ordinary point of the differential equation 


(1 —x?)y” — 2xy’ + n(n + ly =0 


for any positive integer n. 


We first transform the differential equation into the form of Eq. (27.2) by dividing by x*— 1. Then 


= ea oes 


P(x)= 
(x) x -1 x=] 


Both of these functions have Taylor series expansions around x =0, so both are analytic there and x=0 is an 
ordinary point. In contrast, the denominators of both functions are zero at x = 1, so neither function is defined there 
and, therefore, neither function is analytic there. Consequently, x = 1 is a singular point. 


27.12. Find a recurrence formula for the power series solution around x = 0 for the differential equation given 
in Problem 27.11. 


To avoid fractions, we work with the differential equation in its current form. Substituting Eqs. (27.5) through 
(27.7), with the dummy index n replaced by k, into the left side of this equation, we have that 


(1 —x*)[2a, + 6a3x + 12a4x7 + ++ + k(k — l)apx*-2 + (k + 1)(Kagyx*! 
+ (k+2)(k + Days x8 + +++] — 2xfa, + 2aox + 3agx? + + + kapx®— $+ (kh + Vag yx" 


+ (k + 2Q)agg ox tl 4 oH kk + Dfag + ayx + aox? + ayx3 4 t+ayx* 


+ Ag x" + ayy ox *§4+? +---] =0 
Combining terms that contain like powers of x, we obtain 


[2a. + (n? + n)ao] + x[6a3 + (n?+n—2)a,] + °° 
+ 0[(k + 2k + Dagaot+ (WP tn—-kh- bal +--- =0 
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Noting that n?+n—k?-k=(n—k(n+k+ 1), we obtain the recurrence formula 


(n—k)\(n+k +1) 
a2 = a 
(kK +2)(k +1) 


k () 


27.13. Show that whenever n is a positive integer, one solution near x = 0 of Legendre’s equation 
(1 — x*)y” — 2xy’ + n(n + ly =0 
is a polynomial of degree n. (See Chapter 29.) 


The recurrence formula for this equation is given by Eq. (/) in Problem 27.12. Because of the factor n — k, we 
find, upon letting k =n, that a, ,.=0. It follows at once that 0 =a,44=4,46=4,+g= .---. Thus, if n is odd, all odd 
coefficients a, (k > n) are zero; whereas if n is even, all even coefficients a, (k > n) are zero. Therefore, either y(x) 
or y2(x) in Eq. (27.4) (depending on whether n is even or odd, respectively) will contain only a finite number of 
nonzero terms up to and including a term in x”; hence, it is a polynomial of degree n. 

Since dy and a , are arbitrary, it is customary to choose them so that y,(x) or y.(x), whichever is the polynomial, 
will satisfy the condition y(1) = 1. The resulting polynomial, denoted by P,,(x), is known as the Legendre polynomial 
of degree n. The first few of these are 


R()=1 RQ)=x AQ)=>Gx -1 


P,(x) = 56x" -3x) P(x= =(35x" — 30x? +3) 


27.14. Find a recurrence formula for the power series solution around x = 0 for the nonhomogeneous differential 
equation (x7 + 4)y” +xy=x+2. 

Dividing the given equation by x*+4, we see that x =0 is an ordinary point and that @(x) = (x + 2)/(x?+ 4) 
is analytic there. Hence, the power series method is applicable to the entire equation, which, furthermore, we may 
leave in the form originally given to simplify the algebra. Substituting Eqs. (27.5) through (27.7) into the given 
differential equation, we find that 


(x7 + 4)[2a> + 63x + 12a4x7 + ++ +n(n—1)a,x"~? 


+ (n+ 1)nay,, x"~'+ (n+ 2)(nt Day 49x" + +] 


+ x[dg + ayx + aox* + aye + + a__ x"! ++] ax42 


or (8a) + x(24a3 + a) +. X°(2ay + 4844+ a) + 3(6a3 + 805+ ay) + -* 
+x"[n(n — 1)a,+ 4(n + 2)(n + Ldn 42+ G,- 1] 4°" 
=24+(D)x+(0)x?+(O)+- () 


Equating coefficients of like powers of x, we have 
8a, =2, 24a3+dy=1, 2a,+48a,+a,=0, 6a3+ 80a5+ a,=0,... (2) 
In general, 
n(n — l)a,+4(n+2)(n + ldy42+a,_1=0 (n=2,3,...) 
which is equivalent to 


n(n—1) 1 
G42 = a, a,-\ 
A(n+2)(n+l1) " 4(n+2)(n+1) 


(3) 


(n =2, 3, ...). Note that the recurrence formula (3) is not valid for n =0 or n= 1, since the coefficients of x° and 
x! on the right side of (/) are not zero. Instead, we use the first two equations in (2) to obtain 


1 1 1 
a= & 


=—-—a 4 
4 > 24 24° # 
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27.15. 


27.16. 
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Use the power series method to find the general solution near x = 0 of 


(7+ 4)y"+xy=x4+2 


Using the results of Problem 27.14, we have that a, and a; are given by (4) and a, for (n=4,5, 6, ...) is given 
by (3). It follows from this recurrence formula that 


1 1 1/1 1 1 1 
a, = a, a= a= a, 
24°? 48 24\ 4] 48 96 48 


3 1 3 (1 1 1/1 -1 1 
a; = a; a= Ay = + Ay 
40 80 40| 24 24 80\ 4) 160 320 


Thus, 


1, 1 1 3 1 1 a,{—l 1 5 
yH=a,+ax+—x' 4 ay |x +4 a, |x +| —~+-—a, |x +... 
4 24 24 96 48 160 320 
=a,| 1 eae : xt... |ta,| x eee, cs Loe 1 3 Ly : +e, 
24 320 48 4 24 96 160 


The third series is the particular solution. The first and second series together represent the general solution of 
the associated homogeneous equation (x? + 4)y” + xy =0. 


Find the recurrence formula for the power series solution around t=O for the nonhomogeneous 
differential equation (d7y/dt?) + ty=e'*!. 


Here, P(t) =0, O(f) =t, and (ft) =e'*! are analytic everywhere, so t=0 is an ordinary point. Substituting 
Eqs. (27.5) through (27.7), with t replacing x, into the given equation, we find that 


[2a> + 6a3t + 12agt? +--+ (n+ 2)(n + lady 42" $+] 
t+ dgt att at + +a," !+-)=et! 


Recall that e'* ! has the Taylor expansion e’*' = ey * ‘ t" /n! about t=0. Thus, the last equation can be rewritten as 
a 


(2a,) + (6a, +a.) +0 (12a, +a) +--+2"(n+2)(n4+Da,,, +4, J+-" 
ee e > en 
=—+—t+—P +--+ —2" +: 
oO! i! 2! n! 
Equating coefficients of like powers of t, we have 
e e e 
eae 6a, Pay = a8 es ear T se (1) 
In general, (n+ 2)(n + l)a,.2+a,_,=e/n! forn=1,2,..., or, 
1 
Gy. = a,_1 + é (2) 
(n+2)(n+1) (n+2)(n+1)n! 
which is the recurrence formula for n = 1, 2,3, .... Using the first equation in (/), we can solve for a) = e/2. 


27.17. Use the power series method to find the general solution near ¢ = 0 for the differential equation given in 


Problem 27.16. 


Using the results of Problem 27.16, we have az = e/2 and a recurrence formula given by (2). Using this formula, 
we determine that 
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1 e 

aa ee 
_ ol e 
=~ 19% 54 


Substituting these results into Eq. (27.5), with x replaced by t, we obtain the general solution 


e > 1 e)\; 1 e \4 e)\s 
y=a,+at+—t 4 a+ |e + a, + to + Pte 
2, 6 6 12 24 60 


=a ee +a, pop jaa lel Pa Pes A os 
6 12 2 6 24 60 


27.18. Find the general solution near x =2 of y” —(x—-2)y’ + 2y=0. 


To simplify the algebra, we first make the change of variables t=x—2. From the chain rule we find the 
corresponding transformations of the derivatives of y: 


dy _ dy BO ya 
dx dtdx dt dt 


dy _d (2 )- d [F)- d tar ~ FY gy 9 


dx’ dx\ dx} dx\ dt} dt\ dt Jdx dt’ dt? 


Substituting these results into the differential equation, we obtain 


and this equation is to be solved near t= 0. From Problem 27.3, with x replaced by ft, we see that the solution is 


1 1 1 
=a (1-f’)+a|t-—f r fou 
ee ae, ( 6 120 1680 


Substituting t=x — 2 into this last equation, we obtain the solution to the original problem as 


2 1 a} 1 5 1 7 
= ==. — eee I 
y=all—-(x-2)"] +a, E 2) Be 2) 100 (x —2) 1680 (x —2) (J) 


27.19. Find the general solution near x =—1 of y” + xy’ + (2x—- 1)y=0. 


To simplify the algebra, we make the substitution t=x-—(—l1)=x+1. Then, as in Problem, 27.18 
(dy/dx) = (dy/dt) and (d*y/dx’) = (d°y/dt”). Substituting these results into the differential equation, we obtain 


dy 


dy | 
a4 


dt’ 


(t-1) 2 +(2t-3)y =0 


The power series solution to this equation is found in Problems 27.9 and 27.10 as 


y=ay (4 Pe Peco. ta,| t+ te Bote. 
2 6 6 2 2 
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27.20. 


27.21. 


27.22. 


LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS (CHAP. 27 


Substituting back t =x + 1, we obtain as the solution to the original problem 


3 2,1 3,1 ‘ 
ay) 1+=(e +1)? += 41) += 41)" ++ 
y i 5 ) 6° ) a ) 


a Coen + 204d + 24D) ere! +-| (1) 


Find the general solution near x = 1 of y’+(x—- ly=e". 


2 2 
We set t=x- 1, hence, x=t+1. As in Problem 27.18, d us = ay , So the given differential equation may 
be rewritten as dx dt 
d’y t+] 
—t+ty=e 
a 


Its solution is (see Problems 27.16 and 27.17) 


y=a)| 1 Le es ta,|t DP en eg in Bias pl et Ss 
6 12 2: 6 24 60 


Substituting back t = x — 1, we obtain as the solution to the original problem 


= 1 34 1 ! 4 see 
y ac aS 1) rafal 1) ris 1+ 


1 > 1 3, 1 4d eae 
rec 1) +e 1) Ae 1) Pl ly + 


Solve the initial-value problem 


y’ —(x-2)y’ + 2y=0; yW(2)=5, y(2)= 60 


Since the initial conditions are prescribed at x = 2, they are most easily satisfied if the solution to the differen- 
tial equation is obtained as a power series around this point. This has already been done in (/) of Problem 27.18. 
Applying the initial conditions directly to this solution, we find that ag=5 and a, = 60. Thus, the solution is 


_ = a 2 1 3 1 5 ade 
y=5l-(x 2) 1 +60] 2) — (4 2)" — (2) 


=5 + 60(x — 2) —5(x — 2) —10(x —2)° st 2) 


Solve y” + xy’ + (2x — l)y =0; yl) = 2, y(-1) =-2. 


Since the initial conditions are prescribed at x =— 1, it is advantageous to obtain the general solution to the 
differential equation near x = — 1. This has already been done in (/) of Problem 27.19. Applying the initial condi- 
tions, we find that a) = 2 and a; = — 2. Thus, the solution is 


y=9[1 So+ a(x+1) a(x +1) | 


-2] +0 sore sore) roo tpt] 


=2 26441) +2041)? Sx FD! IED 
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27.23. Solve Problem 27.22 by another method. 


TAYLOR SERIES METHOD. An alternative method for solving initial-value problems rests on the 
assumption that the solution can be expanded in a Taylor series about the initial point x9; i.e., 


co (n) 
y=> CO) (y — x4) 
n=0 n. () 
=e ae x5) +(x iP ats 


The terms y(x) and y’(xo) are given as initial conditions; the other terms y(xq) (n = 2, 3, ...) can be obtained by 
successively differentiating the differential equation. For Problem 27.22 we have xy=—1, y(xo) = y(—1) =2, and 
y (Xo) = y (-1) = — 2. Solving the differential equation of Problem 23.22 for y”, we find that 


y” =-xy’ — (2x - l)y (2) 
We obtain y"(xp) = y"(-1) by substituting x9 =— 1 into (2) and using the given initial conditions. Thus, 
y"(-1) =- (-Dy’CD - [2-D — Uy(-)) = 1-2) - (-3)(2) =4 (3) 
To obtain y’(-1), we differentiate (2) and then substitute x) =—1 into the resulting equation. Thus, 
¥"(x) = — y’— xy"— 2y- (2x - 1)y’ (4) 
and y(-D) =-yYCD -(CDy” 1) -2y@ 2) - 2-1) - Hy’ 
=—(-2) +4 -2(2) —- (-3)(-2) =-4 (5) 
To obtain y(-1), we differentiate (4) and then substitute x) =—1 into the resulting equation. Thus, 
yx) = xy” (2x f ly” Ay’ (6) 
and yOCl) = Dy” CD - [2E-D + Hy”) - 4y’1) 
=-—4-(-1)(4) -4(-2)=8 (7) 
This process can be kept up indefinitely. Substituting (3), (5), (7), and the initial conditions into (/), we obtain, as 


before, 


2 4 bed ; 8 ; 
2 2 3 1 4 
=2-2x41) + 2e 41 Stl +4 Dt 


One advantage in using this alternative method, as compared to the usual method of first solving the differential 
equation and then applying the initial conditions, is that the Taylor series method is easier to apply when only the 
first few terms of the solution are required. One disadvantage is that the recurrence formula cannot be found by the 
Taylor series method, and, therefore, a general expression for the nth term of the solution cannot be obtained. Note 
that this alternative method is also useful in solving differential equations without initial conditions. In such cases, 
we set y(X9) = dp and y’(xp) = a;, where dp and a, are unknown constants, and proceed as before. 


27.24. Use the method outlined in Problem 27.23 to solve y” — 2xy = 0; y(2) = 1, (2) =0. 


Using (/) of Problem 27.23, we assume a solution of the form 


y= 2) YO oe 9 YOK, oy g YO Gay 4s 
2! 3! (1) 


0! 1! 
From the differential equation, 
yx) = Day, "(x)= 2y + 2ay’, YOR) =4y’ + xy”, ... 


Substituting x = 2 into these equations and using the initial conditions, we find that 


y"(2) = 2(2)y(2) = 4(1) = 4 
y"(2) = 2y(2) + 2(2)y’(2) = 2(1) + 4(0) = 2 
yO (2) = 4y’(2) + 2(2)y"(2) = 4(0) + 4(4) = 16 
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27.25. 
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Substituting these results into (/), we obtain the solution as 


y=lt+2(x 2 +(x 2+ Des 


Show that the method of undetermined coefficients cannot be used to obtain a particular solution of 
A 
yo txy=2. 


By the method of undetermined coefficients, we assume a particular solution of the form y, = Agx”, where m 


might be zero if the simple guess y,= Ag does not require modification (see Chapter 11). Substituting y, into the 
differential equation, we find 


m(m — 1)Agx"" 2+ Agx™* !=2 (1) 


Regardless of the value of m, it is impossible to assign Ap any constant value that will satisfy (/). It follows that the 
method of undetermined coefficients is not applicable. 

One limitation on the method of undetermined coefficients is that it is only valid for linear equations with 
constant coefficients. 


Supplementary Problems 


In Problems 27.26 through 27.34, determine whether the given values of x are ordinary points or singular points of the given 
differential equations. 


27.26. 


27.28. 


27.30. 


27.32. 


27.34, 


27.35. 


x= 1; y”+3y’ + 2xy =0 27.27. x=2; (x—2)y” + 3(x?- 3x + 2)y’ + (x- 2)*y =0 
x=0,(0 + Dy" +—y' +ay=0 27.29. x= I:(x + Dy"+—y’ tay=0 

x=0; 7y”+y=0 27.31. x=0; xy” +xy =0 

x=0; e*y” + (sin x)y’ +xy =0 27.33. x=-1; («+ ly” + @?-DawtDy’ + (—- Dy =0 


x= 2; x40? — Ay” + (wt Dy’ + @?- 3x +2)y =0 


Find the general solution near x =0 of y” — y’ =0. Check your answer by solving the equation by the method of 
Chapter 9 and then expanding the result in a power series about x =0. 


In Problems 27.36 through 27.47, find (a) the recurrence formula and (b) the general solution of the given differential 
equation by the power series method around the given value of x. 


27.36. 


27.38. 


27.40. 


27.42. 


27.44, 


27.46. 


27.48. 


27.49. 


x=0; y’+xy=0 27.37. x=0; y” —2xy’-2y=0 
x=0; y"+x2y’ + 2xy =0 27.39. x=0; y’-xy’-y=0 
x=0; y’+2x*y=0 27A1. x=0; (X?-1)y”+2xy’ -y=0 
x=0; y’-xy=0 27.43. x=1; y”’-xy=0 

x=—2:; y”—xy’+(x+2)y=0 27.45. x=0; @?+4)y"+y=x 
x=1; y’-(«- Dy’ =x?- 2x 27.47. x=0; y”—xy’ =e 


Use the Taylor series method described in Problem 27.23 to solve y” — 2xy’ +.x’y =0; y(0) = 1, y’(0) =-1. 


Use the Taylor series method described in Problem 27.23 to solve y” — 2xy = x7; y(1) =0, y'(I) =2. 


CHAPTER 28 


Series Solutions 
Near a Regular 
Singular Point 


REGULAR SINGULAR POINTS 


The point x9 is a regular singular point of the second-order homogeneous linear differential equation 
y+ PQdy’ + OQ)y =0 (28.1) 


if xp is not an ordinary point (see Chapter 27) but both (x — x9)P(x) and (x — Xp)" Q(x) are analytic at x). We only 
consider regular singular points at xy = 0; if this is not the case, then the change of variables ¢ = x — xp will translate 
Xo to the origin. 


METHOD OF FROBENIUS 


Theorem 28.1. If x =0 is a regular singular point of (28./), then the equation has at least one solution of 
the form 
y= x >» a,x" 
n=0 


where A and a, (n=O, 1, 2, ...) are constants. This solution is valid in an interval 
0 <x <R for some real number R. 


To evaluate the coefficients a, and 4 in Theorem 28.1, one proceeds as in the power series method of 
Chapter 27. The infinite series 


ae, a A+n 
y=x a,x = a,x 
n=0 n=0 


A+] N+n-1 A+n A+ntl1 


=ax* tax! tax? +e-ta, x +a,x**" +a, ,,x foe (28.2) 


with its derivatives 


yl =Aagr*! + (A+ Dayx* t+ (A+ 2)anx*t! 4. 
$n 1a, tA eae Ot Se Dig st (28.3) 
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and y” =MA— 1)agx* 2 + (A+ 1a! + (A+ 2A + Dag’ + --- 
+(Atn—1\(A+n—2)a,_ rt -3+(A4+ny(At+n-—la,x*t*-? 
+(Atn+1)(A+n)agy x it"! 4+... (28.4) 


are substituted into Eq. (28./). Terms with like powers of x are collected together and set equal to zero. When 
this is done for x” the resulting equation is a recurrence formula. A quadratic equation in A, called the indicial 
equation, arises when the coefficient of x° is set to zero and apo is left arbitrary. 

The two roots of the indicial equation can be real or complex. If complex they will occur in a conjugate 
pair and the complex solutions that they produce can be combined (by using Euler’s relations and the identity 
x@tib — y4e*ib In) ty form real solutions. In this book we shall, for simplicity, suppose that both roots of the 
indicial equation are real. Then, if A is taken as the larger indicial root, X= A, = Ay, the method of Frobenius 
always yields a solution 


=x" ¥ a,x" 
eee 2 : (28.5) 


to Eq. (28.1). [We have written a,,(A,) to indicate the coefficients produced by the method when A = A,.] 
If P(x) and Q(x) are quotients of polynomials, it is usually easier first to multiply (28./) by their lowest 
common denominator and then to apply the method of Frobenius to the resulting equation. 


GENERAL SOLUTION 


The method of Frobenius always yields one solution to (28./) of the form (28.5). The general solution (see 
Theorem 8.2) has the form y = c,y,(x) + c2y2(x) where c; and c are arbitrary constants and y»(x) is a second 
solution of (28./) that is linearly independent from y,(x). The method for obtaining this second solution depends 
on the relationship between the two roots of the indicial equation. 


Case 1. If A, — A, is not an integer, then 


yoj=2" ‘) a, (X)x" (28.6) 


where y (x) is obtained in an identical manner as y,(x) by the method of Frobenius, using A, in place of A). 
Case 2. If A, = Ay, then 
y,(x) = y,(x) In x + x™ >» b,(v,)x" (28.7) 


n=0 
To generate this solution, keep the recurrence formula in terms of \ and use it to find the coefficients 
a, (n= 1) in terms of both A and ao, where the coefficient a) remains arbitrary. Substitute these a, into 
Eq. (28.2) to obtain a function y(A, x) which depends on the variables 4 and x. Then 


A y(A,x) 
= 288 
yy (x) Do ce (28.8) 
Case 3. If 4, — A, =N, a positive integer, then 
y,(x) = d_,y,(x) nx +x” ¥ d,(A,)x" (28.9) 


n=0 


To generate this solution, first try the method of Frobenius with A). If it yields a second solution, then 
this solution is y.(x), having the form of (28.9) with d_, = 0. Otherwise, proceed as in Case 2 to generate 
y(A, x), whence 


0 
= — ae | 
y,(x) yl AWA he =a, (28.10) 
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Solved Problems 


28.1. Determine whether x = 0 is a regular singular point of the differential equation 
y” —xy’ +2y=0 
As shown in Problem 27.1, x =0 is an ordinary point of this differential equation, so it cannot be a regular 
singular point. 


28.2. Determine whether x =0 is a regular singular point of the differential equation 


2x*y” + Tx(x + ly’ — 3y =0 
Dividing by 2x”, we have 


P(x) = and Q(x) =—> 


T(x +1) 3 
2x 2x? 


As shown in Problem 27.7, x = 0 is a singular point. Furthermore, both 
7 2 3 
xP(x) = ae +1) and x Q(x)=- 5 


are analytic everywhere: the first is a polynomial and the second a constant. Hence, both are analytic at x =0, and 
this point is a regular singular point. 


28.3. Determine whether x =0 is a regular singular point of the differential equation 


xy" +2xy’ +y=0 


Dividing by x*, we have 
P(x)= 2 and Q(x)= as 


3 
x x 


Neither of these functions is defined at x =0, so this point is a singular point. Here, 


xP(x)=2 and Q(x) == 


The first of these terms is analytic everywhere, but the second is undefined at x=0 and not analytic there. 


Therefore, x = 0 is not a regular singular point for the given differential equation. 


28.4. Determine whether x = 0 is a regular singular point of the differential equation 


8x°y” + 10xy’ + (x- ly =0 
Dividing by 8x”, we have 
1 


5 1 
P(x) =— d =—-— 
“ Ax ane eke) 8x 8x? 


Neither of these functions is defined at x =0, so this point is a singular point. Furthermore, both 


xP(x)= : and x°Q(x)= at -1) 


are analytic everywhere: the first is a constant and the second a polynomial. Hence, both are analytic at x =0, and 
this point is a regular singular point. 
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28.5. Find a recurrence formula and the indicial equation for an infinite series solution around x = 0 for the 


28.6. 


differential equation given in Problem 28.4. 


It follows from Problem 28.4 that x = 0 is a regular singular point of the differential equation, so Theorem 24.1 
holds. Substituting Eqs. (28.2) through (28.4) into the left side of the given differential equation and combining 


coefficients of like powers of x, we obtain 


x[BA(A — Lag + 10Adp — ag] +.x** E8(A + Aa, + 10(A + Day +a9 — ay] + 
+x *"8(A + n\(Atn—l)d, t+ 1O(A+n)ay + y—1 —a,] + -- =0 


Dividing by x* and simplifying, we have 
[8A7 + 2A — Lap +. x[(8A2 + 18A4+9)ay +a] + - 
+x{[8(A +n)? +2(A +n) — la, +a,—1} ++ =0 
Factoring the coefficient of a, and equating the coefficient of each power of x to zero, we find 
(842 + 2A — 1)ap =0 
and, forn=1, 


[40 +n) — 1][2(A +n) + 1la,+a,_;=0 
-1 
[4(A +n) —1[2(A +n) +1] et 


or, a, 


Equation (2) is a recurrence formula for this differential equation. 
From (/), either dj = 0 or 


847+ 2A-1=0 


It is convenient to keep ap arbitrary; therefore, we must choose A to satisfy (3), which is the indicial equation. 


Find the general solution near x = 0 of 8x°y’ + 10xy’ + (x — Dy =0. 


() 


(2) 


(3) 


The roots of the indicial equation given by (3) of Problem 28.5 are A, =+, and A, =—+. Since A,-A, =3, 
the solution is given by Eqs. (28.5) and (28.6). Substituting A =i into the recurrence formula (2) of Problem 28.5 


and simplifying, we obtain 


-l 
a, =—————a,_, (n=l) 
2n(4n +3) 
-l -l 1 
Thus, a4=—4, a4=—a= > 
© 44 44 616 
and y (x) =ayx'!4 eae 2 
14° 616 


Substituting 4 =—+ into recurrence formula (2) of Problem 28.5 and simplifying, we obtain 


-l 
a, = ay-1 
2n(4n — 3) 
1 -l 1 
Thus, a,= ys ar a 


1 1 
and X)=axP?}1-=x4+— x? 46° 
=e 2 40 
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28.7. 


28.8. 


The general solution is 


y=, (X) + Cyy,(x) 
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=ke"(I - ean Ge «eke (Ip ag ja) 


4 616 


where k, = c;do and ky = Coa. 
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Find a recurrence formula and the indicial equation for an infinite series solution around x = 0 for the 


differential equation 


2x*y” + Tx(x + Dy’ — 3y =0 


It follows from Problem 28.2 that x = 0 is a regular singular point of the differential equation, so Theorem 28.1 
holds. Substituting Eqs. (28.2) through (28.4) into the left side of the given differential equation and combining 


coefficients of like powers of x, we obtain 


x*[2M(A — Lag + TAag — 349] +x** '[2(A+ LAay + TAdy + T(A + Lay — 3ay] + 
t+xA*12(V4n(Atn—Da,+7At+n—l)a,_ 1 +TA+n)a, — 3a,] +++ 0 


Dividing by x* and simplifying, we have 


(207 + 52 — 3)ay + x[(2A? + 9X4 4)a, + Tray] + 


+x"{[2(A +n)? +5(A +n) —3]a,+7A+n—la,_}+- 


Factoring the coefficient of a, and equating each coefficient to zero, we find 


(247 + 5A —3)ay =0 
and, forn>1, 


[2A +n) —1][(A+n)+3]a,+7A+n—a,_,=0 
40 n= ij 
a,= a,-1 
at, " [2A +n) -1W[At+n) +3] ” 


Equation (2) is a recurrence formula for this differential equation. 
From (/), either a) = 0 or 


207 +54-3=0 


It is convenient to keep ap arbitrary; therefore, we require A to satisfy the indicial equation (3). 


Find the general solution near x = 0 of 2x°y” + 7x(x + l)y’ — 3y =0. 


ll 
Oo 


() 


(2) 


(3) 


The roots of the indicial equation given by (3) of Problem 28.7 are 4, =4 and A, =-3. Since d, — A, = 4, the 


solution is given by Eqs. (28.5) and (28.6). Substituting A=+ into (2) of Problem 28.7 and simplifying, 


2 


we obtain 
ga SS (n>1) 
2n(2n +7) 
21 147 
Thus, q =-14,, eames Cia 0° 
18 44 792 


and no) saya!" I Tea + 
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28.10. 
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Substituting 4 =—3 into (2) of Problem 28.7 and simplifying, we obtain 


—T(n-4 
go), (n=1) 
n(2n —7) 
21 49 343 
Thus, a= 5 0 a, = i a a, = gu 5 A, a,=0 


and, since a, =0, a, =0 for n= 4. Thus, 


y,(x) =ayx~ x+ 


The general solution is 


y =cy, (x) + cy. (x) 


nae"{1 mite tbl ee | 


where k, = cydo and ky = ca. 


Find the general solution near x = 0 of 3x*y” — xy’ + y =0. 


Here P(x) = —1/(3x) and Q(x) = 1/(3x*); hence, x = 0 is a regular singular point and the method of Frobenius is 
applicable. Substituting Eqs. (28.2) through (28.4) into the differential equation and simplifying, we have 


x32 — 40+ Lay +24 * [302 + 2AJay te t3** "(300 +n)? - 400 +2) + 1a, + =0 
Dividing by x* and equating all coefficients to zero, we find 


(347 — 420+ 1)ay =0 (J) 
and [3A +ny —4(A +n) + 1la,=0 (n=1) (2) 


From (/), we conclude that the indicial equation is 3A? — 44 + 1 =0, which has roots A, = 1 and A, =4. 


Since A, —A, = 2, the solution is given by Eqs. (28.5) and (28.6). Note that for either value of A, (2) is satisfied by 
simply choosing a, =0,n = 1. Thus, 


y(x) =x" ~ a,X" =ax y(x)=x"° p> a,x" = a,x" 
n=0 n=0 

and the general solution is 
Y= C1Y1(X) + CY2(X) = kyx + kyx!? 


where k, = cydg and ky = cdo. 


Use the method of Frobenius to find one solution near x = 0 of x?y’ + xy’ +.x°y =0. 


Here, P(x) = 1/x and Q(x) = 1, so x =0 is a regular singular point and the method of Frobenius is applicable. 
Substituting Eqs. (28.2) through (28.4) into the left side of the differential equation, as given, and combining 
coefficients of like powers of x, we obtain 


x [Mag] + x**'[(A + 1)2ay] +34 *7[(A + 2)? + ag] + 0 $8 "(A + 1), + Ay 2] + + =0 
Thus, May =0 (/) 
(A+ 1)°a, =0 (2) 


and, for n>2,(A+n)a, +a, > =0, or, 


a, = oo ie (n22) 


" (K+ny (3) 
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The stipulation n = 2 is required in (3) because a, _ 1s not defined for n = 0 or n = 1. From (J), the indicial equation 
is 47 =0, which has roots, Ay =A» = 0. Thus, we will obtain only one solution of the form of (28.5); the second solution, 
y2(x), will have the form of Eq. (28.7). 

Substituting 4 =0 into (2) and (3), we find that a,=0 and a, =-(1/n?)a,_. Since a, =0, it follows that 


0 =a; =a; =a7=---. Furthermore, 
ee ee 1 ig ites ges a 
4° Papo Ft 16 7% 24ayr-® 
= Lo 1 a 1 1 
6 36% I? 8 64% wane 

‘ (-lk 
and, in general, Sa (k= 1,253, 20.) LOU, 
g ay, 2 (KI 0 ¢ ) 
Sei a a a ee ee ee 
y,(X) = ax ! Pay * sn? + + EDP” + 

— ee CD" on 
= 4 2 Daca? x (4) 


28.11. Find the general solution near x = 0 to the differential equation given in Problem 28.10. 


One solution is given by (4) in Problem 28.10. Because the roots of the indicial equation are equal, we use 
Eq. (28.8) to generate a second linearly independent solution. The recurrence formula is (3) of Problem 28.10, 
augmented by (2) of Problem 28.10 for the special case n = 1. From (2), a, = 0, which implies that 0 = a3 =a5=a7=-:-. 
Then, from (3), 


-l -l 1 
a, = A, A= a, = As 
 O+27  * A+4r 7? Os4r7a+or ” 
Substituting these values into Eq. (28.2), we have 
1 1 
Ax) =a,| x* xh? 4 NTA aes 
ee | (A +2) (A+4y° (A+ 2) 


Mek 


7) 
Recall that = (x alle eo (When differentiating with respect to A, x can be thought of as a constant.) Thus, 


On 
9105) 25 x"Inx + z = xh? : =x? Inx 
On (A +2) (A +2) 
2 A+4 2 A+4 
LAS a* 2 gee 
(A+ 4) (A +2) (A+ 4) (A +2) 
*acpaapr ins] 
and 
yo = PED =a) [inst -= Inx 
n=0 


2 x! 2 4 
4°27 4°23 4V2 


- { « 1 4a, 
= (naa PAN * Fan * 


x x’ (1 
+ a O- Foy ; 1} - 


x x" 3 
=e a 7 Fan(3) | ) 


which is the form claimed in Eq. (28.7). The general solution is y = c,y,(x) + cp y2(x). 
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28.12. 


28.13. 


28.14. 
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Use the method of Frobenius to find one solution near x = 0 of xy’ — xy’ +y =0. 


Here, P(x) = -1/x and Q(x) = I/x’, so x =0 is a regular singular point and the method of Frobenius is applicable. 
Substituting Eqs. (28.2) through (28.4) into the left side of the differential equation, as given, and combining coefficients 
of like powers of x, we obtain 


XA = L)Pag x4 May] to Fah (A +n)? — 2A +n) + la, +++ =0 
Thus, (A— 1)?ay = 0 (J) 
and, in general, [((A +n)? -2(A +n) + 1a, =0 (2) 


From (J), the indicial equation is (A — 1)? =0, which has roots A, = A» = 1. Substituting A= 1 into (2), we obtain 
ra, =0, which implies that a, =0,n > 1. Thus, y,(x) = aox. 


Find the general solution near x = 0 to the differential equation given in Problem 28.12. 


One solution is given in Problem 28.12. Because the roots of the indicial equation are equal, we use Eq. (28.8) 
to generate a second linearly independent solution. The recurrence formula is (2) of Problem 28.12. Solving it 
for a,, in terms of A, we find that a, =0 (n= 1), and when these values are substituted into Eq. (28.2), we have 
y (A, x) = aox*. Thus, 


CL eee 
on 
dy(A, 
and 2) = = Myx Inx = y,(x) Inx 


> 
W 


which is precisely the form of Eq. (28.7), where, for this particular differential equation, b,(A,) =0 (n =0, 1,2, ...). 
The general solution is 


Y = Cy (X) + CoV2(X) = kyQx) + kox In x 


where k, = cdo, and ky = Cd. 


Use the method of Frobenius to find one solution near x = 0 of x*y” + (x? — 2x)y’ + 2y =0. 
Here 


ee and Oe 


2 
x x 


so x =0 is a regular singular point and the method of Frobenius is applicable. Substituting Eqs. (28.2) through 
(28.4) into the left side of the differential equation, as given, and combining coefficients of like powers of x, we 
obtain 


x*[(A2 — 3A + 2)ag] t.x** [02 — Ajay + Aag] + 
+x4*™1N +n) — 3(A +1) + 2a, + (A+n— Da,_ i} ++ =0 


Dividing by x’, factoring the coefficient of a, and equating the coefficient of each power of x to zero, we obtain 
(17 — 32. + 2)ay =0 (1) 


and, in general, [((A +) — 2][((A +n) — l]a,+(A +n-— 1)a,_, =9, or, 


1 
a, =—- >a 


- >1 2 
=p ph WD (2) 


n-1 


From (J), the indicial equation is 47 —3A+2=0, which has roots A, =2 and A) =1. Since A; — A» = 1, a positive 
integer, the solution is given by Eqs. (28.5) and (28.9). Substituting 1 =2 into (2), we have a, =—(I/n)ay_ 1, 
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from which we obtain 


a, =— dy 
i 1 
a, 3% 31% 
Pr 1 11 1 
i ae) ee 
2 (-1)‘ 
and, in general, a, = a,. Thus, 

aw (-1)" 2 

year >! u x" =a)x°e* (3) 
n=0 Te 


28.15. Find the general solution near x = 0 to the differential equation given in Problem 28.14. 


One solution is given by (3) in Problem 28.14 for the indicial root 1, = 2. If we try the method of Frobenius 
with the indicial root A, = 1, recurrence formula (2) of Problem 28.14 becomes 


1 
n-1 


a, a, =—1 


which leaves a, undefined because the denominator is zero when n = 1. Instead, we must use (28./0) to generate a 
second linearly independent solution. Using the recurrence formula (2) of Problem 28.14 to solve sequentially for 
a, (n= 1, 2,3, ...) in terms of A, we find 


1 1 1 1 -l 


oT aD Oa ODA” 


Substituting these values into Eq. (28.2) we obtain 


1 ahh } 1 ah 2 1 xt pues 
(A -1) MA -1) (A+ D)AUA-1) 


y(A,x) = Ay bo 


and, since A-2~, =A-1, 


G29.) 0 Tx* — 241 + 1 ate 1 assy | 


nr MA +1) 
Then 
ard )y(A,x)] = 4 Ei +(A—Dx* Inx —x**! Inx = + 1 ae Inx 
On . , ° Vv rn 
tS : xg : a a : x Inx te 
M(A+D MA +1) MA +1) 
and 
0 
V(x) = (A — Ay) A, *)] 
an Nay =1 
1 a 1,4 
=a) x+0-2x7 Inx-x° +x Inx4 + —Xx a Inx 4 
2" 4 
“Cinna e+ aH +: “|e [e-¥ | 
=—y,(x) Inx +a)x fine +o +: -| 
This is the form claimed in Eq. (28.9), with d_j =—1, dy =o, d, =0, d, = 4a The general solution is 


y= cyy (x) + Cpyo(X). 
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28.17. 
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Use the method of Frobenius to find one solution near x = 0 of xy” + xy’ + (x? - 1)y =0. 
Here 


P(x)= Ea and Q(x)=1- = 
x x” 


sox =0 is a regular singular point and the method of Frobenius is applicable. Substituting Eqs. (28.2) through (28.4) 
into the left side of the differential equation, as given, and combining coefficients of like powers of x, we obtain 


x[(A2 — Lag] +.x** HEA +1)? — Way +x* 740A + 2° — Lay tag} + 
+0 "UA +n)? — lay + dy—2} +--+ =0 
Thus, (A? — 1)ap = 0 (/) 
[(A + 1)? — 1a; =0 (2) 


and, for n > 2, [(A +n)? — 1]a, +a, > =0, or, 
1 


4 = By praiee? ("2 (3) 


From (J), the indicial equation is 47 — 1 =0, which has roots A, = 1 and A, =—1. Since A; — Ay = 2, a positive integer, 
the solution is given by (28.5) and (28.9). Substituting A = | into (2) and (3), we obtain a, =0 and 


-l 


a, =—————a n2=2 
"n(n+2) "? ie 
Since a, = 0, it follows that 0 = a3; = a5 =a7=---. Furthermore, 
poe oy poet ay egy 
7 2(4) ° 221°? 46) 242131 8? 8 68) * 23141 ° 
and, in general, 
(-1)' 


a,=—> a | a) ee es ee 
7 DRM Kk ED! ° ( ) 


cee an 
Thus, y, (x) ary, Palin +d! x (4) 
Find the general solution near x = 0 to the differential equation given in Problem 28.16. 


One solution is given by (4) in Problem 28.16 for the indicial root A, = 1. If we try the method of Frobenius 
with the indicial root A, =—1, recurrence formula (3) of Problem 28.16 becomes 


1 
———aa 
n(n — 2) 


n—-2 


which fails to define a2 because the denominator is zero when n = 2. Instead, we must use Eq. (28./0) to generate a 
second linearly independent solution. Using Eqs. (2) and (3) of Problem 28.16 to solve sequentially for a,(n = 1,2, 
3, ...) in terms of A, we find 0 =a, =a3=a5=--- and 


-1 1 
ie (4+3a4+1) % (1+ 504304) 

Thus, y(A, x) = dy x A erry : 5 Dele 
(A+3)(A+1) (A+5\(A+3)7(A +1) 


Since A-A, =A41, 


-| 1 
_ = 1)x* A+? PEN sete 
(A= Ay) VA, x) wl us a Oi Ose | 
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and 


Sa —1,)y(A, x)] = ay le +(A+1)x* Inxt ae 


_ 1 ht? = 1 aht4 
(A +3) (A+5)P(A +3)? 
2 xht4 He 1 
(A+5)(A+3)° (A+5)(A+3) 


Daa ins 


O 
Then y,(x) = 54 —h,)y(A,x)] 


heh =-1 
=a, eee ae 1 eee eee 
4 2 64 32 16 


So nas ithe: + ay 4 he Pete 
2 8 4 64 


== $(in)34(2) age fete Sate] (1) 


This is in the form of (28.9) with d_, = - dy =a, d, =0, d, = : dy, d3=0, d, = = a,,.... The general solution 
is y= CX) + CpV9(X). = si om 


28.18. Use the method of Frobenius to find one solution near x =0 of xy” + (x? + 2x)y’ — 2y=0. 


Here 


Pj sia and Gijee=: 
Be 


2 
x 


sox =0 is a regular singular point and the method of Frobenius is applicable. Substituting Eqs. (28.2) through (28.4) 
into the left side of the differential equation, as given, and combining coefficients of like powers of x, we obtain 


(A? + —2)ag] +2** [02 + 3A)a, + Ado] + 
+0 +n) + (A+) — 2]a, + (A+ Vani} ++ =0 


Dividing by x*, factoring the coefficient of a,,, and equating to zero the coefficient of each power of x, we obtain 


(V2 +2—2)ay =0 (J) 


and, forn>1, 


[(A +n) + 2][(A +n) - 1]a,+(A+n- 1)a,_, =0 
which is equivalent to 


1 
a= 


= : >] 2 
n Vaan (n ) ( ) 


From (/), the indicial equation is A? + A — 2 =0, which has roots A, = 1 and A, =—2. Since A, — Ay =3, a positive 
integer, the solution is given by Eqs. (28.5) and (28.9). Substituting 1 = 1 into (2), we obtain a, = [-1/(n + 3)]a,_ 1, 
which in turn yields 


3! 
-—a 
4) 


8 

ll 

| 

ag 
i=] 

ll 


Q 
& 
| 
Dl ule Ale 
8 
| 
nile 
gS x Y 
ee 
AY 
Mig a 
g 
Co 
| 
M| Ww 
o 


& 
ll 
| 

g 

S 
| 

co 
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28.19. 


28.20. 
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and, in general, 
_ ‘3! 
*"(k +3)! ° 
co (-1)"x" co (-1)"3!x" 
Hence, x)=a,x|1+3! =A)Xx 
WO) Mp pewery od (n +3)! 


which can be simplified to 


y(x) = =. Oey Ee) (3) 


Find the general solution near x = 0 to the differential equation given in Problem 28.18. 


One solution is given by (3) in Problem 28.18 for the indicial root A; = 1. If we try the method of Frobenius 
with the indicial root Ay = —2, recurrence formula (2) of Problem 28.18 becomes 


n n n-1 (1) 


which does define all a,(n 2 1). Solving sequentially, we obtain 


1 
a, =-a,= ne aT 
and, in general, a, = (—1)a/k!. Therefore, 
(x) =a)x7} 1 Lio mae Gl ee fase 
sees Ta kM 
—] n n 
= a,x (-D"x agus 
n=0 n! 


This is precisely in the form of (28.9), with d_, =0 and d, = (—1)"ao/n!. The general solution is 


y= cy (x) + coyo(x) 


Find a general expression for the indicial equation of (28.1). 


Since x =0 is a regular singular point; xP(x) and x*Q(x) are analytic near the origin and can be expanded in 
Taylor series there. Thus, 


xP(x) =) p,x” = py + px + px? ++ 
n=0 


O(x) = ¥g,x" =G) +X + QX te 
n=0 


Dividing by x and x”, respectively, we have 
PO) = por! +p tpt OO) =qox? +qx!+Qt- 
Substituting these two results with Eqs. (28.2) through (28.4) into (28./) and combining, we obtain 
x*- TNA — Ddg + Aagpo + ogol + --- =0 
which can hold only if 
aol? + (po — 1I)A+ qo] =0 
Since dp # 0 (dp is an arbitrary constant, hence, can be chosen nonzero), the indicial equation is 


? + (Po — A+ Go =0 (/) 
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28.21. 


28.22. 


28.23. 


Find the indicial equation of x*y’ + xe*y’ + (x — 1)y =0 if the solution is required near x = 0. 
Here 
P(xy=© and Q(x)=x-+ 
x 


2 
x 


and we have 
vA 


aP(a) =e" S14 xt te 


x’O(x) = x* —1=-14+0x 40x? +147 +0x74-- 


from which pp = 1 and gy =—1. Using (/) of Problem 28.20, we obtain the indicial equation as .? — 1 =0. 


Solve Problem 28.9 by an alternative method. 


The given differential equation, 3x”y” — xy’ + y = 0, is a special case of Euler’s equation 


DyX"y™ + Dy 1x LY“ D 4 + + Boxy” + dyxy’ + boy = O() (/) 


where b,( j =0, 1, ... ,m) is a constant. Euler’s equation can always be transformed into a linear differential equation 
with constant coefficients by the change of variables 


z=Inx or x=e& (2) 


It follows from (2) and from the chain rule and the product rule of differentiation that 


dy _dydz_1 dy _ Fy 
dx dzdx xa dz 


dy d dy\_d oD _|d oD dz 
dx’ dx\ dx} dx dz dz dz }\dx 


felt Gk-eh® 
dz dz dz" dz 


Substituting Eqs. (2), (3), and (4) into the given differential equation and simplifying, we obtain 


(3) 


2 
Be Aah Toy 
dz 3dz 3 


Using the method of Chapter 9 we find that the solution of this last equation is y = c,e* + c,e“. Then using (2) 
and noting that eB) = (e)!3, we have as before, 


y =x + epx!3 
Solve the differential equation given in Problem 28.12 by an alternative method. 
The given differential equation, xy” — xy’ + y =0, is a special case of Euler’s equation, (/) of Problem 28.22. 


Using the transformations (2), (3), and (4) of Problem 28.22, we reduce the given equation to 


2 
ey. Deal 
dz dz 


The solution to this equation is (see Chapter 9) y = cye* + coze*. Then, using (2) of Problem 28.22, we have for the 
solution of the original differential equation 


YHCyX + Cox Inx 


as before. 
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28.24. Find the general solution near x = 0 of the hypergeometric equation 


x(1 —x)y” + [C -(A+B + 1)x]y’ — ABy =0 


where A and B are any real numbers, and C is any real nonintegral number. 


Since x = 0 is a regular singular point, the method of Frobenius is applicable. Substituting, Eqs. (28.2) through 
(28.4) into the differential equation, simplifying and equating the coefficient of each power of x to zero, we obtain 


4+(C-1)A=0 () 


as the indicial equation and 


“ _Atnrt+n+A+B)+ AaB 
ee (Atn+l(A+n+C) 


n (2) 


as the recurrence formula. The roots of (/) are A; =O and A, = 1 — C; hence, A, — Ay = C — 1. Since C is not an integer, 
the solution of the hypergeometric equation is given by Eqs. (28.5) and (28.6). 
Substituting 4 =0 into (2), we have 


2 _nnt+A+ B+ AB 
“ir (n+(n+C)" 
which is equivalent to 
(A +n)(B+n) 
Qi +1 Sa 
(n+1)(n+C) 
Thus 
ee 
oe 
(A +1)(B +1) A(A + 1)B(B +1) 
a, = a= ai 
2(C +1) 2!C(C +1) 


_(A+2(B+2) _ A(A+I(A +2)BB+ 1B +2) 
a 2 0 


3(C +2) 3!1C(C + 1(C +2) 


and y,(x) = aoF(A, B; C; x), where 


AB, A(A+I)B(B+1) 2 

UC 2!1C(C +1) 

AA +I(At2)BB+DBH2) 5. 
31C(C +1(C +2) 


F(A, B,C; x) =1+ 


The series F(A, B; C; x) is known as the hypergeometric series; it can be shown that this series converges for —1 <x <1. 
It is customary to assign the arbitrary constant ag the value 1. Then y,(x) = F(A, B; C; x) and the hypergeometric series 
is a solution of the hypergeometric equation. 

To find y,(x), we substitute 2 = 1 — C into (2) and obtain 


_(n+1-C)(n+14+A+B-C)+ AB 


n+ a, 
(n+2—C)(n+]) 
or a =a C+n+(R=C4 n+), 
(n+2—-—C)(n+1) 


Solving for a, in terms of ao, and again setting ay = 1, it follows that 
yo(x) =x!~CF(A-C + 1,B-—C+1;2-C;x) 


The general solution is y = cyy,(x) + c2y2(x). 
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Supplementary Problems 


In Problems 28.25 through 28.33, find two linearly independent solutions to the given differential equations. 


28.25. 2x°y”— xy’ + (1 —x)y =0 28.26. 2x*y" + (x? —x)y’ ty =0 

28.27. 3x°y” — 2xy’ - (2+. x)y =0 28.28. xy” +y’-y=0 

28.29. xy” +xy’ +7y=0 28.30. x°y" + (x-x)y’-y =0 

28.31. xy”’-(x+ ly’ -y=0 28.32. 4x°y” + (4x + 2x*)y’ + 3x — Dy =0 


28.33. xy” + (x? — 3x)’ -— (xX -—Dy =0 

In Problems 28 .34 through 28.38, find the general solution to the given equations using the method described in Problem 28.22. 
28.34. 4x°y” + 4xy’- y =0 28.35. x’y” — 3xy’ + 4y =0 

28.36. 2x°y” + lIxy’ + 4y =0 28.37. xy” — 2y =0 


28.38. x°y” — 6xy’ =0 


CHAPTER 29 


Some Classical 
Differential Equations 


CLASSICAL DIFFERENTIAL EQUATIONS 


Because some special differential equations have been studied for many years, both for the aesthetic beauty 
of their solutions and because they lend themselves to many physical applications, they may be considered 
classical. We have already seen an example of such an equation, the equation of Legendre, in Problem 27.13. 

We will touch upon four classical equations: the Chebyshev differential equation (DE), named in honor of Pafnuty 
Chebyshey (1821-1894); the Hermite differential equation, so named because of Charles Hermite (1822-1901); the 
Laguerre differential equation, labeled after Edmond Laguerre (1834-1886); and the Legendre differential equation, 
so titled because of Adrien Legendre (1752-1833). These equations are given in Table 29-1 below: 


Table 29-1 
(Note: n=0,1,2,3,...) 


Chebyshev Differential Equation (1-2) y’—xy’ + r’y=0 


Hermite Differential Equation y” — 2xy’ + 2ny =0 


Laguerre Differential Equation xy” +(1—x)y’ +ny =0 


Legendre Differential Equation (1 —x°)y” — 2xy’ + n(n + ly =0 


POLYNOMIAL SOLUTIONS AND ASSOCIATED CONCEPTS 


One of the most important properties these four equations possess is the fact that they have polynomial 
solutions, naturally called Chebyshev polynomials, Hermite polynomials, and so forth. 

There are many ways to obtain these polynomial solutions. One way is to employ series techniques, as 
discussed in Chapters 27 and 28. An alternate way is by the use of Rodrigues formulas, so named in honor of 
O. Rodrigues (1794-1851), a French banker. This method makes use of repeated differentiations (see, for example, 
Problem 29.1). 

These polynomial solutions can also be obtained by the use of generating functions. In this approach, infinite 
series expansions of the specific function “generates” the desired polynomials (see Problem 29.3). It should be 
noted, from a computational perspective, that this approach becomes more time-consuming the further along 
we go in the series. 
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These polynomials enjoy many properties, orthogonality being one of the most important. This condition, 
which is expressed in terms of an integral, makes it possible for “more complicated” functions to be expressed 
in terms of these polynomials, much like the expansions which will be addressed in Chapter 33. We say that the 
polynomials are orthogonal with respect to a weight function (see, for example, Problem 29.2). 

We now list the first five polynomials (n = 0, 1, 2, 3, 4) of each type: 


© Chebyshev Polynomials, 7;,(x): 
© To(x)=1 
° T\@)=x 
° T,(x)=2x*-1 
© T3(x) = 4x3 — 3x 
© T,(x) = 8x4 — 8x7 +1 


¢ Hermite Polynomials, H,,(x): 
° Hy(x)=1 
° Hy(x) = 2x 
© H,(x) = 4x? - 2 
© H,(x) = 8x? — 12x 
© H,(x) = 16x4 — 48x? + 12 


e Laguerre Polynomials, L,(x): 
° L(x) =1 
° Li@w=-x+1 
° L(x) =x? -4x4+2 
© L(x) =x + 9x? — 18x +6 
© Ly(x) = x4 — 16x3 + 72x? — 96x + 24 


e Legendre Polynomials, P,,(x): 
© Pox) =1 
° Pia)=x 


° P(x) = 5G =) 


° P(x)= 56x" —3x) 


° 


P(x) = 5 35x" — 30x? +3) 
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29.1. 


29.2. 


29.3. 


29.4. 


29.5. 
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Solved Problems 


Let n=2 in the Hermite DE. Use the Rodrigues formula to find the polynomial solution. 


The Hermite DE becomes y” — 2xy’ + 4y =0. The Rodrigues formula for the Hermite polynomials, H,,(x), is 
given by 


n 


Hx) =(-bte" 


n 


(eo), 


; 2a 2 : . we er 
Letting n=2, we have H,(x) =(-l)*e* ae )=4x? —2. This agrees with our listing above and via direct 


substitution into the DE, we see that 4x2 — 2 is indeed a solution. 


Notes: (1) Any non-zero multiple of 4x? — 2 is also a solution. (2) When n = 0 in the Rodrigues formula, the “O-th 
Derivative” is defined as the function itself. That is, 


0 


x2 d 2 2 age 
Hy(a)=(-1’e’ Zee yale" e* )=1 


0 


Given the Laguerre polynomials L;(x) =—x + 1 and L,(x) =x? — 4x +2, show that these two functions 
are orthogonal with respect to the weight function e~ on the interval (0, ©). 


Orthogonality of these polynomials with respect to the given weight function means 


Jc +1) (x° — 4x + 2)e“dx =0. This integral is indeed zero, as is verified by integration by parts and applying 


0 
L’Hospital’s Rule. 


Using the generating function for the Chebyshev polynomials, 7,,(x), find To(x), T\(x), and T>(x). 


The desired generating function is given by 


1 rer 


1-2n+r 
Using long division on the left side of this equation and combining like powers of t yields: 
(1)1° + (xt! + (2x7 - 1)? +... 


Hence, 7o(x) = 1, T\(~) =x, and T,(x) = 2x? — 1, which agrees with our list above. We note that, due to the nature 
of the computation, the use of the generating function does not provide an efficient way to actually obtain the 
Chebyshev polynomials. 


Let n = 4 in the Legendre DE; verify that P,(x) = (353" — 30x” +3) is a solution. 


The DE becomes (1 — x”) y”—2xy’+20y=0. Taking the first and second derivatives of P4(x), we obtain 
, 1 ” 1 F Sedat : , 
P(x) = 5 35x" —15x) and P,(x) = 51052" —15). Direct substitution into the DE, followed by collecting like 


terms of x, 


(1 — x7) P(x) —2xP\(x) + 20P,(x) =0 


The Hermite polynomials, H,,(x), satisfy the recurrence relation 


AL, 4 \(X) = 2xH,(x) — 2nH,, _ \(x) 


Verify this relationship for n = 3. 
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If n =3, then we must show that the equation H,(x) = 2xH3(x) — 6H,(x) is satisfied by the appropriate Hermite 
polynomials. Direct substitution gives 


16x* — 48x? + 12 = (2x)(8x? — 12x) — 6(4x? — 2) 


We see that the right side does indeed equal the left side, hence, the recurrence relation is verified. 


29.6. Legendre polynomials satisfy the recurrence formula 


(n+ 1)P,, 4.04) — (2n + 1)xP,,(x) + nP,,_\(x) =0 
Use this formula to find Ps; (x). 


Letting n = 4 and solving for Ps(x), we have P(x) = =(9XP, (x) — 4P,(x)). Substituting for P3(x) and for P4(x), 
we have P,(x) = 5 (633 —70x* +15x). 


29.7. Chebyshev polynomials, 7,, (x), can also be obtained by using the formula T,(x) =cos(n cos |(x)). 
Verify this formula for T>(x) = 2x7 — 1. 


Letting n=2, we have cos(2cos"!(x)). Let a@=cos"!(x). Then cos(2a) =cos?(@) — sin?(@) = cos*(a) 
-d- cos*(@)) =2 cos?(@) —1. But if @=cos7|(x), then x = cos(@). Hence, cos(2 cos”!(x)) =2x?-l= T>(x). 


29.8. The differential equation (1 — x*)y’ + Axy’ + By =0 closely resembles both the Chebyshev and Legendre 
equations, where A and B are constants. A theorem of differential equations states that this differential 
equation has two finite polynomial solutions, one of degree m, the other of degree n, if and only if 
A=m+n-— 1 and B=~—mn, where m and n are nonnegative integers and n + m is odd. 


For example, the equation (1 — x”)y” + 4xy’ — 6y =0 has polynomial solutions of degree 2 and 3: 
3 
y=1+ 3x and y= x47 (these are obtained by using the series techniques discussed in Chapter 27). 


We note here that A=4=n+m-—1 and B=—-6=~—mn necessarily imply that m=2, n=3 
(or conversely). Hence our theorem is verified for this equation. 

Determine whether the three following differential equations have two polynomial solutions: 
(a) (1 —x)y” + Oxy’ — 12y =0; (b) (1 — x*)y” + xy’ + By =0; (c) 1 — x) y” — xy’ + 3y =0. 


(a) HereA =6=n+m-—1,B=-mn=-—12 implies m =3,n = 4; hence, we have two finite polynomial solutions, one 
of degree 3, the other of degree 4. 


(b) Here A=1 and B=8; this implies m = 2, n =—4; therefore, we do not have two such solutions. (We will have 
one polynomial solution, of degree 2.) 


(c) Since A=-1, B=3 implies m=3, n=—V3 , we do not have two polynomial solutions to the differential 
equation. 


Supplementary Problems 


29.9. Verify H(x) and H3(x) are orthogonal with respect to the weight function e~ on the interval (00, ©), 
29.10. Find H;(x) by using the recurrence formula H,, , \(x) = 2xH,,(x) — 2nH,,_ \(x). 


29.11. The Rodrigues formula for the Legendre polynomials is given by 


n 
d" 2 


oan 
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Use this formula to obtain P;(x). Compare this to the results given in Problem 29.6. 


29.12. 


29.13. 


29.14. 


Find P.(x) by following the procedure given in Problem 29.6. 


Following the procedure in Problem 29.7, show that 


cos(3 cos“!(x)) = 4x7 — 3x = T3(x) 


Chebyshev polynomials satisfy the recursion formula 


sere 1(X) oa 2xT (x) sg me 1(X) =0 


Use this result to obtain T5(x). 


29.15. 


29.16. 


29.17. 


29.18. 


29.19. 


29.20. 


1 
3 2 ah 
Legendre polynomials satisfy the condition Je, (x)) dx = ena Show that this is true for P3(x). 
n+ 


-1 


Laguerre polynomials satisfy the condition Jew (L,(x))’ dx =(n!)*. Show that this is true for Ly(x). 
0 


Laguerre polynomials also satisfy the equation L(x) — nL, _ \(x) + nL, _ (x) = 0. Show that this is true for L3(x). 


Generate H,(x) by using the equation ¢?"-" = y A,,(Qxt ; 
0 n! 
Consider the “operator” equation —L,(x), where m, n=0, 1, 2, 3, .... The polynomials derived from this 


dx" 
equation are called Associated Laguerre polynomials, and are denoted L'"(x). Find L3(x) and L(x). 


Determine whether the five following differential equations have two polynomial solutions; if they do, give the 
degrees of the solutions: (a) (1 —x?)y” + Sxy’ — Sy =0; (b) (1 —x°)y” + 8xy’ — 18y =0; (€) (1 —2°)y” + 2xy’ + 10y =0; 
(d) (1 —x*)y” + 14xy’ — 56y =0; (e) (1 —x?)y” + 12xy’ — 22y =0. 


CHAPTER 30 


Gamma and Bessel 
Functions 


GAMMA FUNCTION 


The gamma function, I(p), is defined for any positive real number p by 


I(p)= [a etes (30.1) 
Consequently, (1) = 1 and for any positive real number p, 
(p+ 1) =pT(p) (30.2) 
Furthermore, when p = n, a positive integer, 
T(t 1)=n! (30.3) 


Thus, the gamma function (which is defined on all positive real numbers) is an extension of the factorial function 
(which is defined only on the nonnegative integers). 
Equation (30.2) may be rewritten as 


1 
T(p)= Pad +1) (304) 


which defines the gamma function iteratively for all nonintegral negative values of p. I'(0) remains undefined, 
because 

: wn El ‘ : 

lim '(p) = lim =co and lim I(p)=lim 

p->0* p-0* p20" p>0” 


(p+) Mp+)_ 
P P 


It then follows from Eq. (30.4) that [(p) is undefined for negative integer values of p. 
Table 30-1 lists values of the gamma function in the interval | < p < 2. These tabular values are used with 
Eqs. (30.2) and (30.4) to generate values of I'(p) in other intervals. 


BESSEL FUNCTIONS 
Let p represent any real number. The Bessel function of the first kind of order p, J,(x), is 
(-1) y2kte 


Jo (x)= 
p) py 2**PKIT(p+k +l) 


k=0 


(30.5) 
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The function J,(x) is a solution near the regular singular point x = 0 of Bessel’s differential equation of order p: 
xy” + xy’ + (x? — p*)y =0 (30.6) 


In fact, J,(x) is that solution of Eq. (30.6) guaranteed by Theorem 28.1. 


ALGEBRAIC OPERATIONS ON INFINITE SERIES 


Changing the dummy index. The dummy index in an infinite series can be changed at will without altering 
the series. For example, 


di aor 


= ail ela 
! -* ! ! ras ra it ! ri 
4 ear = a “2131 at SI 


1 
Change of variables. Consider the infinite series Sai .If we make the change of variables j=k+ 1, 
or k=j— 1, then =0(k +1)! 


= 1 
py cea Lai 


Note that a change of variables generally changes the limits on the summation. For instance, if j= k + 1, it follows 
that j= 1 when k =0,7=% when k=, and, as k runs from 0 to ~, j runs from | to ~., 
The two operations given above are often used in concert. For example, 


ba a a “La a 
Here, the second series results from the change of variables j = k + 2 in the first series, while the third series is the 
result of simply changing the dummy index in the second series from j to k. Note that all three series equal 


Tbe Dl 
+—+—+ 
1! 2! 3! 4! 


peese—l 


Solved Problems 


30.1. Determine T(3.5). 


It follows from Table 30-1 that ['(1.5) =0.8862, rounded to four decimal places. Using Eq. (30.2) with 
p =2.5, we obtain [(3.5) = (2.5)I°(2.5). But also from Eq. (30.2), with p = 1.5, we have I(2.5) = (1.5)F'(1.5). Thus, 
T(3.5) = (2.5)(1.5) T(.5) = (3.75)(0.8862) = 3.3233. 


30.2. Determine I(—0.5). 


It follows from Table 30-1 that [(1.5) = 0.8862, rounded to four decimal places. Using Eq. (30.4) with p = 0.5, 
we obtain I'(0.5) = 21(1.5). But also from Eq. (30.4), with p =—0.5, we have I'(-0.5) = —2T(0.5). Thus, T(—0.5) 
= (—2)(2) T(1.5) = -4(0.8862) = -3.5448. 
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Table 30-1 The Gamma Function (1.00 < x < 1.99) 


T(x) 


T(x) 


1.0000 0000 
0.9943 2585 
0.9888 4420 
0.9835 4995 
0.9784 3820 


0.9735 0427 
0.9687 4365 
0.9641 5204 
0.9597 2531 
0.9554 5949 


0.9513 5077 
0.9473 9550 
0.9435 9019 
0.9399 3145 
0.9364 1607 


0.9330 4093 
0.9298 0307 
0.9266 9961 
0.9237 2781 
0.9208 8504 


0.9181 6874 
0.9155 7649 
0.9131 0595 
0.9107 5486 
0.9085 2106 


30.3. Determine T'(—1.42). 


0.9064 0248 
0.9043 9712 
0.9025 0306 
0.9007 1848 
0.8990 4159 


0.8974 7070 
0.8960 0418 
0.8946 4046 
0.8933 7805 
0.8922 1551 


0.8911 5144 
0.8901 8453 
0.8893 1351 
0.8885 3715 
6.8878 5429 


0.8872 6382 
0.8867 6466 
0.8863 5579 
0.8860 3624 
0.8858 0506 


0.8856 6138 
0.8856 0434 
0.8856 3312 
0.8857 4696 
0.8859 4513 


0.8862 2693 
0.8865 9169 
0.8870 3878 
0.8875 6763 
0.8881 7766 


0.8888 6835 
0.8896 3920 
0.8904 8975 
0.8914 1955 
0.8924 2821 


0.8935 1535 
0.8946 8061 
0.8959 2367 
0.8972 4423 
0.8986 4203 


0.9001 1682 
0.9016 6837 
0.9032 9650 
0.9050 0103 
0.9067 8182 


0.9086 3873 
0.9105 7168 
0.9125 8058 
0.9146 6537 
0.9168 2603 


0.9190 6253 
0.9213 7488 
0.9237 6313 
0.9262 2731 
0.9287 6749 


0.9313 8377 
0.9340 7626 
0.9368 4508 
0.9396 9040 
0.9426 1236 


0.9456 1118 
0.9486 8704 
0.9518 4019 
0.9550 7085 
0.9583 7931 


0.9617 6583 
0.9652 3073 
0.9787 7431 
0.9723 9692 
0.9760 9891 


0.9798 8065 
0.9837 4254 
0.9876 8498 
0.9917 0841 
0.9958 1326 


It follows repeatedly from Eq. (30.4) that 


T(-1.42) = : T(-0.42) = : : T(0.58) |= } i T(1.58) 
-1.42 —1.42 | -0.42 1.42(0.42)| 0.58 
From Table 30-1, we have I(1.58) =0.8914, rounded to four decimal places; hence 
T(-1.42) = Ont = 2.5770 


1.42(0.42)(0.58) 


30.4. Prove that (p+ 1) pI'(p),p>0. 
Using (30./) and integration by parts, we have 


I(p+h= arrow =lim [i xtetax 


reo 


= lim [-2e" 


roe 


r r pete 
te I px’-e dr] 
=lim(-r’e” +0) + pix? te“dx = pI (p) 


The result lim,_,.. r?e* = 0 is easily obtained by first writing r?e as r?/e” and then using L’ Hospital’s rule. 
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30.5. Prove that [(1) =1. 
Using Eq. (30.1), we find that 


T() = [x te“ = lim etdx 
=lim-e™* 


Tr 


= lim(-e” +1) =1 
0 roe 


30.6. Prove that if p =n, a positive integer, then (7 + 1) =n!. 


The proof is by induction. First we consider n=1. Using Problem 30.4 with p=1 and then Problem 3055, 
we have 


Td +1)=1F()=1(1)=1=1! 


Next we assume that I'(n + 1) =n! holds for n =k and then try to prove its validity forn =k + 1: 


Tk + 1) +1) =(K+ DIK 4+ 1) (Problem 30.4 with p=k+ 1) 
= (k + 1)(k!) (from the induction hypothesis) 
=(k+1)! 


Thus, I(n + 1) =n! is true by induction. 
Note that we can now use this equality to define 0!; that is, 


0!=T0O+D=Td)=1 
30.7. Prove that '(p+k+)=(pt+k(p+k—-l)---(p+2)p+ DI (pt I). 
Using Problem 30.4 repeatedly, where first p is replaced by p + k, then by p +k — 1, etc., we obtain 
T(p+k+)D=T[(pt+k)+0=(pt+hI(pt+k) 
=(ptkI(p+k-D+=(ptkh)ptk-Di(pt+k-) 
= =(ptk(pt+k—-l)--(pt+2)(pt+ Mp +I) 
30.8. Express [eva as a gamma function. 


I a : : F 
Let ¢ =x"; hence, x =z!” and dx = oe dz. Substituting these values into the integral and noting that as x goes 


from 0 to © so does z, we have 


[ret ae = [er 1 an de => [fede = LT I 
e e 2 229 2 \2 


1 
The last equality follows from Eq. (30.1), with the dummy variable x replaced by z and with P= 2 


30.9. Use the method of Frobenius to find one solution of Bessel’s equation of order p: 
xy” + xy’ + (x? — p*)y =0 
Substituting Eqs. (28.2) through (28.4) into Bessel’s equation and simplifying, we find that 


xX? = p?)ag +.x4* (A + 1)? = p?Jay +.x4* A4(A + 2)? = p?Jan tag} + 


+744 "S1(V +n) = p?Ja, + dy 2} +: =0 
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30.10. 


Thus, (7 = pag =0 [(A+ 1)? = pJa, =0 (/) 
and, in general, [(A +n)? — p”]a, +4,-5 =0, or, 
1 
= — —_______ <2 2 
a, (A ce ny _ DP Qo (n ) ( ) 


The indicial equation is 47 — p? =0, which has the roots A, = p and A, =—p (p nonnegative). 
Substituting A =p into (/) and (2) and simplifying, we find that a, =0 and 
1 


aa (n=2) 
Hence, 0 = a, =4a3=a5=a7=::: and 
= 
FAN (p+h ” 
1 1 
me 920 (p+2) 2 22N(p+2p+h ” 
1 “I 
a, = 


23 496 i 
(p +3) 2°3!(p + 3)(pt+2)(p +1) 


and, in general, 


(-)* 
~ 52k = [jase 40 
2° ki(ptki\(ptk—-V)--(pt+2\(pth 


(k =1) 


Ay, 


AX ' ~ 2k 
Thus, yx) =x pax -1'| a + ae 
= k=l 


n=0 


, co (1) x”* 3 
=a)x"| 14 - (3) 
tat 2 kKN(pt+k)(pt+k—l)--(pt+2)\(pt+) 


1 
It is customary to choose the arbitrary constant ap as dy = VT +) Then bringing aox? inside the brackets 
pt 
and summation in (3), combining, and finally using Problem 30.4, we obtain 


1 és (1k x24? 
YQ) = D cS 2k+p 
VTpth 2k T(pek +) 


= (1) x24? Z 
= DEITY k =J,(%) 
k=0 IM(p+k+1) 


Find the general solution to Bessel’s equation of order zero. 


For p =0, the equation is x°y” + xy’ +.°y =0, which was solved in Chapter 28. By (4) of Problem 28.10, one solution is 


co (-1)"x" 
(x)=a, >) ———; 
= te DGS 
1 
Changing n to k, using Problem 30.6, and letting a) = YrO+D =1 as indicated in Problem 30.9, it follows that 
+ 


y,(x) = Jo(x). A second solution is [see (/) of Problem 28.11, with ag again chosen to be 1] 


x x* 1 x° 1 1 
y,(x) =Jy(x)Inx 4 po Fay ('*3 Fan*3*5) - 
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which is usually designated by No(x). Thus, the general solution to Bessel’s equation of order zero is 
Y = CyJo(x) + CaNo(x). 

Another common form of the general solution is obtained when the second linearly independent solution is not 
taken to be No(x), but a combination of No(x) and Jo(x). In particular, if we define 


2 
Y,(x) = qo +(y—1n2)J,(x)] (1) 


where y is the Euler constant defined by 


y=lim ix: + : uae Ink |=0.57721566 
2° 3 k 


ko 


then the general solution to Bessel’s equation of order zero can be given as y = c,Jo(x) + C2Yo(x). 


30.11. Prove that 


. Ci) (2k)x?*! 7 ¥ per 
Ao hissy 22" orbs a 


Writing the k =0 term separately, we have 


s (-1)‘ (2k) x"! =0+5 (-1)‘(2k)x*"! 
2 PRI (ptk4+)) 2 PKI pt+k th 


which, under the change of variables j = k — 1, becomes 


x (-1i 1207 4 Dx? 074 7 > (-1)(-1)/2(j + )x4*" 
AVI PG EDIT (pt fle G27 *?VPG+D!IT(p+jt2) 
% > (=1)/2(j + x74" 


pro PNG + DG (p+ i +2) 


y (—1)/ x2/*! 


A427? Tp t+ jf +2) 


The desired result follows by changing the dummy variable in the last summation from j to k. 


30.12. Prove that 


y (—1)k x74 P+? ay (—D*‘ (2k) x7**? 
A 2D pt k+2) SS 2 *PKIT(ptk +) 


Make the change of variables j =k + 1: 


co (-1)‘ 2k+p+2 co 
eee -->. 
j=l 


0 tO kIT (p+ k +2) 


(-1)) 1x20 Dt e+? 


AI-D4 Pet G-IIT(p + j-1+2) 


co (-1)/x7/*? 
LaAG_ pps y+D 


Now, multiply the numerator and denominator in the last summation by 2j, noting that j(j—1)!=j! and 
27/+P-1(2) = 27/+P. The result is 


> (-1)/2 fyx7!*? 
A277? NT (p+ f+) 


Owing to the factor j in the numerator, the last infinite series is not altered if the lower limit in the sum is changed 
from j = 1 to j7=0. Once this is done, the desired result is achieved by simply changing the dummy index from j to k. 
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30.13. Prove that Sx pes (x)] = aaa 2 (x). 


We may differentiate the series for the Bessel function term by term. Thus, 


(a1 


d d = 
aad xPtly : x)] =— x?t! 
dee p13] al py PIT k + pt14+1) 


k=0 


d SS igre? 


FPO IER + p+2) 


dx | «29 
7 3 (-1)‘(2k + 2p +2)x7**?P"! 
i DP RIOT (k + p +2) 


Noting that 20(k+p+2)=2(k+p+1I(k+p +1) and that the factor 2(k + p + 1) cancels, we have 


d co (—1)‘ x4 +2p+1 ; 
[Ll = =x? "T (x 
ce piOl= 2**PRIT(K+ p +1) po) 


k=0 


For the particular case p = 0, it follows that 


[xh (2) = xJ,(x) 


30.14. Prove that xJ/(x) = pJ,(x) — XJ, +1). 
We have 
e (1k x2k*P & (=1)k x24?! 
Fae = 
PIAA) — Fp s(2) Pd, PPT p+k +1) +d, PPI T(p + k +2) 
(=I) 2k #2 


_< (-1)‘ px = 
> 2k+p 2 2k+p+l 
yao. 2 KIT(p+k4+l) 642 k!T(p+k+4+2) 


2k+p 


Using Problem 30.12 on the last summation, we find 
(-1)’ (2k) x?* +p 


as (-1)* px2**? . 3 
A PPPO RT pk +1) 


J (x) -— x, (xX) = 
Pee) 2d rETp ska) Pa) 


k=0 


we CD(pt2kyxe? 
Lior +kaD ac 


k=0 
For the particular case p = 0, it follows that xJo(x) = —xJ, (x), or 


Jo(x) = J (x) 


30.15. Prove that xJ;(x) =—pJ,(x) + xJp1(). 
(-1)' 2k +P 7 
VPI KIT(p +k) 


(-1)‘ xk *? co 
+X 
PRIN (ptk4+1) pz, 


-pl,(x) + xd, (0) =-p> 


k=0 


(1) 


() 
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Multiplying the numerator and denominator in the second summation by 2(p + k) and noting that (p+ AI(p +k) 
=I(p+k+1), we find 


eS aa ke 2k +P co -| ky +k kee 
—pI (x) + J, = YY —- a . y ae eee 
food K!T(pt+k+l) (2 kKIT(p+k+)) 
7 > (-l)‘[-p + 2(p + k))x**? 
mo D*PRIT(pt+k th 


7 x (-1)*(2k + pyxt*? 
2 PRT (ptk +1) 


AX) 


30.16. Use Problems 30.14 and 30.15 to derive the recurrence formula 
2 
J4\(8) = —d,(3) = nsX) 


Subtracting the results of Problem 30.15 from the results of Problem 30.14, we find that 
0 = 2pJ,(x) — Jp 100) —xJp 4 10) 
Upon solving for J,,,;(x), we obtain the desired result. 
30.17. Show that y = xJ,(x) is a solution of xy” — y’ — x°Jg(x) =0. 
First note that J;(x) is a solution of Bessel’s equation of order one: 
XI (x) + xJ{(x) +? — DJ (x) = 0 (1) 
Now substitute y = xJ,(x) into the left side of the given differential equation 
xX)” = J QD) = x76) = X12) t+ xd709] = (10) + x7] = 2°50) 
But Jo(x) =—J,(x) (by (/) of Problem 30.14), so that the right-hand side becomes 
XI () + 2X) — Jy) — X10) $2700) = 77 (Xx) + X00) + 0? — DJG) = 0 


the last equality following from (/). 


30.18. Show that y= VxJ,,,(x) is a solution of xy” + (x? — 2)y =0. 


Observe that J3/9(x) is a solution of Bessel’s equation of order 3; 


IS, (x) + 0J 5,0) 4 [ z panto (J) 


Now substitute y = vxJ 3/2(X) into the left side of the given differential equation, obtaining 
XV 2J 9,02)" + (2? — 2x) (2) 


1 , a” 
=x? Pure +x 7ST (x) + ¥F 09] +(x? —2)x"7J,,.(x) 
a” - 9 
= Vx Eee + xJ%,,(x) + [ - 3 pose] -0 


the last equality following from (/). Thus VxJ, /(X) satisfies the given differential equation. 
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Supplementary Problems 


30.19. Find (2.6). 

30.20. Find T(-1.4). 
30.21. Find (4.14). 
30.22. Find I'(-2.6). 
30.23. Find I'(-1.33). 


30.24. Express Jiova as a gamma function. 


30.25. Evaluate [eet ae 


2 ¢_41yk 2k-1 a yk 2k +1 
30.26. Prove that > Sa (2k)x = y (-1)"x 
SOUT (ptk) 25 2*k!IT(ptk th) 


30.27. Prove that Sie", (x)J=—x7J,,. (Xx). 
Hint: Use Problem 30.11. 
30.28. Prove that J, (x) — Jp 4.1%) = 24). 
30.29. (a) Prove that the derivative of (1x7)[J¢ (x) + J; (x)] is xJ¢ (x). 
Hint: Use (1) of Problem 30.13 and (1) of Problem 30.14. 
(b) Evaluate [i xJ5(x) dx in terms of Bessel functions. 
30.30. Show that y =xJ,,(x) is a solution of xy” — xy’ + (1 +x —n?)y =0. 


30.31. Show that y =x7J>(x) is a solution of xy” — 3y’ + xy =0. 


An Introduction to 
Partial Differential 
Equations 


INTRODUCTORY CONCEPTS 


A partial differential equation (PDE) is a differential equation in which the unknown function depends on 
two or more independent variables (see Chapter 1). For example, 


u, — 3uy =0 (31.1) 


is a PDE in which u is the (unknown) dependent variable, while x and y are the independent variables. The defi- 
nitions of order and linearity are exactly the same as in the ODE case (see Chapters | and 8) with the proviso 
that we classify a PDE as quasi-linear if the highest-order derivatives are linear, but not all lower derivatives 
are linear. Thus, Eq. (3/./) is a first-order, linear PDE, while 


2 2 3 
ane ees [52] -x+9-4 (31.2) 


ox oy '\ ax 


fe) 
is a second-order, quasi-linear PDE due to the 5 | term. 


Xx 


Partial differential equations have many applications, and some are designated as classical, much like their ODE 
counterparts (see Chapter 29). Three such equations are the heat equation 


Oru ldu 
—=-=—, 313 
Ox kat oe) 
the wave equation 
“u = «1 Ofu 
ae : (314) 
ox kar 
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and Laplace’s equation (named in honor of P. S. Laplace (1749-1827), a French mathematician and 
scientist) 


oz .az 
ax ay (31.5) 


These equations are widely used as models dealing with heat flow, civil engineering, and acoustics to name but 
three areas. Note that k is a positive constant in Eqs. (31.3) and (31 4). 


SOLUTIONS AND SOLUTION TECHNIQUES 


If a function, u(x, y, z, ...), is sufficiently differentiable—which we assume throughout this chapter for all 
functions—we can verify whether it is a solution simply by differentiating u the appropriate number of times 
with respect to the appropriate variables; we then substitute these expressions into the PDE. If an identity is 
obtained, then u solves the PDE. (See Problems 31.1 through 31.4.) 

We will introduce two solution techniques: basic integration and separation of variables. 

Regarding the technique of separation of variables, we will assume that the form of the solution of the PDE 
can be “split off” or “separated” into a product of functions of each independent variable. (See Problems 31.4 
and 31.11.) Note that this method should not be confused with the ODE method of “separation of variables,” 
which was discussed in Chapter 4. 


Solved Problems 


31.1. Verify that u(x, ft) = sin x cos kt satisfies the wave equation (31.4). 


Taking derivatives of u leads us to u,=cos x cos kt, Uy, =— sin x cos kt, u,=— k sin x sin kt, and uy =—k? 
? 


sin x cos kt. Therefore u,, =—;u, implies -sin x cos kt = E (—# sin x cos kt) =— sin x cos kt; hence, u indeed 


ee 
is a solution. 


31.2. Verify that any function of the form F(x + kt) satisfies the wave equation, (3/.4). 


Let u=x-+kt,; then by using the chain rule for partial derivatives, we have F,.=F,u,=F,()=F,; 


1 1 
‘igre = Fy = ri (D= Fs F, = Fu, = I, (k); Fy = Fyylty = hPa: Hence, Fy =f = pee = Gr ) = Fy: So we 


uu uu 


have verified that any sufficiently differentiable function of the form F (x + kt) satisfies the wave equation. We note 


that this means that functions such as «f/x + kt, tan7!(x + kt) and In (x + kt) all satisfy the wave equation. 


31.3. Verify u(x, t) =e™ sin x satisfies the heat equation (31.3). 


Differentiation implies u,=e cos x, uy,=—e™ sin x, u,=—ke™ sin x. Substituting u,, and u, in (37.3) 


clearly yields an identity, thus proving that u(x, t) =e" sin x indeed satisfies the heat equation. 


k 


31.4. Verify u(x, t) = (5x — 6x° +.x°)t® satisfies the PDE 2717ty4 — 9X7 7 Uy, = My, + AU 


We note that u(x, f) has a specific form; 1.e., it can be “separated” or “split up” into two functions: a function 
of x times a function of t. This will be discussed further in Problem 31.11. Differentiation of u(x, t) leads to: 


Ur = (5 — 30.x4 + 9x8)(3024), uy, = (—120x7 + 72x7)( 19), Uy yy = (—120x3 + 72x7\(6P), and uy = (5x — 6x° + x°)(30r4) 
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315. 


31.6. 


31.7. 


31.8. 


31.9. 


31.10. 


31.11. 
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Algebraic simplification shows that 


x32? (5 — 30x4 + 9x8) (3014) — 9x72? (5x —6x° +.x°) (3014) = 
t(—120x? + 72x7)(6t>) + 4(— 120x7 + 72x”) (t°) 


because both sides reduce to 720x’t® — 1200x°r°. Hence, our solution is verified. 


Let u = u(x, y). By integration, find the general solution to u,=0. 


The solution is arrived at by “partial integration,’ much like the technique employed when solving “exact” 
equations (see Chapter 5). Hence, u(x, y) =f(y), where f(y) is any differentiable function of y. We can write this 
symbolically as 


u(x,y)= Ju,ox= J 0ax= fo) 


We note that a “+ C” is not needed because it is “absorbed” into f(y); that is, f(y) is the most general “constant” 
with respect to x. 


Let u= u(x, y, z). By integration, find the general solution to u, =0. 


Here, we see by inspection that our solution can be written as f(y, z). 


Let u = u(x, y). By integration, find the general solution to u, = 2x. 


Since, one antiderivative of 2x (with respect to x) is x’, the general solution is f2 xOx= x2 + f(y); where 
F(y) is any differentiable function of y. 


Let u = u(x, y). By integration, find the general solution to u, = 2x, u(0, y)=Iny. 


By Problem 31.7, the solution to the PDE is u(x, y) = x7 + f(y). Letting x =0 implies u(0, y) = 07 + f(y) =In y. 
Therefore f(y) = In y, so our solution is u(x, y) =x? + In y. 


Let u = u(x, y). By integration, find the general solution to u, = 2x. 


Noting that an antiderivative of 2x with respect to y is 2xy, the general solution is given by 2xy + g(x), where 
g(x) is any differentiable function of x. 


Let u= u(x, y). By integration, find the general solution to u,, = 2x. 


Integrating first with respect to y, we have u, = 2xy + f(x), where f(x) is any differentiable function of x. We 
now integrate u, with respect to x, we arrive at u(x, y) =x°y + g(x) + A(y), where g(x) is an antiderivative of f(x), 
and where /A(y) is any differentiable function of y. 

We note that if the PDE was written as u,, = 2x, our results would be the same. 


Let u(x, t) represent the temperature of a very thin rod of length 7, which is placed on the interval 
{x/0 <x < 7}, at position x and time ¢. The PDE which governs the heat distribution is given by 


where u, x, t, and k are given in proper units. We further assume that both ends are insulated; that is, 
u(O, t) = u(7, t)=0 impose a “boundary condition” for ¢ > 0. Given an initial temperature distribution 
of u(x, 0)=2 sin 4x—11 sin 7x, for O<x<7, use the technique of separation of variables to find 
a (nontrivial) solution, u(x, f). 
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We assume that u(x, f) can be written as a product of functions. That is, u(x, ft) = X(x)7T(t). Finding the appro- 
priate derivatives, we have u,, =X” (x)7T(t) and u, = X(x)T’(t). Substitution of these derivatives into the PDE yields 
the following. 


XT O=TXT'O) (1) 


Equation (/) can be rewritten as 
Xx) _ T(t) 
X(x) = kT(t) 


(2) 


We note that the left-hand side of (2) is solely a function of x, while the right-hand side of this equation con- 
tains only the independent variable t. This necessarily implies that both ratios must be a constant, because there are 
no other alternatives. We denote this constant by c: 


x") _TW _, 


X(x) kT (t) @) 
We now separate (3) into two ODEs: 
X’(x) — cX (x) =0 (4) 
and 
T’(t) —ckT(t) =0 (5) 


We note that (4) is a “spatial” equation, while (5) is a “temporal” equation. To solve for u(x, t), we must solve 
these two resulting ODEs. 

We first turn our attention to the spatial equation, X”(x) — cX (x) = 0. To solve this ODE, we must consider our 
insulated boundary conditions; this will give rise to a “boundary value problem” (see Chapter 32). We note that 
u(O, t)=0 implies that X(0) =0, since T(t) cannot be identically 0, since this would produce a trivial solution; 
similarly, X(7) = 0. The nature of the solutions to this ODE depends on whether c is positive, zero, or negative. 


vex vex 


If c > 0, then by techniques presented in Chapter 9, we have X(x)=c,e* +c,e ““, where c, and cp are 


determined by the boundary conditions X(0) =cye° + cxe°=c,; +c, =0 and X(a) = cew* + oe, These two 


equations necessarily imply that c} =c,=0, which means that X(x) =0, which renders u(x, f) trivial. 

If c=0, then X(x) =c\x +c, where c, and cy are determined by the boundary conditions. Here again, 
X(0) = X(m) = 0 force c; =c =0, and we have u(x, t) = 0 once more. 

Let us assume c <0, writing c=—A?, A>0 for convenience. Our ODE becomes X”(x) + A2X (x) = 0, which 
leads to X(x) =c, sin Ax +c, cos Ax. Our first boundary condition, X(0) = 0 implies c; = 0. Imposing X(m) =0, we 
have c; sin Az=0. 

If we let A= 1, 2, 3, ..., then we have a nontrivial solution for X(x). That is, X(x) = c, sin nx, where n is a 
positive integer. Note that these values can be termed “eigenvalues” and the corresponding functions are called 
“eigenfunctions” (see Chapter 33). 

We now turn our attention to (5), letting c =—A 
This type of ODE was discussed in Chapter 4 and has T(t) = c,e 

Since u(x, t) = X(x)T(t), we have u(x, t)=c; sin nx ce" 


n kt 


2 =n, where nis a positive integer. That is, T’(t) + n°kT(t) =0. 


=nk . . . 
"as a solution, where c; is an arbitrary constant. 
—n'kt + 
=a,e"™ sin nx, where a, =c ,c3. Not only does 
u(x,t)=a,e "™ sin nx satisfy the PDE in conjunction with the boundary conditions, but any linear combination of 


these for different values of n. That is, 


N 
u(x,t)=>.4a,e"" sin nx (6) 
n-l 
where N is any positive integer, is also a solution. This is due to the linearity of the PDE. (In fact, we can even have 
our sum ranging from | to ©.) N 
We finally impose the initial condition, u(x, 0) =2 sin 4x— 11 sin 7x, to (6). Hence, u(x, 0) = ya, sin nx. 
Letting n=4, ay=2 and n=7,a,=~-11, we arrive at the desired solution, a 


u(x, 0) = 2e 1 sin 4x — 11e4™" sin 7x (7) 


It can easily be shown that (7) does indeed solve the heat equation, while satisfying both boundary conditions 
and the initial condition. 
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31.12. 


31.13. 


31.14. 


31.15. 


31.16. 


31.17. 


31.18. 


31.19. 


31.20. 


31.21. 


31.22. 


31.23. 


31.24. 


AN INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS (CHAP. 31 


Supplementary Problems 


Verify that any function of the form F(x — kt) satisfies the wave equation (31.4). 
Verify that wu = tanh (x — kt) satisfies the wave equation. 
If uw =f (x — y), show that OY yt 2g 
ox oy 
Verify u(x, t) = (55 +22x° +x!*) sin 2t satisfies the PDE 12x40, — Uy = 4Uy, 


A function u(x, y) is called harmonic if it satisfies Laplace’s equation; that is, u,. + Uy, =0. Which of the following 
functions are harmonic: (a) 3x + 4y + 1; (b) e** cos 3y; (c) e** cos 4y; (d) In (x? + y’); (e) sin(e*) cos(e”)? 


Find the general solution to u,=cos y if u(x, y) is a function of x and y. 
Find the general solution to wu, =cos y if u(x, y) is a function of x and y. 
Find the solution to u, = 3 if u(x, y) is a function of x and y, and u(x, 0) =4x +1. 
Find the solution to u, = 2xy + 1 if u(x, y) is a function of x and y, and u(0, y) = cosh y. 
Find the general solution to u,, =3 if u(x, y) is a function of x and y. 
Find the general solution to u,, = 8xy° if u(x, y) is a function of x and y. 
Find the general solution to u,,,=—2 if u(x, y) is a function of x and y. 
Let u(x, f) represent the vertical displacement of string of length z, which is placed on the interval {x/0 <x < 7}, 
at position x and time t. Assuming proper units for length, times, and the constant k, the wave equation models the 
displacement, u(x, 1): 
Ou_ lau 


ae ar 


Using the method of separation of variable, solve the equation for the u(x, f), if the boundary conditions 
u(O, t) = u(a, t) =0 for t = 0 are imposed, with initial displacement u(x, 0) =5 sin 3x — 6 sin 8x, and initial velocity 
u(x,0)=0 forO <x<z. 


Second-Order 
Boundary-Value 
Problems 


STANDARD FORM 
A boundary-value problem in standard form consists of the second-order linear differential equation 
y” + Paddy’ + Oy = oO) (32.1) 
and the boundary conditions 
a ya) + Bi Ya=% 
Om y(b) + By Y"(b) = % 


(32.2) 


where P(x), Q(x), and @(x) are continuous in [a, b] and a, Q%, B,, Bo, 4, and % are all real constants. 
Furthermore, it is assumed that of, and f, are not both zero, and also that O» and f, are not both zero. 

The boundary-value problem is said to be homogeneous if both the differential equation and the boundary 
conditions are homogeneous (i.e., @(x) =0 and y = %=0). Otherwise the problem is nonhomogeneous. Thus 
a homogeneous boundary-value problem has the form 


y+ PQx)y + OQ@)y=0; 
a y(a) + B, y(a)=0 (32.3) 
O y(b) + By y'(b) =0 


A somewhat more general homogeneous boundary-value problem than Eq. (32.3) is one where the coefficients 
P(x) and Q(x) also depend on an arbitrary constant 2. Such a problem has the form 


y+ P(x, Ay’ + Ox, Ay = 0; 
M y(a) + B, y'(a) =0 (32.4) 
Om y(b) + By y'(b) =0 

Both (32.3) and (32.4) always admit the trivial solution yx) =0. 
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SOLUTIONS 


A boundary-value problem is solved by first obtaining the general solution to the differential equation, 
using any of the appropriate methods presented heretofore, and then applying the boundary conditions to evaluate 
the arbitrary constants. 


Theorem 32.1. Let y,(x) and y,(x) be two linearly independent solutions of 


y” + Px)y’ + O@y =0 


Nontrivial solutions (i.e., solutions not identically equal to zero) to the homogeneous boundary- 
value problem (32.3) exist if and only if the determinant 


ay(a) + Byi(a) a%y,(a) + B,y3(a) 
a,y,(b) + B,y{(b) a,y,(b) + B,y5(b) (32.5) 
equals zero. 


Theorem 32.2. The nonhomogeneous boundary-value problem defined by (32./) and (32.2) has a unique 
solution if and only if the associated homogeneous problem (32.3) has only the trivial solution. 


In other words, a nonhomogeneous problem has a unique solution when and only when the associated homo- 
geneous problem has a unique solution. 


EIGENVALUE PROBLEMS 


When applied to the boundary-value problem (32.4), Theorem 32.1 shows that nontrivial solutions may 
exist for certain values of A but not for other values of A. Those values of 2 for which nontrivial solutions do 
exist are called eigenvalues; the corresponding nontrivial solutions are called eigenfunctions. 


STURM-LIOUVILLE PROBLEMS 


A second-order Sturm—Liouville problem is a homogeneous boundary-value problem of the form 


[p@)y’]T + q@)y + Aw(x)y = 0; (32.6) 
a y(a) + By y’(a) =0 


(32.7) 
Oy (b) + Boy’(b) =0 


where p(x), p(x), g(x), and w(x) are continuous on [a, b], and both p(x) and w(x) are positive on [a, b]. 

Equation (32.6) can be written in standard form (32.4) by dividing through by p(x). Form (32.6), when 
attainable, is preferred, because Sturm—Liouville problems have desirable features not shared by more general 
eigenvalue problems. The second-order differential equation 


a(x)y” + ay(x)y’ + do(x)y’ + Ar(x)y = 0 (32.8) 


where a(x) does not vanish on [a, b], is equivalent to Eq. (32.6) if and only if a’(x) = a,(x). (See Problem 32.15.) 
This condition can always be forced by multiplying Eq. (32.8) by a suitable factor. (See Problem 32.16.) 


PROPERTIES OF STURM-LIOUVILLE PROBLEMS 


Property 32.1. The eigenvalues of a Sturm—Liouville problem are all real and nonnegative. 


Property 32.2. The eigenvalues of a Sturm—Liouville problem can be arranged to form a strictly increasing 
infinite sequence; that is, O <A, <A.<A3<-:-+: Furthermore, A,, > © as n > ©. 


CHAP. 32] SECOND-ORDER BOUNDARY-VALUE PROBLEMS 311 


Property 32.3. For each eigenvalue of a Sturm—Liouville problem, there exists one and only one linearly 


independent eigenfunction. 


[By Property 32.3 there corresponds to each eigenvalue A,, a unique eigenfunction with lead coefficient 


unity; we denote this eigenfunction by e,(x).] 


Property 32.4. The set of eigenfunctions {e(x), e,(x), ...} of a Sturm—Liouville problem satisfies the relation 


32.1. 


32.2. 


32.3. 


[we, (xe, (x) dx =0 (32.9) 


for n #m, where w(x) is given in Eq. (32.6). 


Solved Problems 


Solve y” + 2y’ — 3y =0; y(0) =0, y’(1) =0. 


This is a homogeneous boundary-value problem of the form (32.3), with P(x) =2, Q(x) =-3, a =1, B,=0, 
> =0, B)=1,a=0, and b= 1. The general solution to the differential equation is y = c,e~** + cye*. Applying the 
boundary conditions, we find that c; = c)=0; hence, the solution is y =0. 

The same result follows from Theorem 32.1. Two linearly independent solutions are y,(x) = e~>** and yx(x) = e*; 
hence, the determinant (32.5) becomes 


=e+3e° 


1 
—3e7 e 


Since this determinant is not zero, the only solution is the trivial solution y(x) = 0. 


Solve y” = 0; y(-1) =0, y(1) —2y’(1) =0. 


This is a homogeneous boundary-value problem of form (32.3), where P(x) = Q(x) =0, a = 1, Bj =0, m=1, 
fB,=-2,a=-1, and b =1. The general solution to the differential equation is y= c,+c2x. Applying the boundary 
conditions, we obtain the equations c,;—c,=0 and c,—c2=0, which have the solution c; = c», cz arbitrary. Thus, 
the solution to the boundary-value problem is y = cy(1 +x), c, arbitrary. As a different solution is obtained for each 
value of cy, the problem has infinitely many nontrivial solutions. 

The existence of nontrivial solutions is also immediate from Theorem 32.1. Here, y,(x) = 1, yo(x) =x, and 
determinant (32.5) becomes 


-1 


=0 
1 -l 


Solve y” + 2y’ — 3y = 9x; y(0) = 1, (1) =2. 


This is a nonhomogeneous boundary-value problem of forms (32./) and (32.2) where @(x) =x, y,=1, and 
%= 2. Since the associated homogeneous problem has only the trivial solution (Problem 32.1), it follows from 
Theorem 32.2 that the given problem has a unique solution. Solving the differential equation by the method of 
Chapter 11, we obtain 


y=cye* + ce*— 3x -2 


Applying the boundary conditions, we find 


cyte —-2=1 -3cje34+oe-3=2 
3e-5 5+9e* 
whence 6 GS 
e+3e e+3e~ 
= (3e —5)e** +(54+ 9e*)e* 


= 3x -—2 
e+3e 


Finally, 
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32.6. 
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32.8. 
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Solve y” = 2; y(-1) =5, y(1) —2y'(1) = 1. 


This is a nonhomogeneous boundary-value problem of forms (32./) and (32.2), where (x) =2, 4 =5, and 
%= 1. Since the associated homogeneous problem has nontrivial solutions (Problem 32.2), this problem does not 
have a unique solution. There are, therefore, either no solutions or more than one solution. Solving the differential 
equation, we find that y = c, + cox + x”. Then, applying the boundary conditions, we obtain the equations c,—c,=4 
and c,—c)=4; thus, cy =4 + C9, c> arbitrary. Finally, y=c)(1 +x) +4 +.°; and this problem has infinitely many 
solutions, one for each value of the arbitrary constant c). 


Solve y” = 2; y(-1) =0, y(1) —2y’(1) =0. 


This is a nonhomogeneous boundary-value problem of forms (32./) and (32.2), where @ (x) =2 and y,= %=0. 
As in Problem 32.4, there are either no solutions or more than one solution. The solution to the differential equation 
is y=c,+C)x +x’. Applying the boundary conditions, we obtain the equations c,—c,=—1 and c,—c)=3. Since 
these equations have no solution, the boundary-value problem has no solution. 


Find the eigenvalues and eigenfunctions of 


y”—4ay’ + 41y =0; y(0) =0, y(1) + (1) =0 


The coefficients of the given differential equation are constants (with respect to x); hence, the general solution 
can be found by use of the characteristic equation. We write the characteristic equation in terms of the variable m, 
since A now has another meaning. Thus we have m?— 44m + 447=0, which has the double root m = 2A; the solution 
to the differential equation is y = c,e*** + c>xe**. Applying the boundary conditions and simplifying, we obtain 


c,=0 cy) + 2A) +c,(2 + 2A) =0 
It now follows that c; = 0 and either c)=0 or A =—1. The choice c= 0 results in the trivial solution y = 0; the 


choice 4 =—I results in the nontrivial solution y = c.xe~**, c> arbitrary. Thus, the boundary-value problem has the 
eigenvalue A =—1 and the eigenfunction y = cyxe. 


Find the eigenvalues and eigenfunctions of 
y’ —4dy’ + 4A2y =0; y’(1) =0, y(2) + 2y’(2) =0 


As in Problem 32.6 the solution to the differential equation is y =c,e***+cxe*. Applying the boundary 
conditions and simplifying, we obtain the equations 


(2A)c; + (1 + 2A)c.=0 
() 

(1 + 4A)c, + (4 + 8A)c2 =0 

This system of equations has a nontrivial solution for c; and cy if and only if the determinant 
20 142A 
=(1+ 2A)(4A -1 
1444 4+ : : 

is zero; that is, if and only if either 1 = ao or A= +, When A= - a (J) has the solution c, = 0, c» arbitrary; when 
N= re (Z) has the solution c; =—3c3, c arbitrary. It follows that the eigenvalues are A, = =F and A, = 1 and the 


corresponding eigenfunctions are y, = c.xe™ and y= c,(-3 + xe”. 


Find the eigenvalues and eigenfunctions of 


y’ +hy’=0; yO) + yO) =0, ¥(1) =0 


In terms of the variable m, the characteristic equation is m?+m=0. We consider the cases X=0 and 1 #0 
separately, since they result in different solutions. 
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X=0: The solution to the differential equation is y=c,+ cox. Applying the boundary conditions, we obtain the 
equations c; + c)=0 and cz= 0. It follows that c; = c)=0, and y =0. Therefore, A =0 is not an eigenvalue. 


X#0: The solution to the differential equation is y = c; + cxe~’. Applying the boundary conditions, we obtain 
c+ —Ncr=0 
(—Ae)c,=0 


These equations have a nontrivial solution for c, and c, if and only if 


which is an impossibility, since A #0. 


Since we obtain only the trivial solution for 4 =0 and 4 #0, we can conclude that the problem does not have 
any eigenvalues. 


32.9. Find the eigenvalues and eigenfunctions of 


y”—Ahy’ + 4¥y =0; yO) +y(0) =0, y(1) -y’) =0 
As in Problem 32.6, the solution to the differential equation is y = ce?" + c)xe?*. Applying the boundary 
conditions and simplifying, we obtain the equations 
(1 + 2A)c; +c. =0 


1 
(1 —2A)c, + (-2)e> =0 o 


Equations (/) have a nontrivial solution for c, and c, if and only if the determinant 


=-4)? -1 


142A 1 
1-24 -2Ar 


is zero; that is, if and only if A=+ st . These eigenvalues are complex. In order to keep the differential equation 
under consideration real, we require that 4 be real. Therefore, this problem has no (real) eigenvalues and the only 
(real) solution is the trivial one: y(x) =0. 


32.10. Find the eigenvalues and eigenfunctions of 


y’ +hy=0; (0) =0, y(1)=0 


The characteristic equation is m>+A=0. We consider the cases 1=0, A< 0, and A >0 separately, since they 
lead to different solutions. 


X=0: The solution is y=c,+c zx. Applying the boundary conditions, we obtain c, = c7=0, which results in the 
trivial solution. 


X.<90: The solution is y = ee +o,e eh , where —A and V—A are positive. Applying the boundary conditions, 
we obtain 
c, tc, =0 cv =ee%" =0 
H et age 
ere y a a Pi 


which is never zero for any value of A <0. Hence, c; = cy=0 and y =0. 


X>0: The solution is A sin VAx + Bcos Vax. Applying the boundary conditions, we obtain B = 0 and A sin ke =0. 
Note that sin @=0 if and only if @=nz, where n=0,+1,+2, .... Furthermore, if @>0, then n must be 
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positive. To satisfy the boundary conditions, B = 0 and either A=0 or sin Vn = 0. This last equation is 
equivalent to alk =n where n=1, 2,3, .... The choice A =0 results in the trivial solution; the choice 


Vx = nT results in the nontrivial solution y, =A, sin n7x. Here the notation A,, signifies that the arbitrary 
constant A, can be different for different values of n. 


Collecting the results of all three cases, we conclude that the eigenvalues are ,,=n77” and the corresponding 
eigenfunctions are y, =A, sin nmx, forn=1,2,3,.... 


Find the eigenvalues and eigenfunctions of 


y’+hy=0; y0)=0, y'(m) =0 
As in Problem 32.10, the cases A=0, 2 <0, and A >0 must be considered separately. 
AX=0: The solution is y =c,+c x. Applying the boundary conditions, we obtain c,; = c)=0; hence, y =0. 


Rae 


X.<0: The solution is y = ce My Ce Ne , where —A and V—A are positive. Applying the boundary conditions, 


we obtain 


c,+¢,=0 c,¥—-A ev ** —c,J-1 e%** =0 


which admits only the solution c; = c,=0; hence, y =0. 


X>0: The solution is y= Asin Vx x+B cosVx x. Applying the boundary conditions, we obtain B=0 and 


AVA cos VA =0. For @> 0, cos 0= 0 if and only if @ is a positive odd multiple of 7/2; that is, when 
@ =(2n —1)(4/2) =(n—4)a, where n= 1, 2, 3, .... Therefore, to satisfy the boundary conditions, we 


must have B = 0 and either A =0 or cos VA 2 =0. This last equation is equivalent to alk =n- - The 


choice A=O results in the trivial solution; the choice ay =n = results in the nontrivial solution 


y, =A, sin(n—+)x. 


‘ F 2 ‘ zi 
Collecting all three cases, we conclude that the eigenvalues are i, =(- 4) and the corresponding eigen- 


functions are y, =A, sin (a— 4)x, where n=1,2,3,.... 


Show that the boundary-value problem given in Problem 32.10 is a Sturm—Liouville problem. 


It has form (32.6) with p(x) = 1, q(x) =0, and w(x) = 1. Here both p(x) and w(x) are positive and continuous 
everywhere, in particular on [0, 1]. 


Determine whether the boundary-value problem 
(xy’) + Pe +i + Ae*|y=0; yd) + 21) =0, y(2)- 3y’(2) =0 
is a Sturm—Liouville problem. 
Here p(x) =x, g(x) =x? + 1, and w(x) = e*. Since both p(x) and q(x) are continuous and positive on [1, 2], the 


interval of interest, the boundary problem is a Sturm—Liouville problem. 


Determine which of the following differential equations with the boundary conditions y(0) = 0, y’(1) =0 
form Sturm—Liouville problems: 


(a) ety’ +ey’+Ay=0 (b) xy"t+y'+0?+1+Ay=0 
(c) (+9 +(x +A)y =0 (d) y’+AU +xy=0 
x 


(e) ey" + ey +hy=0 


(a) The equation can be rewritten as (e*y’)’+Ay=0; hence, p(x) =e", q(x) =0, and w(x)=1. This is a 
Sturm-—Liouville problem. 
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32.15. 


32.16. 


32.17. 


32.18. 


(b) The equation is equivalent to (xy’)’ + (x7 + ly + Ay =0; hence, p(x) =x, g(x) =x? + 1 and w(x) = 1. Since p(x) 
is zero at a point in the interval [0, 1], this is not a Sturm—Liouville problem. 

(c) Here p(x) = 1/x, q(x) =x, and w(x) = 1. Since p(x) is not continuous in [0, 1], in particular at x = 0, this is not 
a Sturm—Liouville problem. 

(d) The equation can be rewritten as (y’)’ + A(1 +.x)y =0; hence, p(x) = 1, g(x) =0, and w(x) = 1 + x. This is a 
Sturm-—Liouville problem. 

(e) The equation, in its present form, is not equivalent to Eq. (32.6); this is not a Sturm—Liouville problem. 
However, if we first multiply the equation by e~, we obtain (e*y’)’ + Ae“y = 0; this is a Sturm—Liouville problem 
with p(x) = e*, q(x) =0, and w) =e™. 


Prove that Eq. (32.6) is equivalent to Eq. (32.8) if and only if a’3(x) = a,(x). 
Applying the product rule of differentiation to (32.6), we find that 
Pay” + p’Oy’ + q@)y + Away = 0 (1) 
Setting a(x) = p(x), ay(x) = p(x), ag(x) = g(x), and r(x) = w(x), it follows that (/), which is (32.6) rewritten, is precisely 
(29.8) with a’,(x) = p(x) = a,(x). 
Conversely, if a’(x) = a,(x), then (32.8) has the form 
ay(x)y” + a’a(x)y’ + ao(x)y + Ar@)y = 0 


which is equivalent to [as(x)y’] + ao(x)y + Ar(x)y = 0. This last equation is precisely (32.6) with p(x) =a)(x), 
g(x) = ag(x), and w(x) = r(x). 


Show Garitg, Cia) med be Ge 


Eq. (32.6). 
Multiplying (32.8) by /(x), we obtain 


, the resulting equation is equivalent to 


T(x)ay(x)y” + Iaay@)y’ + Ie)agy + A)r@)y = 0 
which can be rewritten as 
ag(x)(x)y’V + Iaagx)y + M@)rexyy = 0 (J) 


Divide (/) by ao(x) and then set p(x) = I(x), g(x) = I(x) ag(x)/aa(x) and w(x) = I(x)r(x)/a2(x); the resulting equation is 
precisely (32.6). Note that since /(x) is an exponential and since a,(x) does not vanish, /(x) is positive. 


Transform y” + 2xy’ + (x + A)y = 0 into Eq. (32.6) by means of the procedure outlined in Problem 32.16. 


fox dx 


Here a(x) = | and a,(x) = 2x; hence, a,(x)/a.(x) = 2x and I(x) =e =e". Multiplying the given differential 


equation by /(x), we obtain 
2 z 2 2 
ety" +2xe" y+ xe" y+re* y =0 
which can be rewritten as 


(e* yy +xe* y the vy =0 


This last equation is precisely Eq. (32.6) with p(x) = e, q(x) = xe* ,and w(x)e™ : 


Transform (x + 2)y”+4y’+xy+Ae'y=0 into Eq. (32.6) by means of the procedure outlined in 
Problem 32.16. 


Here a,(x) =x + 2 and a,(x) =4; hence, aj(x)/ao(x) = 4/(% + 2) and 


fist Idx 
=e 


I(x) ag na net =e 2) 
Multiplying the given differential equation by /(x), we obtain 

(x + 2p y” + A(x + 2)4y’ + (x + 2)4xy + Ax + 2)*e*y =0 
which can be rewritten as 


(x +2)[(x + 2)4y’) + (x + 2) tery + A(x + 2)4e*y =0 
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or [(x + 2)4y’'J + (x + 2)3xy + A(x + 2)7e*y =0 


This last equation is precisely (32.6) with p(x) = (x + 2)*, g(x) = (x + 2)3x, and w(x) = (x + 2)%e*. Note that since 
we divided by a(x), it is necessary to restrict x #—2. Furthermore, in order that both p(x) and w(x) be positive, we 
must require x >—2. 


32.19. Verify Properties 32.1 through 32.4 for the Sturm—Liouville problem 


y’ +hy=0; y(0)=0, y(1)=0 


Using the results of Problem 32.10 we have that the eigenvalues are A,,= n° and the corresponding eigen- 
functions are y,(x) =A, sin ntx, for n=1, 2,3, .... The eigenvalues are obviously real and nonnegative, and they 
can be ordered as Ay = 1 < A= 47" <A3= 97" < ---. Each eigenvalue has a single linearly independent eigenfunction 
€,(x) = sin nx associated with it. Finally, since 


, ; 1 1 
sin nx Sin mx = . cos (nm — m) 1x Phas (n+m) 1x 


we have for n #m and w(x) =1: 


b 1) 1 1 
Ii w(x)e,(x)e,,(x) dx = i, E cos(n — m)wx 5 cos(n + me a 


x=1 


sin(n — m)7x Z sin(n 4 mas 


1 
Er —m)nt 2(n+m)rx 
=0 


x=0 


32.20. Verify Properties 32.1 through 32.4 for the Sturm—Liouville problem 


y’+aAy=0; y'(0)=0, y(m =0 


: é 2 : : ‘ 
For this problem, we calculate the eigenvalues 1, =(n-4) and the corresponding eigenfunctions 


Yn (x)= A, cos (n — +)x; forn=1,2,.... The eigenvalues are real and positive, and can be ordered as 
1 9 25 
= <A, = <hg=— << 
4 4 “ 4 


Each eigenvalue has only one linearly independent eigenfunction e, (x) =cos(n — 4)x associated with it. Also, 
forn #m and w(x) =1, 


[wove (x)e,,(x) dx = F'cos n— i xX COS| m— - x dx 
a n m 0 3. 2 


n| 1 1 
= i [feoun +m—-\)x+ we - mys | 


x=H 


a soo sin(n +m—1)x + : sin(n ms| 
2(n +m —1) 2(n —m) F 


=0 


x=0 


32.21. Prove that if the set of nonzero functions {y(x), yo(x), ..., Yp(x)} satisfies (32.9), then the set is linearly 
independent on [a, b]. 


From (8.7) we consider the equation 


Cp (X) + Coyo(X) + ++ + Cp CX) + +++ + CpY_(X) =O (J) 


Multiplying this equation by w(x)y,(x) and then integrating from a to b, we obtain 
b b 
Ci I w(x)y, (x) y, (x) dx + al W(X) y, (x) yo (x) dx +++ 


+6 f wy (yx (a) dette, | wody,(ady,(x) dr =0 
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From Eq. (29.9) we conclude that for i # k, 
b 
c, J w(a)y,(x)y, (a) dx =0 
But since y,(x) is a nonzero function and w(x) is positive on [a, b], it follows that 
b 
J wooly (yPar #0 


hence, c, =0. Since c,=0,k=1,2,... , p, is the only solution to (/), the given set of functions is linearly independent 
on [a, b]. 


Supplementary Problems 


In Problems 32.22 through 32.29, find all solutions, if solutions exist, to the given boundary-value problems. 


32.22. y”’+y=0; w(0) =0, y(a/2) =0 32.23. y”’+y=x; y(0) =0, w(m/2) =0 
32.24. y”+y=0; WO) =0, y(m/2) =1 (>) 32.25. y”+y =x; y(0) =-1, y(a/2) =1 
32.26. y”+y=0; y'(0) =0, y(w/2) =0 32.27. y”+y=0; y(0) =1, y(w/2) =0 
32.28. y’+y=x; y'(0)=1, y(W/2) =0 32.29. y’+y=x; y'(0) = 1, y(W/2) = W/2 


In Problems 32.30 through 32.36, find the eigenvalues and eigenfunctions, if any, of the given boundary-value problems. 


32.30. y” +2Ay’ + A2y =0; y(0) + y’(0) =0, v1) + y’'(1) = 0 32.31. y”+2dAy’ + Ay =0; y(0) =0, v1) =0 


32.32. y”+2Ay’ + Ay =0; y(1) + y’(1) =0, 3y(2) + 2y(2)=0 = 32.33. y” + Ay’ =0; y(0) + y'(0) =0; y(2) + (2) =0 


32.34. y”—Ay=0; WO) =0, (1) =0 32.35. y”’+dAy=0; y’(0) =0, W(5) =0 


32.36. y” + Ay =0; y'(0) =0, y’(z) =0 


In Problems 32.37 through 32.43, determine whether each of the given differential equations with the boundary conditions 
y(-1) + 2y’(-1) = 0, y(1) + 2y’(1) = 0 is a Sturm—Liouville problem. 


32.37. (2+sin x)y” + (cos x)y’ +(1+A)y=0 32.38. (sin mx)y” + (cos mx)y’ + (x+A)y =0 
32.39. (sin x)y” + (cos x)y’ +(1+A)y=0 32.40. (x +2)?y” + 2(x + 2)y’ + (e* + Ae*)y =0 
32.41. (x +2)?y” + (x4 2)y’ + (e* + Ae) y =0 32.42. y"+ Shy =0 
32.43. y”+ > Ay =0 

(x — 4)" 


32.44. Transform ey” + ey’ + (x + A)y =0 into Eq. (32.6) by means of the procedure outlined in Problem 32.16. 
32.45. Transform x°y” + xy’ + Axy =0 into Eq. (32.6) by means of the procedure outlined in Problem 32.16. 


32.46. Verify Properties 32.1 through 32.4 for the Sturm—Liouville problem 


y’+hy=0; y'(0)=0, y(m =0 
32.47. Verify Properties 32.1 through 32.4 for the Sturm—Liouville problem 


y”+Ay=0; y(0)=0, y(2m) =0 


Eigenfunction 
Expansions 


PIECEWISE SMOOTH FUNCTIONS 


A wide class of functions can be represented by infinite series of eigenfunctions of a Sturm—Liouville problem 
(see Chapter 32). 


Definition: 


A function f(x) is piecewise continuous on the open interval a< x <b if (1) f(x) is continuous 
everywhere in a<x <b with the possible exception of at most a finite number of points x), x2, ... 
x, and (2) at these points of discontinuity, the right- and left-hand limits of f(x), respectively 


lim f(x) and lim f(x), exist (j= 1,2,... ,7) 


X>X; X<Xj 


(Note that a continuous function is piecewise continuous.) 


Definition: 


Definition: 


A function f(x) is piecewise continuous on the closed interval asx <b if (1) it is piecewise 
continuous on the open interval a<x<b, (2) the right-hand limit of f(x) exists at x=a, and 
(3) the left-hand limit of f(x) exists at x =b. 


A function f(x) is piecewise smooth on [a, b] if both f(x) and f’(x) are piecewise continuous on [a, b]. 


Theorem 33.1. If f(x) is piecewise smooth on [a, b] and if {e,(x)} is the set of all eigenfunctions of a 


Sturm—Liouville problem (see Property 32.3), then 


f(o= ¥ ce, (x) (33.1) 
J w(x) fade, (x) dx 
where ¢,="*3 (33.2) 
J woes (a) dx 


The representation (33./) is valid at all points in the open interval (a, b) where f(x) is continuous. 
The function w(x) in (33.2) is given in Eq. (32.6). 


Because different Sturm—Liouville problems usually generate different sets of eigenfunctions, a given 
piecewise smooth function will have many expansions of the form (33./). The basic features of all such expansions 
are exhibited by the trigonometric series discussed below. 
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FOURIER SINE SERIES 


The eigenfunctions of the Sturm—Liouville problem y” + Ay = 0; y(0) =0, y(L) = 0, where L is a real positive 
number, are e,,(x) = sin (nax/L) (n= 1, 2,3, ...). Substituting these functions into (33./), we obtain 


= nx 
= : 33.3 
F(x) py c,$in Z ( ) 


For this Sturm—Liouville problem, w(x) = 1, a=0, and b= L; so that 


b 3 Ly nmhx L 
w(x)e* (x) dx =| sin dx = 
I, ( ) nf ) I, L 2 
and (33.2) becomes 
2 fb . NX 
ae J, f(x)sin >= de (33.4) 


The expansion (33.3) with coefficients given by (33.4) is the Fourier sine series for f(x) on (0, L). 


FOURIER COSINE SERIES 


The eigenfunctions of the Sturm—Liouville problem y” + Ay = 0; y’(0) =0, y(L) =0, where L is a real positive 
number, are é9(x) = 1 and e,(x) = cos (nax/L) (n= 1, 2,3, ...). Here, X= 0 is an eigenvalue with corresponding 
eigenfunction é)(x) = 1. Substituting these functions into (33./), where because of the additional eigenfunction 
€o(x) the summation now begins at n = 0, we obtain 


flx)=c, + ¥,c,cos a (33.5) 


n=1 


For this Sturm—Liouville problem, w(x) = 1, a=0, and b =L; so that 


b ; Nilo b ; pt gnmx , L 
i. w(x)e2(x) dx = iN dx =L i) w(xe?(x) dx |, cos’ —— de = 5 
Thus (33.2) becomes 
1 pL 2 pL nx 
CG =— x) dx C= — x)cos —— dx n=1,2.,... 
o=T), £0 n= TJ, feeos— ( ) ax 


The expansion (33.5) with coefficients given by (33.6) is the Fourier cosine series for f(x) on (0, L). 


Solved Problems 


; x +1 x20... ; ; 
33.1. Determine whether f(x) = is piecewise continuous on [—1, 1]. 
I/x <0 
The given function is continuous everywhere on [—1, 1] except at x = 0. Therefore, if the right- and left-hand 
limits exist at x =0, f(x) will be piecewise continuous on [—1, 1]. We have 

ed 
im — 
30 
<0 


=—oo 


lim f(x) = lim (x° +1)=1 lim f(x) =1 


x>0 x>0 x<0 


Since the left-hand limit does not exist, f(x) is not piecewise continuous on [—1, 1]. 
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33.2. 


33.3. 


33.4. 
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sin 1x x>lIl 
O<sx<l. 7 : 
Is f(x) = piecewise continuous on [—2, 5]? 
e -l<x<0 
x x<-l 


The given function is continuous on [—2, 5] except at the two points x, =0 and x, =—1. (Note that f(x) is 
continuous at x = 1.) At the two points of discontinuity, we find that 


lim f(x)=lim0=0 lim f(x)=lime* =e =1 
a x0 2Ze x30 
and lim: f(y= lim: e =e! lim f(x) a lim x* =-1 


x>-l x<-l 


Since all required limits exist, f(x) is piecewise continuous on [—2, 5]. 


Is the function 


x +1 x<0 
f(xX= 1 O<x<l 
2x+1 x>1 


piecewise smooth on [—2, 2]? 


The function is continuous everywhere on [—2, 2] except at x, = 1. Since the required limits exist at x,, f(x) is 
piecewise continuous. Differentiating f(x), we obtain 


2x x <0 
fw=40 O<x<l 
2, x>l 


The derivative does not exist at x, = 1 but is continuous at all other points in [—2, 2]. At x, the required limits exist; 
hence, f’(x) is piecewise continuous. It follows that f(x) is piecewise smooth on [—2, 2]. 


Is the function 


1 x <0 

f(Qxyasvx OSx<1 
3 

x x>l1 


piecewise smooth on [—1, 3]? 


The function f(x) is continuous everywhere on [—1, 3] except at x, =0. Since the required limits exist at x,, 
f(x) is piecewise continuous. Differentiating f(x), we obtain 


0 x <0 


fWe _— O0<x<l 


2x 


3x° x>Il 


which is continuous everywhere on [—1, 3] except at the two points x, =0 and x, = 1 where the derivative does not 
exist. At x,, 


lim f(x) =lim oa 


XX x0 / 
Xx>Xy x>0 2Vx 


Hence, one of the required limits does not exist. It follows that f’(x) is not piecewise continuous, and therefore that 
F() is not piecewise smooth, on [—1, 3]. 
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33.5. Find a Fourier sine series for f(x) = 1 on (0, 5). 
Using Eq. (33.4) with L=5, we have 


2 fe . NX 2 65 . NX 
C, =={. f(x) sind = =f, (1) Oe oF 


L 
x=5 
oN oe | ei 
SL na 5 jig a nt 


Thus Eq. (33.3) becomes 


4(. mx 1. 3mx 1. Sax 
= sin a +—sin fee (J) 


Since f(x) = 1 is piecewise smooth on [0,5] and continuous everywhere in the open interval (0, 5), it follows from 
Theorem 33.1 that (/) is valid for all x in (0, 5). 


33.6. Find a Fourier cosine series for f(x) =x on (0, 3). 
Using Eq. (33.6) with L = 3, we have 


2 pe nix 273 nmcx 
ae F(x) cos z dx == J, xcs 3 dx 


x=3 
2) 3x. ntx 9 nox |" 
= sin + — cos 
3L na 3 nn 3. |s25 


Thus Eq. (33.5) becomes 


3 <4 6 nx 
x=—4 1)" —1] cos 
5 La [(-1)" — Neos 
3 12 mx 1 3mx 1 Sax 
= =| Cos +—cos +—cos bree () 
2 3 9 3 25 3 


Since f(x) = x is piecewise smooth on [0, 3] and continuous everywhere in the open interval (0, 3), it follows from 
Theorem 33.1 that (/) is valid for all x in (0, 3). 


: as ; 0 xs2 
33.7. Find a Fourier sine series for f(x) = on (0, 3). 
2 x>2 


Using Eq. (33.4) with L = 3, we obtain 


2 3 _ NIX 
C, = F(x) a a 


2 2 . NX 2 73 . NX 
= 5], @ sind +5 J 2) sin ae 


4 3 nmx ae 2nn 
=04 cos = cos 3 cos nt 
I 
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Thus Eq. (33.3) becomes 


n=l 


f@= y < cos mae ( a sin a 


Furthermore, cos = , COs = , COs —a are 


() 


Hence, w=" lag Sa } 2 in a 
m\2 3 4 3 3 3 


Since f(x) is piecewise smooth on [0, 3] and continuous everywhere in (0, 3) except at x=2, it follows from 
Theorem 33.1 that (/) is valid everywhere in (0,3) except at x =2. 


33.8. Find a Fourier sine series for f(x) = e* on (0, 2). 
Using Eq. (33.4) with L = 7, we obtain 


"9 x= 
27... nx 2} e& . 
C,= I e’sin dx= = (sin nx — n cos nx) 
n°? 1 mil l+n Misa 
2 n 
=— = |(l —e*cos nz) 
m\l+n 


Thus Eq. (33.3) becomes 


ee! n 
e= [1 — e*(-1)"] sin nx 
rps l+n 


It follows from Theorem 33.1 that this last equation is valid for all x in (0, 2). 


33.9. Find a Fourier cosine series for f(x) = e* on (0, 7). 
Using Eq. (33.6) with L = 7, we have 


x=7 


2". mmx 2| & : 
C, = J e°cos dx = 7 (cos nx +n sin nx) 
no t m\|l+n ese 


=| vg corm 
m\1lt+n 


Thus Eq. (33.5) becomes 


1 2 
e* =—(e" -1)+ 
a 4 py 1 


J =[(-l"e" — 1] cos nx 
+n 


As in Problem 33.8, this last equation is valid for all x in (0, 2). 
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33.10. 


33.11. 


Find an expansion for f(x)=e* in terms of the eigenfunctions of the Sturm—Liouville problem 
y” +Ay =0; y'(0) =0, wm) = 0. 


From Problem 32.20, we have e,(x) =cos (n — +)x for n=1,2,.... Substituting these functions and w(x) = 1, 


a=0, and b= qinto Eq. (33.2), we obtain for the numerator: 


[wcosove (x) dx = [leven a } dx 
a Md 0 p) 


peel a} tae a} 
= —,] Cos} n x+]1n sin| 71 Xx 
1+(n—4y 2 2 2 
-l 1 1 n 
a: > 5} 1) +1] 


[wmer(aax 7 i cos’ [> - ee 


x=n 


x=0 


and for the denominator: 


_|x a sin (2n —1)x = _a 
2 4(n — 5) en 2 


Thus c, =] |e(> 3)" + i 
m|1+(n—4)? 2 


and Eq. (33.1) becomes 


x 2G 14+( 1)"e"(n—-3) 1 
e », i+ —5F cs{n >} 


TH n=l 


By Theorem 33.1 this last equation is valid for all x in (0, 7). 


Find an expansion for f(x) = 1 in terms of the eigenfunctions of the Sturm—Liouville problem y” + Ay = 0; 
y(0) = 0; (1) =0. 

We can show that the eigenfunctions are e,(x) =sin (n—+)ax (n=1,2,...). Substituting these functions and 
w(x) =1,a=0, b=1 into Eq. (33.2), we obtain for the numerator: 


[ w(x) f (xe, (x) dx = ii sin fn - ; Je dx 


-1 1 
= cos] n 1X 
(n-4)a 2 


0 
and for the denominator: 


b 4 wee OF 6 1 d 
[i w(x)e, (x) = fisin jars mx dx 


x=] 


|; Snape _l 


2, 4(n — 5) bg 2 
Thus c, = 2 
(n-35)a 
and Eq. (33.1) becomes 
= 2 sin (n—4)ax 
T n= n—- . 


By Theorem 33.1 this last equation is valid for all x in (0, 1). 
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33.12. 


33.13. 


33.14. 


33.15. 


33.16. 


33.17. 


33.18. 


33.19. 


33.20. 


33.21. 
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Supplementary Problems 


Find a Fourier sine series for f(x) = 1 on (0, 1). 
Find a Fourier sine series for f(x) =x on (0, 3). 


Find a Fourier cosine series for f(x) = x7 on (0, 7). 

. . . . 0 xs 
Find a Fourier cosine series for f(x) = on (0, 3). 

2 x>2 

Find a Fourier cosine series for f(x) = 1 on (0, 7). 

: fone : x xsl 
Find a Fourier sine series for f(x) = on (0, 2). 

2 x>l 


Find an expansion for f(x) = 1 in terms of the eigenfunctions of the Sturm—Liouville problem y” + Ay = 0; y’(0) =0, 
y(m) =0. 


Find an expansion for f(x) =x in terms of the eigenfunctions of the Sturm—Liouville problem y” + Ay =0; y(0) =0, 
y'(m) =0. 


Determine whether the following functions are piecewise continuous on [—1, 5] 


a x22 ; 
(@) f=)4 O<x<2 fay=f len? x>2 
5x°-1 x<2 
x x <0 
1 
(c) FOC (d) (Ones 


Which of the following functions are piecewise smooth on [—2, 3]? 


x x<0 


(a) f(x)=4 sinax O<x<l (b) ro| 


x? —5x x>l 


x 


e x<l 


(x-1 x<l 
(x-D'? x>1 


(c) f(x) =InIxl (d) fy=| 


An Introduction to 
Difference Equations 


INTRODUCTION 


In this chapter we consider functions, y, =f(n), that are defined for nonnegative integer values n =0, 1, 2, 
3, .... SO, for example, if y,, = n> — 4, then the first few terms are {yp, y1, y2,.3,Y4, ---} or {-4, —3, 4, 23, 60, ...}. 
Because we will be dealing with difference equations, we will be concerned with differences rather than 
derivatives. We will see, however, that a strong connection between difference equations and differential 
equations exists. 

A difference is defined as follows: Ay, = y,4;—y, and an equation involving a difference is called a difference 
equation, which is simply an equation involving an unknown function, y,,, evaluated at two or more different n 
values. Thus, Ay, = 9 +n’, is an example of a difference equation, which can be rewritten as y,,;—y, =9 +n’ or 


Yntt =Ynt 9+ (34.1) 


We say that 7 is the independent variable or the argument, while y is the dependent variable. 


CLASSIFICATIONS 
Equation (34./) can be classified as a first-order, linear ,nonhomogeneous difference equation. These terms 
mirror their differential equations counterparts. We give the following definitions: 
e The order of a difference equation is defined as the difference between the highest argument and the 


lowest argument. 


e A difference equation is linear if all appearances of y are linear, no matter what the arguments may be; 
otherwise, it is classified as nonlinear. 


e A difference equation is homogeneous if each term contains the dependent variable; otherwise it is 
nonhomogeneous. 


We note that difference equations are also referred to as recurrence relations or recursion formulas 
(see Problem 34.7). 


325 


326 AN INTRODUCTION TO DIFFERENCE EQUATIONS [CHAP. 34 


SOLUTIONS 


Solutions to difference equations are normally labeled as particular or general, depending on whether 
there are any associated initial conditions. Solutions are verified by direct substitution (see Problems 34.8 
through 34.10). The theory of solutions for difference equations is virtually identical with that for differential 
equations (see Chapter 8) and the techniques of “guessing solutions” are likewise reminiscent of the methods 
employed for differential equations (see Chapters 9 and 11). 

For example, we will guess y, =p” to solve a constant coefficient, homogeneous difference equation. 
Substitution of the guess will allow us to solve for p. See, for example, Problems 34.11 and 34.12. 

We will also use the method of undetermined coefficients to get a particular solution for a nonhomogeneous 
equation. See Problem 34.13. 


Solved Problems 


In Problems 34.1 through 34.6, consider the following difference equations and determine the following: 
the independent variable, the dependent variable, the order, whether they are linear, and whether they are 
homogeneous. 


34.1. Vn+3 = 4yn 


The independent variable is n, the dependent variable is y. This is a third-order equation because of the 
difference between the highest argument minus the lowest argument is (n + 3) — n=3. It is linear because of the 
linearity of both y,,3 and y,. Finally, it is homogeneous because each term contains the dependent variable, y. 


34.2. tiso _ 4 Ss ti_3 _ Stj_s 


The independent variable is i, the dependent variable is t. This is a seventh-order equation because the 
difference between the highest argument and the lowest argument is 7. It is linear because of the linear appearances 
of the ¢;, and it is nonhomogeneous because of the 4, which appears independently of the £;. 


34.3. Zk Sk+l = 10 


The independent variable is k, the dependent variable is z. This is a first-order equation. It is nonlinear because, 
even though both z, and z;,,; appear to the first power, they do not appear linearly (any more than sin z; is linear). 
It is nonhomogeneous because of the solitary 10 on the right-hand side of the equation. 


34.4. fro =fnai tf, where fo =1,f,=1 


The independent variable is n, the dependent variable is f. This is a second-order equation which is linear and 
homogeneous. We note that there are two initial conditions. We also note that this relationship, coupled with the 
initial conditions, generate a classical set of values known as the Fibonacci numbers (see Problems 34.7 and 34.30). 


34.5. y,.=9 cos y,4 


The independent variable is r, the dependent variable is y. This is a fourth-order equation. It is nonlinear 
because of the appearance of cos y,_4; it is a homogeneous equation because both terms contain the dependent 
variable. 


34.6. 2"+x,=Xms 


The independent variable is n, the dependent variable is x. This is an eighth-order linear difference equation. 
It is nonhomogeneous due to the 2” term. 
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34.7. 


34.8. 


34.9. 


34.10. 


34.11. 


34.12. 


By recursive computations, generate the first 11 Fibonacci numbers using Problem 34.4. 


We are given that fo =1 and f, =1, and fiio=fiu4+f,. Using this recursion formula, with n =0, we have, 
h=fitfo=1+1=2. We now let n= 1; this implies fy =f, +f; =2 + 1 =3. Continuing in this recursive way, we 
have the following: fy = 5, f5 = 8,f6 = 13,f, =21, fg = 34, fo =55, and fig = 89. 


Verify y, =c(4”), where c is any constant, solves the difference equation y,,, = 4y,. 


Substituting our solution into the left-hand side of the difference equation, we have y,,; =c(4""!). The right- 
hand side becomes 4c (4”) = c(4”*!), which is precisely the result we obtained when we substituted our solution into 
the left-hand side. The equation is identically true for all n; that is, it can be written as 4c(4”) = c(4"*!). Hence, we 
have verified our solution. We note that this solution can be considered the general solution to this linear, first-order 
equation, since the equation is satisfied for any value of c. 


Consider the difference equation a,45 + 5a,,; + 6a, =0 with the imposed conditions; a) = 1, a, =—4. 
Verify that a, = 2(—3)” — (—2)” solves the equation and satisfies both conditions. 


Letting n =0 andn = 1 ina, clearly gives ay = 1 and a, = -4, hence, our two subsidiary conditions are satisfied. 
Substitution of a, into the difference equation gives 


2( 3)" ( 22 n 5[2( gyn ( 2] t 6[2( 3)" ( 2) = 
9(2)(—3)" — 4(—2)" + 5[-6(—3)" + 2(—2)" + 12(—3)" — 6(—2)" = 


18(—3)" — 4(-2)" — 30(-3)" + 10(—2)" + 12(-3)" — 6(-2)" = 0 


Thus the equation is satisfied by a,. 
We note that this solution can be considered a particular solution, as opposed to the general solution, because 
this equation is coupled with specific conditions. 


Verify that p, =c,(3)" + c(5)"+3+4n, where c, and cy are any constants, satisfies the difference 
equation Pyio = 8Ppa, — 15p, + 32n. 


Letting n, n+ 1, and n +2 into p, and substituting into the equation yields 


63)" + co(5)"* +3 + 4(n + 2) 
= 8[c,(3)"*! +. c,(5)"*! +3 + 4(n + 1)] — 15[c,(3)" + €(5)" + 3 + 4n] + 32n 


whence, both sides simplify to 9c,(3)” + 25c,(5)" + 11 +4n, thereby verifying the solution. 


Consider the difference equation, y,,,; =—6y,. By guessing y, = p” for p #0, find a solution to this equation. 


Direct substitution gives p"*' =—6p” which implies p =—6. Hence, y,, = (—6)" is a solution to our difference 
equation, which we can easily verify. We note that y, = k(—6)" also solves the difference equation, where k is any 
constant. This can be thought of as the general solution. 


Using the technique employed in the previous problem, find the general solution to 
3D + 404, +b, =0. 


Substitution of the guess b, = p” into the difference equation gives 3p”"* +4p”"! + p”= p" (3p? +4p+ 1) =0, 


-1 
which implies 307+ 49+1=0. This results in p = 3 e 1. So the general solution, as can easily be verified, is 


-l : 
C, = +c,(-1)”, where the c; are arbitrary constants. 


We note that 397+ 4p+1=0 is called the characteristic equation. Its roots can be treated in exactly the 
same way as the characteristic equations derived from constant coefficient differential equations (see Chapter 9). 
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34.13. 


34.14. 


34.15. 


34.16. 
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Solve d,4; =2d,+6n, by guessing a solution of d,=An+B, where A and B are coefficients to be 
determined. 


Substitution of our guess into the difference equation leads to the identity A(m + 1) + B=2(An+B)+6n. 
Equating the coefficients of like powers of n, we have A=2A+6 and A+B=2B, which implies A=B=-6. 
Hence, our solution becomes d,, = —6n—6. 

We note that the method of “undetermined coefficients” was presented in Chapter 11 regarding differential 
equations. Our guess here is the discrete variable counterpart, assuming a first-degree polynomial, because the 
nonhomogeneous part of the equation is a first-degree polynomial. 


Find the general solution to the nonhomogeneous difference equation d,,,, = 2d, + 6n, if we know that 
the general solution to the corresponding homogeneous equation is d,, = k(2)", where k is any constant. 


Because the theory of solutions for difference equations parallels that of differential equations (see Chapter 8), 
the general solution to the nonhomogeneous equation is the sum of the general solution to the corresponding homo- 
geneous equation plus any solution to the nonhomogeneous equation. 

Since we are given the general solution to the homogeneous equation, and we know a particular solution to the 
nonhomogeneous equation (see Problem 34.13), the desired solution is d,, = k(2)" — 6n — 6. 


Consider the difference equation y,..+6y,,;+9y,=0. Use the guessing technique presented in 
Problem 34.11 to find the general solution. 


Assuming y,=p” leads to p"(p?+6p+9)=0 which implies p=—3, -3, a double root. We expect two 
“linearly independent” solutions to the difference equations, since it is of the second order. In fact, following the 
identical case in which the characteristic equation for second-order differential equations has a double root (see 
Chapter 9), we can easily verify that y,, =c,(—3)”" + cyn(—3)” indeed solves the equation and is, in fact, the general 
solution. 


Suppose you invest $100 on the last day of the month at an annual rate of 6%, compounded monthly. If 
you invest an additional $50 on the last day of each succeeding month, how much money would have 
been accrued after five years? 


We will model this situation (see Chapter 2) using a difference equation. 

Let y, represent the total amount of money ($) at the end of month n. Therefore, yy = 100. Since the 6% 
interest is compounded monthly, the amount of money at the of the first month is equal to the sum of yo and the 
amount made during the first month which is 100(.06/12) = 0.50 (we divide by 12 because we are compounding 
monthly). Hence, y,; = 100 + 0.50 + 50 = 150.50 (because we add $50 at the end of each month). We note that 
Y1=Yo + 0.005 yo + 50 = (1.005) yp + 50. 

Building on this equation, we see that y, = (1.005)y, + 50. And, in general, our difference equation becomes 
Yni1 = (1.005)y, + 50, with the initial condition yg = 100. 

We solve this difference equation by following the methods presented in the five previous problems. That is, 
we first guess a homogeneous solution of the form y, = kp”, where k is a constant to be determined. 

Substitution of this guess into the difference equation yields kp"*! = (1.005)kp"; this implies p = 1.005. We 
will solve for k after we find a solution to the nonhomogeneous part of the difference equation. 

Because the degree of the nonhomogeneous part of our difference equation is 0 (50 is a constant), we guess 
y, = C, where we must determine C. 

Substitution into the difference equation implies C = (1.005)C + 50, which leads to C = —10,000. 

Summing our solutions leads us to the general solution of the difference equation: 


y, = k(1.005)" — 10000 (1) 


Finally, we obtain k by imposing our initial condition: yp = 100. Letting n=0 in (/) implies 100 = k(1.005)° 
— 1000 =k — 1000; hence, k = 10,100. So (1) becomes 


y, = 10100(1.005)" — 10000 (2) 
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Equation (2) gives us the accrued amount of money after n months. To find the amount of money compiled 
after five years, we let n = 60 in (2) and find that yeq = 3623.39. 


Supplementary Problems 


In Problems 34.17 through 34.20, consider the following difference equations and determine the following: (1) the independent 
variable; (2) the dependent variable; (3) the order; (4) whether they are linear; and (5) whether they are homogeneous. 


34.17. 


34.18. 


34.19. 


34.20. 


34.21. 


34.22. 


34.23. 


34.24. 


34.25. 


34.26. 


34.27. 


34.28. 


34.29. 


34.30. 


34.31. 


6,/u 


n+7 n 


u 
wp= Ok +k+14in wy 
Ze t+ Zia + 242 + 243 =O 


§m-2 = 78 m42 + Smt 


Verify a, =c,(2)" + c(—2)" satisfies a,4. = 4a,, where c; and c, are any constants. 


Verify b, =c,(5)" + c9n(5)" satisfies b,.. — 10b,,,; + 25b, =0, where c, and c, are any constants. 
: 19 3 ., 1 Se ; 
Verify r, =— — —(5)" — —n satisfies 7,45 = 67,4; — 57, + 1, subject to r9 = 1, 7, =0. 
16 16 4 
Find the general solution to k,.; =—17k,. 
Find the general solution to y,.5 = Lly,4, + 12y,. 
Find the general solution to x,45 = 20Xx,., — 100x,. 
Find a particular solution to w,,; =4w, + 6" by guessing w, = A(6)", and solving for A. 
Find the general solution to v,,; =2v, +17. 
Solve the previous problem with the initial condition vg = 7. 
Solve Fibonacci’s equation f,..9 = fii1 +f, subject to fo =f; = 1. 
Suppose you invest $500 on the last day of the month at an annual rate of 12%, compounded monthly. If you invest 


an additional $75 on the last day of each succeeding month, how much money would have been accrued after 
ten years? 


Solving Differential 
Equations Using 
Mathematica 


INTRODUCTION 


Thus far we have discussed a myriad of ways to solve differential equations. Most of our techniques were 
analytical (for example, Variation of Parameters, Undetermined Coefficients, etc.) where our goal was to obtain 
exact answers. Other methods, such as Euler’s Method, gave us numerical approximations. 

In this chapter we will leverage technology, using the computer algebra system of Mathematica 
(see https://www.wolfram.com/mathematica/). We will consider problems, referenced from previous chapters, 
and solve them again, this time with assistance from Mathematica. 

A few notes before we begin: 

e Mathematica is case sensitive. 


e Should the user have a question about a command (like DSolve), highlighting the command and hitting 
the F1 key often provides satisfactory assistance. 


e To execute any command, the user must hit Shift + Enter. 


Solved Problems 


Solve the following problems from previous chapters using Mathematica. (Compare these with answers in 
corresponding chapters.) 


35.1. Problem 4.4 page 23 


DSolve[ y'[x] ==5 y[x], y[x],x] 
y[x] 3 e*k 
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(Note that the code ends with the dependent variable, y(x), followed by the independent variable, x. Also, see the 
appearance of the independent variable in the actual differential equation. Note, too, the double equal sign, ==. 
Finally, the constant k will generally look different in Mathematica code, but the meaning is clear.) 


35.2. Problem 4.11 page 25 


DSolve[y’[x]= Ya} x [x],x] 
x 
ylx] 3 xk + xLog[x] 


(Note that the natural logarithm, usually denoted /n(x), appears as Log/x] in Mathematica. The brackets [...] 
are standard for the arguments of functions.) 


35.3. Problem 6.3 page 43 


DSolve[y’[x]— 2x * y[x] == x, y[x],x] 


1 2 
[x] >-L+e"k 
: 2 


(Note the presence of the asterisk, *, when two variables are multiplied.) 


35.4. Problem 6.14 page 46 


2, 
DSolve[{Q’[t]+ *Q[t]==4,0[2]==100},Q[t],r] 
10+2t 
2(326+10t+17 
Q[t]> coi cace a, 
S+t 
(Note that this is an Initial Value Problem. Braces {..., ...} are required whenever there is a listing of two or 


more inputs.) 


35.5. Problem 9.5 page 85 
DSolve[y"[t]+ 10y'[t]+ 21y[t]==0, yit,t] 
yt] ae "k, tek, 
35.6. Problem 9.9 page 86 
DSolve[y"[t]—3y[t]+ 4y[t] ==0, y[t],1] 


ylt]> oco4 |, sin | 


35.7. Problem 10.1 page 90 


DSolve[y”[x]—6y’[x]+ 11y’ [x] - 6y[x] == 0, y[x],x] 


ylx] > e*k, + ek, + ek, 
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35.8. Problem 10.7 page 91 


DSolve[P”’”"[t]— P’”’"[t]-—2P”[t]+2P’[t]+ P’[t]— P[t]==0, P[r],r] 


Plt] e'k, +e "th, tek, +e'th, + tk, 


35.9. Problem 11.2 page 96 
DSolvel y’[x] -y'[x]—2yLx] == Exp[3x],yL].2] 


3x 


ylx] 9 —+e%k, +67, 


35.10. Problem 11.14 page 101 


DSolve[y’[x]—5y[x] == x * Exp[x]— x * Exp[5x], y[x],x] 


: ir ee 
x|> ex +e*k 
ylx] ae 


35.11. Problem 12.1 page 104 


DSolve[y”[x]+ y[x] == Sec[x], y[x], x] 


x ie: x |x 
ylx] > k, —xCos[x]— k,Cos[x]— Log Cos} sil =|. Log| Cos] + sin >| 


+ k,Sin[x]+Log[Cos[x]]Sin[x] 


35.12. Problem 13.3 page 111 
DSolve[{y’[t]+ 4y[t]+ 8 y[t] == Sin[t], yO] ==1, [0] ==0}, y[t],¢] / /Simplify 


ylt]> =e (69Cos[2t]+ 7e” Sin[t]+ Cos[t](—4e”" +131Sin[s])) 


Note that the inclusion of the //Simplify often provides a simpler form of the answer, when trigonometric func- 
tions are involved. 


Supplementary Problems 


Solve the following problems from previous chapters using Mathematica. 


35.13. Problem 4.44 on page 30 


35.14. Problem 6.38 on page 48 
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35.15. Problem 6.50 on page 49 
35.16. Problem 6.55 on page 49 
35.17. Problem 9.21 on page 88 
35.18. Problem 9.29 on page 88 
35.19. Problem 9.44 on page 88 
35.20. Problem 10.16 on page 93 
35.21. Problem 10.32 on page 93 
35.22. Problem 11.44 on page 102 
35.23. Problem 11.51 on page 102 
35.24. Problem 12.9 on page 109 
35.25. Problem 13.10 on page 113 


35.26. Problem 13.12 on page 113 


CHAPTER 36 


Solving Systems of 
Differential Equations 
via Eigenvalues Using 

Mathematica 


INTRODUCTION 


We have touched upon the concept of eigenvalues in Chapters 15 and 16 and alluded to systems of 
differential equations in Chapter 17. Underlying the solutions to such systems are the notions of eigenvalues 
and associated vectors known as eigenvectors. 

We will now employ Mathematica for the solution of systems of differential equations. 


TERMINOLOGY 
Systems of differential equations consist of two or more dependent variables (say x, y, z, ...) and one 

independent variable (say t). We will deal with systems which may consist of: 

e two equations 

e three equations 

e homogeneous equations 

e nonhomogeneous equations 

e initial conditions 


e various combinations of the above 
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Solved Problems 


Note that since we are using Mathematica, we will pose each problem via Mathematica code. 


36.1. Find the general solution to the system of differential equations: 
x} fo . -1t || x 
y 2 0 |Ly 
DSolve[{x'[t]== x[¢]— yft], yt] ==—22[¢]}, lt], yle]},01 
1 -t 3 1 —t 3t 
nla ce (1+2e" )k, “Ee (-l+e")k,, 


2 1 
WA Ze ek, te 4e ky 


Note that the output, which is correct, is not given in the simplest form. Compare this solution to the next 
problem which is a corresponding Initial Value Problem (IVP). 


Feed eae 


DSolve[{x Tt] == x[¢]— y[¢],y Tt] ==—22{4],x[0] == 4, 10] ==—7}, {alt ], yt 4] 


36.2. Solve the IVP: 


x[t] 9 e“ (-1+ 5e”), y[t] 9 -e (2+ 5e”) 
Note that this answer can be further simplified if the //Expand command is typed in: 


DSolve[{x’[t]==2x[t]- y[t],y’[t] ==—2x[t],x[0] ==4, y[0] ==—7}, {a[¢], y[t]}.1] //Expand 


x[t] > -e +5e”, y[t] > —2e — Se” 


-1 


are —1 and 2, which 
—2 O 


Note that the reader may verify that the eigenvalues to the coefficient matrix 


are found in the exponents of the exponential functions. 


ee 2s]: ke 


DSolvel{x'[¢]==—2xI¢]+ yt]. y'¢]==—al 4] - 4y[¢],a[-2]==0, 


yl-2] == 1}, {x[¢], y[t]},¢] //Expand 


36.3. Solve the IVP: 


x[t] > 26° * +e° t,t] 9 eo Ot 


Note the presence of the “extra ?’ in the solutions. This will happen, at times, depending on the initial conditions 
(ICs) and the presence of a repeated eigenvalue (here it is —3). Note, also, that the IC was not imposed at f=0. 
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36.4. Solve the IVP: 
hts HeH 
y 1 1 y f | yO) 1 
DSolve[{x [t]==x[t]-4 yl], y1t] == x[t]+ ylt],x[0] ==—6, y[0] == 1}, {2[¢], y[t]},¢] //Expand 


x[t] > —6e'Cos[2t]— 2e’Sin[2r], y[t] > e'Cos[2t]— 3e'Sin[ 21] 


Note that the corresponding eigenvalues are /+2i and /—2i. In such cases where the eigenvalues are complex, 
both exponentials and sines/cosines appear. 


36.5. Solve the IVP: 


eo eds his Hi 
y’ 0 1 y || yQ) 1 
DSolve[{x’[t] == x[t],y'[t]== ylt],x[0] == 1, y[0] == 1}, {x[¢], y[¢]},¢] //Expand 


[tlle .y[t]loe 


Note that this system is uncoupled. That is, the first equation deals solely with x, while the second equation 
contains only y. 


36.6. Solve the IVP: 
ees ahs ise pes] 
y 40 ]]/ yf} yO) 4 
DSolvel{x[t] == 3y[t], [1] ==—4.xtt],x10] ==1,y[0]==-43, £2] yit]},t] //Expand 


2Sin|2V3r] 
3 


x{t] > Cos[2V3¢] —2V3Sin[2V34] , [1] > -4Cos[2V3¢] - 


36.7. Find the solution to the system of nonhomogeneous differential equations: 


“| 4 Alba ea OH 3] 
y —2 -1 || y 2 |’ | yO) 2 
DSolve[{x [t] == 4x[t]+ 3y[t] +t, y[t] == -2x[t] — y[t] + 2,x[0] == 3, yO] == 2}, {2[r], y[t]},¢] //Expand 


2t 2t 
His 0s 9 Oe ain any ee 
4 4 2 2 2 
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36.8. Find the solution to the 3-by-3 system of IVPs: 


= 12 4 x x(0) 4 
¥ (=) OS St |e i) Oy IS) 
Zz 0 O 3 Z z(0) -8 


x[t] > 2e7 +16e' —14e” ,y[t] > -2e7 + 2e” ,z[t] 9 -8e* 


36.9. Find the solution to the 3-by-3 system of IVPs: 


x’ 5 tf <1 || 2 x(0) 4 
y |=| 2 3 0 y |, | yO) |=} 1 
Z 0 0 3 Z z(0) -8 


DSolve[{x[t] == 5x{¢]+ ylt]—2lt],y'[¢]==—2a10] + 3yLt], 2/1] == 32ir],. x10] == 4, 
y{0]==1,z[0]==-8}, {a{¢], yft],2[¢]}.¢] //Expand 


36.10. Find the solution to the 3-by-3 nonhomogeneous system of IVPs: 


x’ 0014; x 2t x0) 4 
y |=} 0 1.0 |i y |} 2e2 |, | yO) |=] 12 
z 10 OJ, z 4 z(0) -8 


DSolve[{x'[t] == z[t]+ 2t, y(t] == ylt]+ 20,2] ==ax11]4+4,x(0] ==4, 
y{0] ==12,z[0]==-8},{x{r].y[¢],2[¢]}.¢] //Expand 


x[t] > -6+9e" +e’ ,z[t] > —-9e" +e’ —2t, y[t] 9-44 16e' — 44-227 
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Supplementary Problems 


Use Mathematica to solve the following systems of differential equations: 


ued eared 

wa [ee sys} 2] 
(Hea ieHel 
we (PH? SIM SSH] 


Note: The Simplify command will greatly “simplify” your answer. 


“6 (HE sb He 


e 


0 
36.16. | y’ |=} 1 2 3 y |, | yO) |=} 0 
2) be See (0) 2 
x/l1 01 (|x 0 x(0) 2 
36.17. | y’ |=] 1 2 3 y |+} t+10 |. | yO) |=} 12 
ZfbL3 0 3) <}b 2 | | 2) -3 
x’ 11d x x(0) 1 
36.18. | y’ |=} 1 1 1 y | | yO) =| 1 
i Md Dd z 2(0) 1 
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Qualitative Methods 


INTRODUCTION 


Unfortunately, not all differential equations are easily solved by analytical techniques, where our goal is 
to obtain exact solutions and hopefully be able to express them explicitly. 


For example, if we consider the differential equation dy = 3x’, then the general solution is clearly y=x°+C, 
where C is an arbitrary constant. dx 

In this chapter we will consider first-order autonomous equations; that is, differential equations for which 
there is no explicit appearance of the independent variable. Although we will not solve the differential equa- 
tions in a precise manner, we will be able to extract some information, thereby assisting us, not quantitatively, 
but with a qualitative approach. 

Before we continue, note that homogeneous differential equations are not the same as autonomous differ- 
ential equations. This distinction is illustrated by the follow examples: 


° a 3y is both homogeneous and autonomous. 
x 
dy 
° cs = 3xy is homogeneous but not autonomous (there is an x on the right-hand side). 
x 
° oe 3+y is not homogeneous (because of the 3) but it is autonomous. 
Ix 
e “ = 3y+x is neither homogeneous (because of the x) nor autonomous (because of the x). 
x 
TERMINOLOGY 


dy, 
We will consider differential equations of the form ma = f(y). Our approach, with the assistance of 
Mathematica will be as follows: * 
1. We will determine where y’ =0. These are the critical points. 
. We will then plot y versus y’. 


. By analyzing the “signs” of the slopes, we will determine regions where y is increasing and y is decreasing. 


& W WN 


. A “vector” graph (using the command StreamPlot) will provide a picture that will reveal much informa- 
tion about “solutions” or “solution curves” to the differential equation. 
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5. From this graph, we will note the behavior of the critical points and classify them as sources, sinks, or 
saddle points (see examples below). 


6. Ifan Initial Condition is also provided, we can visually picture the solution curve embedded in the vector 
graph. 


Solved Problems 


37.1. Analyze the differential equation y’ = y+1. 


This is clearly an easy equation to solve, using any number of methods. Mathematica gives y=—1+e"k, where 
k is a constant. 
Using the Plot command we have 


PlotLy+1,{y,—3,3}, AxesLabel > {“y”,“y’”’}] 


Notice that y = —1 gives a critical point. 

For y > —1, the values of the slope of y are positive, and getting more and more positive as y increases. For 
y <~—l, we see negative slopes, the values of which decrease as y decreases. 

Next, using the StreamPlot command, we have 


StreamPlot[{1,y+1},{x,—3, 3}, {y,-3,2}] 
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a as a a a ae Sa CC FE TF CY SC 


Uy 
ZZ 


iL a a ee 
<a 
MW ~ | 
| \ . \\ | 


Note how the arrows “diverge” from the horizontal line y = —1. This point is classified as a source or an unstable 
critical point. 

Let us now suppose that our differential equation has the initial condition y(0)=0 imposed on it. Then the 
solution to this Initial-Value Problem (via DSolve) is y=—1+e*. By means of the Plot and Show commands, we 
can “see” our solution within the stream plot. 


DSolve[{y[x] == y[x]+1, y[(0]==0}, yx], 2] 


y[x] > -1+e* 


pl = Plot{Exp[.x]—1,{x,-3,2}, AxesLabel > {“x”,“y”}] 


p2 =StreamPlot[{1, y+1},{x,-3, 3},{y,-3,2},AxesLabel -— {“x”,“y’}] 
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L\ \ 


ee ee a ee a a a So So 


-3 2 -1 0 1 2 3 


Show[p1,p2] 


a 


37.2. Analyze the differential equation y’ = y°—3y+2. 


Note that y’=0 when y=2,1,1. In the ensuing stream plot, we shall see that y = —2 will provide a source, which 
will give unstable behavior no matter in which direction y approaches —2. Regarding the double root at y = 1, the 
behavior will be semi-stable, depending on the direction of the “approaching” y. That is, if we approach y from 
“below,” the solution curves for increasing x are asymptotic to y = 1. However, if approached from “above,” the 
solutions move away from the line and, in this case, become unbounded. 


QUALITATIVE METHODS 


Nh 


he SS Se ee ae SSS eS ee Se Se 
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37.4. 


QUALITATIVE METHODS 


StreamPlot[{1,y? —6y? +1ly—6},{x,-1,4},{y,0,4}] 


| Wey) 


A 


NIN 


0 1 2 


| 
e 
uw 
eS 


y = 1 is a source (unstable critical point) . . . also called a repeller 
y =2 isa sink (stable critical point) . . . also called an attractor 
y =3 is a source (unstable critical point) . . . also called a repeller 


Analyze the differential equation y’ = y*—y’. 


The critical points occur at y=1,—1 and there is a double root at 0. 


Plot[y* —y,{y,-3/2,3/2},AxesLabel > {“y”,“y””}] 


iy 
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StreamPlot[{1,y* —y?},{x,-2,2},{y,—3, 3}] 


DN 
at f 1 


>- a 
> > > > > >_> 4 
> 


oS 


} =e ee er ‘ 
as ¢ a 
tf t t 


—2 -1 0 1 2 


y =-1 is a sink (stable critical point) 
y =0 is a saddle point (also called a semi-stable critical point) 
y = 1 is a source (unstable critical point) 


37.5. Analyze the differential equation y’=cos(zy), where O< y<4. 
The critical points occur at y= 


> 


Plot[Cos[Pi* y],{.0,4}, AxesLabel > {“y”,“y”’}] 


QUALITATIVE METHODS 


se | 


aL LULL | 
MNO WN 
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Supplementary Problems 


Analyze the following autonomous differential equations: 
37.6. y=-y 

37.7. y'=y’—-Sy+6 

378. y=y-3y 

37.9. y=2y-y" 

37.10. y'=9y-y° 

37.11. y=e-1 

37.12. y=sin(zy),-4<y<4 


37.13. y= /l0y-y, 5<y<15 
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CHAPTER 38 


Euler's Method Using 
Microsoft Excel® 


Note: For this chapter, the authors are assuming that the reader is familiar with Microsoft Excel®. 


THE METHOD 


In Chapter 18, we investigated a numerical technique known as Euler’s Method. The derivation of the 
formulas was based on a “tangent line approximation.” That is, given a differential equation of the form y’ = f(x,y), 
with a corresponding initial condition y(x,)= y, , then, by an iterative process, we could approximate the solu- 
tion at another point by using the formula 


Vntl= y, thy, = y, thf Vn)» (*) 


where h was a predetermined “change in x.” (See equations (18.2), (18.3), (18.4), and (18.5).) 

While the churning out of numberers was quite simple, the process could be tedious, depending on the 
degree of desired accuracy, the difference from x9 to the required value of the independent variable, and the 
size of h. 

In this chapter we will take advantage of spreadsheet technology by appealing to Microsoft Excel® 
(https://www.microsoft.com/en-us/microsoft-365/excel ). 

We will illustrate the method with the following examples: 


1. Consider the differential equation y =x+y, where y(0)= 2 and A = 0.1. Approximate y(1). 


Here, 


Vat =) +hy’, = Yn thf (Xq Vn d=Vn th, +Y,) 
=y, +O.D(x, +y,)=(0.Dx, +d.Dy,. 
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Substitution into Microsoft Excel® yields: 


x Mf 
0 2 

0.1 22 

0.2 2.43 

03 2.693 
04 2.9923 
0.5 3.33153 
0.6 3.714683 
0.7 4.146151 
0.8 4.630766 
0.9 5.173843 
1.0 5.781227 


2. Consider the previous problem, this time using h = 0.05. 


For this value of h, 


This gives us: 


Yur =Y, thy, = y,+(0.05)(x,+y,)=(0.05)x,+(1.05)y, 


os id 509 C=” 
os ids = 
09 id sess id 
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4. 


. Approximate y(2) for the differential equation y’ = 
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Note that the value of y(1) here differs from the value in the previous problem. It is closer to the “true” 
value of 3e—2 (which is obtained from using the DSolve command from Mathematica) and is approxi- 
mately 6.15485. The fact that the smaller / value of 0.05 brings us nearer to the “true” value is expected 
due to the increased number of iterations. 


x 


vy 


+y, where y(1)=4 andh=0.1. 


Here, 


, x, 
Ynet =», 101, 9,400] *) 


VY 


Thus Microsoft Excel® gives us, 


x y 
1 4 

1d 4.45 

12 4.947145 
ie 5.495811 
14 6.100845 
15 6.76761 
1.6 7.502031 
14 8.31065 
1.8 9.200685 
0.9 10.1801 
2.0 11.25765 


Approximate y(3) for the differential equation y’ = cos(x—y)+y,, where y(0) = 4 and h =0.5. 
For this problem, y,,, =y, +(0.5)y, = y, +(0.5)(cos(x, —y,)+y,)- 


From this Microsoft Excel® yields, 


x y 

0 4 

0.5 5.67317819 
1.0 8.73209486 
1.5 13.1589349 
2.0 20.0462864 
2.5 30.4166085 
3.0 451565649 
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5. Approximate y(1) for the differential equation here y= ee , where y(0) = 1 andh=0.1. 
For this problem, y,,, =y, +(O.1)e. 


From this, we have the following table of values: 


x y 
0 1 

0.1 Ll 

0.2 1.201005 
03 1.305086 
04 1.414504 
0.5 1.531855 
0.6 1.660257 
0.7 1.80359 
0.8 1.966822 
0.9 2.15647 
1 2.381261 


Supplementary Problems 


Using Euler’s Method and the Microsoft Excel® spreadsheet, solve the following problems from Chapter 18 and compare 
your answers with the corresponding answers from Chapter 18. 


38.1. Problem 18.12 
38.2. Problem 18.13 
38.3. Problem 18.14 
38.4. Problem 18.15 
38.5. Problem 18.16 
38.6. Problem 18.17 
38.7. Problem 18.33 
38.8. Problem 18.34 
38.9. Problem 18.35 


38.10. Problem 18.36 


CHAPTER 39 


Some Interesting 
Modeling Problems 


EXAMPLES 
In this chapter the reader is invited to delve into a number of scenarios and asked to answer questions based 
on the given information. We will pose problems pertaining to the following topics: 
1. “Let it snow, let it snow, let it snow .. .” 
“Something is fishy!” 
“Ts this Differential Equation Electrical or Mechanical?” 


“Competing Armies and Differential Equations!?” 


me so Go 


“One polluted lake is not enough!? Must there be three!?” 


Try to develop appropriate models in every case. After that, use any and all tools to obtain as complete a 
solution as possible for each problem. 
We will provide answers at the end of this chapter. 


Problems 


39.1. “Let it snow, let it snow, let itsnow...” 


Snow is falling at a constant rate along a very long tract of land. At 12:00 noon a snowplow is dispatched and 
by 1:00 P.M., the plow has gone two miles. Between 1:00 P.M. and 2:00 P.M., a third mile is traversed. When did it 
start snowing? 


Hint: Make a reasonable assumption as to the speed of the plow vis-a-vis the cumulating height of the snow. 
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39.2. 


39.3. 


39.4. 


39.5. 


“Something is fishy!” 


Lake Seeknay, which has a carrying capacity of 10,000 fish, has been stocked with 1,000 fish. Below is the 
assumed logistics equation that models the population of the fish at any time. What is the maximum number of fish 
that can be harvested monthly, which will not deplete the lake? 


Let t = time [months]; y(t) = population [fish]. Then, y’= Z y f - _— will serve as our model. Note that 


the “1/5” is a “‘scaling factor.” 5 10000 


“Ts this Differential Equation Electrical or Mechanical?” 
2 


The differential equation in question is a = f(t), where a, b, and c are constants and f(t) is a 
t 


given function of t. This question boils down to “Can we find an appropriate physical system (or systems) that can 
be modeled by this differential equation?” 


“Competing Armies and Differential Equations!?” 


War has been raging between Army X and Army Y. Can we come up with a system of differential equations 
that incorporates changes within each army and interactions between the armies? 


“One polluted lake is not enough!? Must there be three!?” 


Suppose a factory is situated near Lake A and, on a daily basis, empties a liquid pollutant into the lake. Lake A 
drains into Lake B, while Lake B, in turn, drains into Lake C. For the given assumptions, determine the amount of 
pollutant in each lake at the end of two weeks. 


Assumptions: All lakes are initially pollutant free. When a pollutant is introduced into any lake, the lake waters 
are well-mixed with the pollutant. Lake A has a volume of 1,000 m?; Lake B has a volume of 2,000 m*; Lake C 
has a volume of 3,000 m’. The pollutant is poured into Lake A at a rate of 250 m°*/day, which is the same rate at 
which Lake A drains into Lake B, Lake B drains into Lake C, and Lake C drains off into a vast waste container. 
The container, by the way, is removed periodically. 
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39.1. 


39.2. 


Answers 


This problem is a classic and has appeared in various calculus textbooks throughout the years. 


We will use the following notation: 


Let ¢ = time [hours]; A(t) = height of the snow [feet]; x(¢) = position of the plow [miles]; if 12:00 P.M. corresponds 
to t= 0, then x(0)=0, x(1)=2, and x(2)=3. 


As per the “hint,” let us assume that the velocity of the plow is inversely proportional to the amount of snow. That 


§ A : : : ; 

isx(H= Bae where A is the proportionality constant, C is the amount of snow on the ground before 12:00 P.M., 
t+ 

and Bt is the amount of snow falling once the plow was engaged (recall that the snow is falling at a constant rate). 


By dividing both the numerator and the denominator by B, we can simplify to x’(t) = a Simple integration yields 
x(()=DIn(t+E)+F. cee 
V5-1 


By substituting x(0)=0, x(1) =2, and x(2)=3 into x(t)=DIn(t+ £)+F, we obtain E= a 


V5 =I —/5+1 
2 2 


for h(t) to be 


Now, using the fact that h(t)= = differentiation of x(t) = DIn [+ be yields t= 
x(t 


zero. This is about 37 minutes before 12:00 noon. 


Hence, the answer to the problem is approximately 11:23 A.M. 


Assuming there is no harvesting, Mathematica provides the classic logistic curve as follows: 


DSolve| {y'I1] ==(1/5)* yft]*(1—yl¢]/10000) ,y[0]==1000}, viele] 


10000e’” 
=> 1/5 
9+e 


yit] 


y 


10000 [ 
8000 
6000 
4000 


2000 | 


10 20 30 40 


Next, assume, we harvest 200 fish per month: 


DSolve[{y[t]==(1/5)* y{t] * (1—y[4] /10000) — 200, 
y[0]==1000}, y[t],7] 


[so-so =e 
, 1000 5415 —5e5V5 +./15e5¥5 


yit] 1 [3 1 [3 
44 JIB 46" 4 JIB 
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Plo 


(sso 5d 
,| 1000 5415 —5e5V5 +./1505¥5 
1B, Lp 
Rajis eaters 4/1505" 


.{t,0,20}, AxesLabel > {“t”,“y”} 


y 


1000 


1000 F 


~2000 


~3000 F 


We see here that the lake will be “fished out” in a little over 13 months. 


By using a “sensitivity” approach we see that we can harvest up to 179 fish, but not 181 fish. Any number 
above 180 will deplete the population of fish. 


Note that at a value of 180 fish, we have a point of bifurcation, that is, a value where the nature of the solution 
changes. 


y-179 
3500 
3000 
2500 
2000 
1500 


1000 


500 
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39.3. 


39.4. 


Finally, we remark that this problem could have be posed in a much more complicated way. For example, assume 
the lake was stocked on January Ist. Now suppose that Fishing Licenses were validated on April Ist, but then ter- 
minated on September 30th. This “on-off” switching can be repeated. Clearly many different scenarios can arise. 
For solutions, one might choose to employ the UnitStep command in Mathematica for assistance. See Chapter 23 
to review the Unit Step function. 


In Chapter 14, we considered both electrical systems and mechanical systems. In fact, both basic systems 
(RCL circuits and mass-spring) are classically modeled by the differential equation: 


d’x dx 
a—+b—+cx= f(t) * 
a eR St) @) 


In the case of the electrical circuit 


dq. dq 1 
+R—+—q=E(t 
dP ak Ct © 


L 


e tis the independent variable of time (seconds) . . . this is ¢ in equation (*) 
e q is the dependent variable of charge (coulombs) . . . this is x 


) aa is the current (amperes) . . . this is cad 
dt dt 


e Lis the inductor (henries) . . . this is a 


e R is the resistance (ohms) ... this is b 
e C is the reciprocal of the capacitor (capacitor units: farads) . . . this is c 


e E(t) is the voltage source (volts) .. . this is f(t) 


For the mechanical system, 


d’y 


wy. 
dt’ 


+Bp2sby=Fe) 


e tis the independent variable of time (seconds) . . . this is ¢ in equation (*) 

e y is the dependent variable of the object’s position (meters) . . . this is x 
d 

raed is the velocity (meters/second) . . . this is ss 
dt dt 

e mis the mass (kilograms) . .. this is a 

e is the friction constant (kilograms/second) . . . this is b 

e kis the spring constant (kilograms/second?’) . . . this is 


e F(t) is the external or driving force (Newtons) . . . this is f(t) 


Note the analogy or parallel between the systems. So, the solution of one equation will give insights into the other 
system. 


“Competing Armies and Differential Equations!?” 


Suppose the number of soldiers in Army X, at any time f, is given by X(t), with Y(t) having the same meaning 
for Army Y. Our goal is to build a model that will reflect the interaction within each set of troops and between 
both armies. 
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Let us initially assume that X’=aX, where a is a positive constant. This would clearly indicate that Army X 
would grow exponentially over time. While this might be true for a short period of time, a logistics model would 
reflect a much more realistic model over a longer time interval, due to factors such as injuries, depletion of materi- 
als, and death. Hence, our equation becomes X’= aX — bX’, where both a and b are positive parameters. 

Repeating this argument for Y(t), we thus far have 


X’=aX —bx’ 
Y’=dY -eY’ 


What about interaction between the armies? Since we need both armies for combat, the most basic expression 
would be a product of both X and Y. Since this interaction would have a negative impact on each army, our model 
now becomes 


X’=aX —bX* —cXY 
Y’=dY —eY’ — fXxY 


where all six constants are positive. 

We note that these equations are autonomous (see Chapter 37) and are slightly more complex than the 
Predator-Prey model (see Chapter 2). 

As to the outcome of the battle, the initial amounts of soldiers for each army would be essential factors, as 
would the comparative magnitudes of the parameters. 

When attempting to solve such systems, qualitative methods are generally employed, bolstered with graphical 
tools. 

Usually there are one of three outcomes that emerge: Army X wins, Army Y wins, or there is a truce, sometimes 
called “peaceful coexistence.” 


“One polluted lake is not enough!? Must there be three!?” 


This is a classic mixing problem. The general rule is that the net rate of change of the pollutant is the rate in 
minus the rate out. 

Let us assume f = time [days]; A(t) is the amount of pollutant in Lake A [m+]; B(t) is the amount of pollutant 
in Lake B [m*]; C(t) is the amount of pollutant in Lake C [m*]. Note that A(0) = B(O) = C(0) =0. 

So, the rate of change of the pollutant in Lake A [m?/day] is equal to 


GA _ 959-4 _(250) 
dt 1000 


The next two equations clearly follow, 


dB _ A(250) B(250) dC _ B(250)_C(250) 
dt 1000 2000 dt 2000 3000 


Mathematica yields the following solution via DSolve: 


a[{t]— 1000 —1000e~"* 
b[t] > 2000 +2000e“* — 4000e** 
3000 —1500e~* +12000e7'* —13500e” 
Evaluation of these three solutions at tf = 14 gives us the following answers: 


Lake A has 970 m3; Lake B has 1,365 m°; Lake C has 836 m? 


APPENDIX 


Laplace Transforms 


x"-! (1=1,2,...) 


Vx 


Ux Vas"? (s>0) 


vol2 (1=1,2,...) (NGS) + Qn = WW an 


(s >0) 


sin ax 


sinh ax 


cosh ax (s >lal) 


x sin ax ———_ (s>0) 


X COS ax 


x" le (yn =1,2,...) 
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Laplace Transforms (cont.) 
F(s) = LX f(x)} 


e™ sin ax 


e”* cos ax 


sin ax — ax COS ax 


s(s —a) 


eo 
s(1 + as) 


1 
(l+asy 


1 
(s — a)(s —b) 


—xla — x/b 


ee“ -e 1 
a-b (1+ as)(1+ bs) 


Ss 


(1 +axje“ (s—ay 


Ss 
(l+asy 


—xla 


1 
= (a-x)e 
a 


S 


ae“ _ be” 
(s —a)(s —b) 


s 
(1 + as)(1 + bs) 


1 


s°(s—a) 


2a 
s(s° + 4a’) 


2a’ 


sinh? ax ——_+~ 
s(s° —4a°) 


J cos ea sin hai sinh = cos oe 
V2 V2 V2 V2 2 
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Laplace Transforms (cont.) 


F(s) = L{f@)} 


ax x 
cos —=cosh — 


v2 V2 


1. ; 
Pe ax — sin ax) 


1 
5 (cosh ax — cos ax) 


Ts, . 
a ax + sin ax) 


1 
5 (cosh ax + cos ax) 


sin ax sinh ax 


cos ax sinh ax 


sin ax cosh ax 


cos ax cosh ax 


1. 
aon ax + axcosax) 


ax. 
COS ax — Geer ee 


1 
3 (ax cosh ax — sinh ax) 


XK. 
—sinh ax 
2 


1 
zo ax + axcosh ax) 


ax. 
cosh ax + oe ax 
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Laplace Transforms (cont.) 


F(s) = L{fQ)} 


asin bx — bsinax ab 
a—b (s* +a°)(s* +b’) 


cos bx — cosax Ss 
a-b (s° +a’)(s? +b’) 


asin ax — bsin bx s 
a—b? (s* +a’)(s* +b’) 
a cosax — b’ cosbx 
a—-b (s* +a’)(s* +b’) 


bsinh ax — asinh bx ab 
a-b (s* —a’)(s* —b’) 


cosh ax — cosh bx RY 
oP (s? —a?)(s? —b?) 


asinh ax — bsin bx 
a_p (s? =a? \s" = 8?) 


a@ coshax — b’ cosh bx s° 


oP (s? — a’)(s? — b?) 


1, 
x ——sinax = 
a s(s° +a’) 


1. 
—sinh ax — x 
a 


ax, 
POSS ee 


ax, 
1 —coshax + aa ax 


ie b’ cosax — a” cosbx ab 


a’ —b° s(s° +a’)(s’ +b’) 


b’ cosax — a’ cosh bx ab 
1+ — 7 LAP ORY 
a —b s(s° —a’)(s° —b°) 


a —a’x’)sin ax —3axcosax] 


a 
se —axcosax] 


1 2.2 . 
a +a°x”)sinax — axcosax] 
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Laplace Transforms (cont.) 


F(s) = L{fQ)} 


1 ; 
rule + a’x’)sinh ax — 3ax cosh ax] 


=n cosh ax — sinh ax) 


1 : 
a cosh ax — (1 — a’x’)sinh ax] 


tq =e") 
n! s(as + 1)(as +2) -++(as +n) 


ssinb + acosb 


sin (ax + b) - = 
sta’ 


scosb—asinb 


cos (ax + b) a 
sta 


‘OS axv3 V3 sin use 


c 3 
2: 


14+ 2ax 


Vax 


oe Wax 


1 


IxVax 


1 
cos2Vax 
Vax 


1 
cosh 2Jax 
Vax 


1. 
—— sin 2Vax s 3/26- als 


Van 


1. 
sinh 2Vax gy 3/2eals 


Van 


(e* =e") 


J,(2Vax) 


a xlaJ,(2Vax) 


— als 


(ela)? 977, Ovex) (p50) sPe 


364 APPENDIX 


Laplace Transforms (cont.) 


F(s) = L{ f(x} 


Jo(x) 


J\(x) 


Is) @> =) (ri-9 


Vs? +1 


P 1 
I,la) | p>—5 aT +) 
2 Vn (s? + qr) 


1 
(p>0 i 
mp) z 


p-l 


! yn 2) 1 


2a — cos ax) 
x 


mer bx —cosax) 
x 


sin ax 


x 


2, 
—sinaxcosbx 


arctan — 
x 


S-a+h 


L+e0 "ls 
sin laxl 


_ po (Ala)s 


CHAPTER 1 


1.14. 


1.16. 


1.18. 


1.20. 


1.22. 


1.24, 


1.26. 


1.28. 


130. 


132. 


134, 


136. 


138. 


1.40. 


1.42. 


1.44, 


1.46. 


(a) 2; (b)y; (c)x 
(a) 2; (b) 8; (c)t 
(a) n, (b) x; (Oo) y 
(a) 2; (b) y; (c)x 
(a) 1; (b) b; (o) p 
(d) and (e) 

(b), (d), and (e) 
(d) 


(b) and (e) 


c=-1/3 

c, =2, Cy = 1; initial conditions 

c; = 1, cp =—2; initial conditions 

c; = 1, cy =—1; boundary conditions 


No values; boundary conditions 


Answers to 
Supplementary 


1.15. 


1.17. 


1.19. 


1.21. 


1.23. 


1.25. 


1.27. 


1.29. 


131. 


133. 


1.35. 


1.37. 


139. 


141. 


1.43. 


1.45. 


1.47. 
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Problems 


(a) 4; (b) ys (c)x 
(a) 4; (b) ys (c)x 
(a) 2; (b) rs (oy 
(a) 7; (b) b; (©) p 
(a) 6; (b) y; (c)x 
(a), (c), and (e) 
(a), (c), and (d) 
(a), (c), and (d) 


(a), (c), and (d) 


c=1 
c=—3e% 
c can be any real number 


No solution 
c, =1, cy = 2; initial conditions 


C, = Cy = 1; boundary conditions 


is) 


=-1,c)= 1; boundary conditions 


C, = Cy = 0; initial conditions 
2 


366 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


—2 

148. c= B r C= 5 ; boundary conditions 1.49. No values; boundary conditions 

150. cy =-2,c,=3 151. c,=0,c,=1 

152. c,=3,c.=-6 153. c,=0,c,=1 

154, c,=1+-,c,=-2 é 

CHAPTER 2 

5 

212. T= oF — 32) 

2.13. The volume and the temperature are in direct proportion. As one increases, so will the other; as one decreases, 
so will the other. 

2.14. The net force acting on a body is proportional to the body’s acceleration. This assumes the mass is constant. 

2.15. Since t is increasing, and 7(576) =0, this model is valid for 576 hours. Any time afterwards gives us a negative 
radicand, and hence, an imaginary answer, thereby rendering the model useless. 

2.16. At t= 10, because T’(10) =0, and T’(t) > 0 for t> 10. 

2.17. The motion must be periodic, because sin 2f is a periodic function of period 7. 

2.18. (a) 2 cos 2t; (b) —4 sin 2t 

2.19. (a) yisaconstant; (b) y is increasing; (c) y is decreasing; (d) y is increasing. 

dx 3 ; F 
2.20. ae =k(M — X) , where k is a negative constant. 
t 

2.21. The rates of change of gallons of liquid sugar per hour. 

2.22. The rates of change of the vats (gal/hr) are affected by the amount of liquid sugar present in the vats, as the equations 
reflect. The signs and magnitudes of the constants (a, b, c, d, e, and f) will determine whether there is an increase 
or decrease of sugar, depending on the time. The units for a, b,c, and d is (1/hr); the units for e and fis (gal/hr). 

CHAPTER 3 

3.15. y=-y"/x 3.16. y’ =x/(e*- 1) 

3.17. y =(sinx—y?-y)!8 3.18. Cannot reduce to standard form 

3.19. y=-y+Inx 3.20. y’=2andy=x+y+3 

, —x , xX+ 

321. y=25 322, y=272 

y x-y 
, y —Xx 
323. Y= 3.24, y’ =ye*—e* 


3.25. y=-l 3.26. 
3.27. Linear, separable, and exact 3.28. 
3.29. Homogeneous, Bernoulli 3.30. 
3.31. Linear, homogeneous, and exact 3.32. 
3.33. Exact 3.34. 
3.35. Linear and exact 
CHAPTER 4 
4.23. y=tJk—x’,k=2c 4.24, 
4.25. y=(k+3x)!'3,k=-3c 4.26. 
4.27. y=kx,k=+te° 4.28. 
4.29. y=ke"”" ,k=te° 4.30. 
431. yrr=ke’,k=+e° 432. 
433. y=3+2tan(2x+k),k=—2c 434. 
435. xe‘ dx —2y dy=0; y=+,/xe* —e* -—c 4.36. 
437. y=-l/(x-c) 438. 
439. x=kt,k=+e 4.40. 
441. y=-—/2+2cosx 4.42. 
Aas ot Be 4.44 
43. ; y-y ; 44, 
445. x=—+-e% 4.46. 
3 3 
447. y=ke-x 4.48. 
4.49. Not homogeneous 4.50. 
4.51. 3yx?-y=k 4.52. 
4.53. Not homogeneous 4.54, 
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Linear 


Linear 


Homogeneous, Bernoulli, separable, and exact 


Homogeneous 


Bernoulli 


ya=t(k +2x7)!4, k=—-Ae 


y=In|—|,c=InIkl 


x 


2P + 6t + 2y? 4 3y° =k, k= 6c 


y =tan (x-c) 


2 
x 


ystx?+2xtk, k=-2c 


x=-3/(P +k), k=3c 


1 1 
dx ——dy =0; y=ke"!", k=te~ 
y 


1 
=— L+ke™, k=+—0e% 
- 5 


-13(x3 43x44 
= e138 +344) 


y 
P 

ae lyl=7 
y =x In Ik/xl 
yak —x 

yr =x? — kx 


—2,/x/y + Inlyl=c 


1 
2 =x? 1+ 
d In lx? 


| 
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CHAPTER 5 


5.24, 


5.26. 


5.28. 


5.30. 


5.32. 


5.34. 


5.36. 


5.38. 


5.40. 


5.42. 


5.44, 


5.46. 


5.48. 


5.50. 


5.52. 


5.54. 


5.56. 


5.58. 


5.60. 


5.62. 


5.64. 


xytxryty=cy 


xy = C2 


xy sinx+y=C) 


tcosx+x sin t=cy 


1 
Kx,y)=cy=x-1 
y 


1 1 
Ix, )=—3 = 


=2x7(x-c 
(xy)? y a 


nw 


) 3 1 
I(x, yy=e : y=ce~ +; 


(x,y) =—; y? = 2(c — x”) 


Kw IR 


x? 
I(x, y) =y?; x°y* + aa 


I(x, y) = 1 (the equation is exact); sty =c 


1 
1(x,y) = —s; 3x3y + 2xy4 + kxy =-6 
(xy) 


2: 
xy = ttt +16 


2 


t—.Jjt? +120 
a 


yx) =- se" + . 
y@) =—2r 


5.25. 


5.27. 


5.29, 


531. 


5.33. 


5.35. 


5.37. 


5.39. 


5.41. 


5.43. 


5.45, 


5.47. 


5.49, 


5.51. 


5.53. 


5.55. 


5.57. 


5.59. 


5.61. 


5.63. 


5.65. 


Not exact 


xy? +yt = 65 


Not exact 


y’ =cpt 
Not exact 


-1 
> Fin lie 


5 
2? + 6tx? —3x° =c, orx=t ama 
6t —3 


Not exact 


I(x, y)=z: y=cx-1 
x 


I(x, y)=-——— y = x tan (x +c) 
x +y 
cSt eg 
I(x, y)= 5 SyN cx 
(xy)”” y 


I(x, y) =e; y= In lke 
Cc 
Ix, y=y3 == 


x 


1 
I(x, y) =~; In lyyl =c -y 
(xy) 
1 1, 
I(x, y)=-——s3 y=xtan| —x° +c 
x+y 2 
Ix,yse"", ye"? =e 


x(t) =0 


xy t xy + y =-135 


No solution 


1, 
th=—-—t 
y(t) : 
—2(1 +e”) 
x(t) = ——,— 
l+e 


CHAPTER 6 

6.20. y=ce™ 6.21. 
6.22. y=ce®l 6.23. 
6.24. y=ce™ 6.25. 
6.26. y=ce"® 6.27. 
6.28. y=c/x* 6.29. 
6.30. y=ce?* 6.31. 
6.32. y=ce™ —2x-= 6.33. 
6.34. y=ce*? +1 6.35. 
6.36. y=c+sinx 6.37. 
6.38. y? = 1/(2x + cx’) 6.39. 

+] 
640. y= 6.41. 
1- 2x 
ce 
6.42. y=e/(c—Xx) 6.43. 
6.44. z=cvt 6.45. 
646. p= 3 +31? —2tIn Itl+ ct 6.47. 
6.48. T=(3.2t+ce°™ 6.49. 
1 2 2 
650. y= 7 +x) 651. 
652. y= de 4x 1 6.53. 
6.54. v=-16e+ 16 6.55. 
6.56. N= au + e| 6.57. 
3 t 

CHAPTER 7 

7.26. (a) N=250e°!% (b) 11.2 hr 7.27. 
7.28. (a) 2.45 0z; (b) 15.19 oz 7.29. 
7.30. 3.17 hr 731. 
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1 
—=ce' +1 
y 
y 


=(6+ce* 4 


y=(1+ce)!8 


sin2x 


OQ =4(20 — 1) +.c(20 — 1)? 


= +cz° 
= 22 ke 
- 3 
y= 5c) 
1 
—=-=x° 42x" 
y 


Le 2 Be 
qz=-e +=sin2t-4 
5 5 


T = -60¢ °° + 30 


4 
cos 2t 
5 


(a) N = 300¢°!7". (b) 7.6 hr 


32-fold increase 


(a) N = 80e°°!3* (in millions); 


(b) 91.5 million 
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370 


7.32. 


7.34. 


7.36. 


7.38. 


740. 


7.42. 


744, 


746. 


748. 


7.50. 


7.52. 


7.54, 


7.56. 


7.58. 


7.60. 


7.62. 


7.64. 


7.66. 


7.68. 


7.70. 
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N = 16,620e°!'""; Ny = 16,620 


N = Noe? 1; thp2= 6.6 hr 


$15,219.62 
$14,288.26 
10.99 percent 
7.93 yr 


8.38 yr 


T = 80°"; Ty = 80° F 
(a) 138.6°F; (6) 3.12 min 
An additional 1.24 min 
(a) 5.59 sec; (b) 5.59 sec 


(a) 32t+ 10; (b) 5 sec 


976.6 ft 


(a) v=48 — 48°"; 
(b) x = 72079 + 484-72 


320 ft/sec 


(a) v =—320e°-"" + 320; 


(b) x = 3200e~°-"" + 3204 — 3200; 
(c) 6.9 sec 


(a) v = 320 — 320e"", 


(b) x = 3200e"” + 3201 — 3200 


7 2 
7 20 + 4(20 1); 
a ae a 


at t= 10,0 =22.5 lb 
(Note that a = 80(1/8) = 10 Ib.) 


56.3 lb 


80 g 


7.33. 


7.35. 


7.37. 


7.39. 


7A1. 


743. 


745. 


747. 


749, 


751. 


7.53. 


755. 


757. 


7.59, 


7.61. 


7.63. 


7.65. 


7.67. 


7.69. 


771. 


(a) N= 100e~°", (b) 4.05 yr 


_ 500 
1+ 99e°%" 


$16,904.59 
8.67 percent 
20.93 yr 
12.78 percent 


T =-100e°?™ + 100; 
(a) 23.9 min; (b) 44° F 


T =-100e°*' + 1503 ty99 = 23.9 min 


(a) 113.9°F; (b) 6.95 min 
(a) v =32t; (b) 167 
(a) 32t + 30; (b) 3.49 sec 


31.25 sec 


(a) Y=—g; () v=-gt+ 
a == 25 v=— Vo; 
AE & &! + Vo 


(c) bin =. (d) foe + Vot ; 
g 2 
Vp 


x, == 
(€) Xn 2¢ 


(a) v = 128 — 118e"4; 
(b) 6.472 sec 


0.392 m/sec with g = 9.8 m/sec” 
(a)v=4-4e>, 


1 1 
b) x=-e* +4t-=— 
(b) 5 5 


(a) Q=-Se°** +5; 


(b) aoe +) 
(a) QO = 800-4". 


(b) 173 min 


lll.ig 


(a) 22? ith: 
2 


(b) 0 amp 
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7.72. (a) qu24+3e! (b) 1=-30e7'!™ 7.73. (a)q=10e?>5 (b) 1=-25e? 
7.74. (a)qz= =o (2sint —cost +e”); 7.75. (a) q= (sin 2t + 2cos2t + 23e~“); 
1 : 1 . 
(b) I, sp (b) I, — geese seine) 
1 

7.76. (a) l= = —e"); (b) I= 5 7.77. (a)1=10e?*; (b) 1,= 10e°™ 

1 —201/3 1 =55¢ ‘ 
7.78. (a) [=—(9+5le ); 7.79, J= (e + 25sint — cost) 

10 626 

51 


b) I = 2 08 
Se ar 


2 3 3 

780. A= @ =arctan 781. A=—-— =arctan 10 

34 5 Vi01 
782. xy=k 783. y?=-2x+k 
784. x’y+ > =k 785. +y=ke 

a 1000 
786. x + ot =k(k >0) 787. = [poe bt 
1,000,000 2+¥v 321 321 321 

7.88. = ——__ 7.89. =3e™ or v=2(3e" —1)/GBe™ +1 

1+999¢°?”™ 2-v ( yi ) 
CHAPTER 8 


8.33. (e), (g), (J), and (k) are nonlinear; all the rest are linear. Note that (f) has the form y’ — (2 + x)y =0. 


8.34. (a), (c), and (f) are homogeneous. Note that (7) has the form y” =e’. 


8.35. (b), (c), and (/) have constant coefficients. 8.36. W=0 

8.37. W=-1x°; the set is linearly independent. 8.38. W=-x*; the set is linearly independent. 
8.39. W=-2x°; the set is linearly independent. 8.40. W=-10x; the set is linearly independent. 
8.41. W=0 8.42. W-=-4; the set is linearly independent. 
8.43. W=e>; the set is linearly independent. 8.44. W=0 

8.45. W=0 8.46. W=0 

8.47. W=2x°; the set is linearly independent. 8.48. W-=6e~; the set is linearly independent. 
8.49. W=0 8.50. [4]3x + [-3]4x =0 

8.51. [1]x?+[1](—x) =0 8.52. [5](3e) + [-3] (Se) =0 

8.53. [-2]x+[7](1) + [1]@x-7) =0 8.54. [3](x+ 1) +[-2]Q* +x) 


+ [1](2x? — x - 3) =0 
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8.55. [-6]sin x + [-1](2 cos x) 8.56. y=ce*+o.e> 
+[2](3 sin x + cos x) =0 


8.57. y=cje*+ce* 8.58. y=c, sin 4x +c) cos 4x 

8.59. y=ce* +c, 

8.60. Since y, and yp are linearly dependent, there is not enough information provided to exhibit the general solution. 
8.61. y=c)x + cye* + c3y3 where y3 is a third particular solution, linearly independent from the other two. 

8.62. Since the given set is linearly dependent, not enough information is provided to exhibit the general solution. 
8.63. y=cye* + c.e" + cxe* 


8.64. y=cyx* + cox? + cyx* + cgyy + c5y5, Where y, and ys are two other solutions having the property that the set {x?, x°, 
x*, y4, ys} is linearly independent. 


8.65. y=c,sinx+c)cosx+x?-2 

8.66. Since e* and 3e* are linearly dependent, there is not enough information given to find the general solution. 
8.67. y=cye*t+oe* + czxe* + 5 

8.68. Theorem 8.1 does not apply, since ao(x) = —(2/x) is not continuous about x9 = 0. 

8.69. Yes; ao(x) is continuous about xg = 1. 


8.70. Theorem 8.1 does not apply, since b,(x) is zero at the origin. 


CHAPTER 9 

917. y=cje*+ce~* 9.18. y=cie + c5e™ 

9.19. y=cye* + coxe* 9.20. y=c, cos x+cy sinx 

9.21. y=c\e* cos x+cse™ sin x 922. y= cee + ce” 

9.23. y=c ety coxe* 9.24. y=c,e™“cos J2x +c,e "sin V2x 
9.25. y=cel°* 291 ce vrs 9.26. y=cye Ol? + cnxe 


¥29 29 


=e°") k cosh x +k, sinh x 
2 2 


9.27. x=cye + ce!™ 9.28. x=cjye' + coe! 
3 5)t/2 3-—V5)t/2 
9.29. x=ce' +E? ce! v5) 9.30. x=cye*+c,te* 


9.31. x=c, cos 5t+cp sin St 9.32. x=c,+c.e°™ 
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933. x= ge” cos + oe” sin at 9.34. u=c,e'cos 3t +c,e' sin 3t 

9.35. w=ce??” 4 c,e0" 9.36. u=c, +c,e%% 

9.37. u=cye™+c,e =k, cosh 6 + kp sinh 6f 9.38. Q=c,e™" cos 3, +c¢,e" sin a3, 
939. Q= gerne + eer ™ 9.40. P=ce" + cote” 

941. P=c,e cos 2/2 +c,e “sin 2J2x 942. N= ce* + oe * 


, 4oa2 V7 —5x/2.* V7 9.44, 


943. N=ce 5 ee ea T= ce 99+ ce? 


945. R=c)+ oe? 


CHAPTER 10 
10.16. y=cye* + ce? +.c;e 10.17. y=cye* + coxe* + c3e™ 
yey 2 3 J 1 2 3 
10.18. y=cye* + coxe* + 3x7" 10.19. y=cye*+c7) cos x+c3 sinx 
y= ey 2 cd J 1 2 3 
10.20. y=(c, + cox) cos x + (C3 + C4x) SIN x 10.21. y=cye*+ ce*+c3 cos x +cy4 sin x 
10.22. y=cye* + coe +. c3xe™ + cyxre™ 10.23. y=cye + coxe™ + c3e** cos 2x + cye* sin 2x 
2 Ox = —(1/2)x V3 
10.24. y=c,+ceox +03x%" +. c4e> 10.25. y=(c, +¢;x)e Peg 
gy 3 
+(c, t+e,xe” sin x 
2 
10.26. y=cye* cos 2x + ce” sin 2x + c3e-* 10.27. x=cye' + otet+oPe t+ ope 
+ cyxe* + c5e* + cge™ 

10.28. x=c; tet +30 10.29. x=c, cos f+cy sin t+c3 cos 3t+c4 sin 3t 
10.30. x=cye" +c cos St +c; sindt 10.31. qg=ce"+c,e~ +¢,cos J2x+ c, sin V2x 
10.32. g=ce t+coe*+ ce + ce 10.33. N=cye + coe® + c3e!* 
10.34. r=cye? + c6e% +0, e+ che + cso? 10.35. y=cye* + ce* + c,e7!* 
10.36. y=c,+c2 cos 19x +c 3 sin 19x 10.37. y=c; teox + c3e** cos 9x + cye™ sin 9x 

38. =cye~ cos 9x + c9e™ sin 9x 39. = cye* + Coxe™ + €3xe™ + C4e* 
10.38. y =cye* cos 9x + cpe* sin 9 10.39. y =cye™ + cgxe™ + c3xe™ + cge™ 

+ c3xe** cos 9x + cyxe* sin 9x + ¢5xe* 
10.40. y=c, cos 6x +c) sin 6x + cxx cos 6x 10.41. y=e**(c,cosx +c, sinx +¢,x cos x 
: oe 142 ot : : 
+ c4x sin 6x + C5x° COS OX + CoX~ Sin 6x + c,xsin x) + e* (c,cosx +c, sin x 


+ €,XCOSX + ¢,xsin x) 


10.42. y’"+4y” — 124y’ + 224y =0 10.43. y’” + 361y’ =0 
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10.44, y — 4y’” + 85y” =0 
10.46. y© —5y — 50y° + 250y” + 625y’ — 3125y =0 
10.48. y=c, cos 4x +c) sin 4x + c3 cos 3x + cq sin 3x 
10.50. y=cye* + coxe™ + xe + cyxe”* 
CHAPTER 11 
11.15. y,=Aix+Ao 
11.17. y,=Apx’ +A)x+ Ap 
11.19. y,= Ae™* 
11.21. y,=A sin 3x +B cos 3x 
11.23. y, =(A)x + Ao) sin 3x + (Byx + Bo) cos 3x 
11.25. y, =(Aix + Apje™ 
11.27. y,=Ae* 
11.29. y,= Ae™* 
11.31. Y, = Asin J2x + BcosV2x 
11.33. y, =A sin 3x + B cos 3x 
11.35. y,=Ae™ sin 3x + Be~™ cos 3x 
11.37. x, =t(Ajt + Ao) 
11.39, x, =(Ajt+ Ap)e! + Bt 
11.41. x,=P(Aitt Ape’ 
11.43. x, =(Ajt+A,)e” sin3¢ 

+(B,t + B,)e” cos3t 
11.45. y=cye* + coxe* + 3e* 
11.47. y=ce" +¢,xe* + sxe 
11.49. y=cye*+xe* 
11.51. y=ce ee epg 

2 2 
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2 
+—sin2x -— eons 
5 5 


10.45. 


10.47. 


10.49. 


11.16. 


11.18. 


11.20. 


11.22. 


11.24. 


11.26. 


11.28. 


11.30. 


11.32. 


11.34. 


11.36. 


11.38. 


11.40. 


11.42. 


11.44. 


11.46. 


11.48. 


11.50. 


11.52. 


y — 8y’” + 186y” — 680y’ + 7225y =0 
y =cye™ + cnxe™ + cyxe™* + ce 


y=c, Cos 4x + Cp sin 4x + c3x cos 4x + c4x sin 4x 


Vp = Aox? + Aix + Ag 

Vp = Ae* 

Yp= Axe 

yp) =A sin 3x + B cos 3x 
Yp = Ayx + Ap + Be®™ 

Vp = X(Ayx + Apye* 

p= (Aix + Ao)e** 

Vp = (Anx? + Aix + Agje™ 


y,= (A,x? + Ax + A,) sin V2.x 
+ (Bx? + B,x + B,)cos J2x 


y, =A sin 4x + B cos 4x + C sin 7x + D cos 7x 
Yp= x(Ae™* sin 3x + Be cos 3x) 

Xp = tWApt* + Ayt + Ao) 

Xp = P(Ae') 

X,) =At + (Bit + Bo) sin t+ (Cit + Co) cos t 


y=cje tere +27 + 4x 45 


y=cye'+ coxe* —2 sin x 
x x 1 Bee 
y=ce" +co,xe* +—xe 
6 
ox] 


y =cye*+xe*—e 


1 
y=ce +oxe" +¢0,x°e + ere -1 
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CHAPTER 12 


12.9. y= ce + c,xe* am ate 


12.11. y=ce*+c,e" + ae 


12.13. y=c,+c,e" + =x 


with c, =c, + Ea 
: 49 


12.15. y=c, + cox + xe*—e* 


12.17. y=ce" + 


12.19. x=ce +c,te' + = 
2t 


12.21. x=c, cos 2t+c, sin 2t-1 
+(sin 2f) In Isec 2t + tan 27] 


ane 
12.23. x=ct+ ot +1) + aes 


2 
t 
12.25. r=ce'+c,te' +c,t°e' + ae InI¢! 


12.27. r=cye" +c cos S5t+c3 sin 5t—8 


Cc 
12.29. y=—+0c,+0¢,t-InItl 
t 
CHAPTER 13 
1 =X. 2x 3x 
13.7. y=—e*+ -e"*+-e 
12 


13.9. y=e*+e* 


13.11. y=-cos 1 cos x—sin 1 sinx+x 


=-cos(x-—1)+x 


12.10. 


12.12. 


12.14. 


12.16. 


12.18. 


12.20. 


12.22. 


12.24. 


12.26. 


12.28. 


12.30. 


13.8. 


13.10. 


13.12. 


y =C , COS X + Cy Sin x + (cos x) In Icos xl + x sin x 


ie 
y=oxt+—x 
2; 
Sains nae) 3 
yYHCy text c3x* + 2x 


x= c3e* + cote" — e*' In Itl (with c;=c, - 1) 


e 
—In(l+e" 
5 ( ) 
e e 
—-—In(l+e")+— 
2 ( ) 2 


3, 
x=c,e' +¢c,e" + 


with c, =c AES, =C <— 
3 1 4’ 4 2 4 


r= ce + ente! + cyte! + 2R Ee! 


) 20 
Z=c,+coe" +c,e 


“( +e?) [-3 +2 In (1 + e°)] 


2 23 2x 2x 
y=o tex t+o,x +e +c,e°* + xe" 


[wt C5 = C4 — | 


1 1 
y =——cos2x +—cos* 2x 
6 4 
1 1. 
——cos* 2x + —sin‘ 2x 
12 12 


= 4 + cos’ 2x —2cos2x) 
12 
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13.13. y=0 


13.15. y=e" cost + ding + : sin 2t = cos2t 
10 10 10 10 


CHAPTER 14 


14.26. 


14.28. 


14.30. 


14.32. 


14.34. 


14.36. 


14.38. 


14.40. 


14.42. 


14.44. 


14.46. 


14.48. 


14.50. 


14.52. 


60 lb/ft 


130.7 dynes/em 
x= Dees 8t 
6 


x =3cos12r +sin121 
(a) @=8 Hz; (b) f=4/m Hz; (c) T= 7/4 sec 


(a) @=2 Hz; (b) f=1/m Hz; (c) T= sec 


x=- 1 Bem sin4/3t 


3 


x =-0.le™ cos V0.02r 
24 


0.02 


e sin V0.02t 


x=e" 2 eed - © ine 
5 5 
4 
+—sin 4t — eed 
5 5 


1 t 
cos4t cos 4t 


1 
x =—sin4t 
16 
5 hed . 
x =-—e'cos4t — et sin 4t 
4 4 


1 
+—cos2t + A ini 
2 4 


x =—4e~ cos V3t - 6V/3e™ sin V3 t 


+ 4cos3t + 2sin 3t 

1 -50r -10t 
=—(3e' -—15e' +12); 
q Te ) 


3 
l= =e" = ers 
2 


13.14. y=-2+ 6x-6x° + 2° 


14.27. 


14.29. 


14.31. 


14.33. 


14.35. 


14.37. 


14.39. 


14.41. 


14.43. 


14.45. 


14.47. 


14.49, 


14.51. 


14.53. 


17.07 lb/ft 


19.6 N/m 


x 


1 
=—— cos 8 $n 8t 
6 4 


x = sin 2t—cos 2t 


(a) @=12 Hz; (b) f=6/m Hz; (c) T= 7/6 sec 


x 


x 


=Xy cos Jk/mt + Vy a{mlk sin kim t 


ee 1 os han ote" 
2 


x=-O0.le — 2 4te" 


x =-B.535e 38 + 8.435441 


4 
x =———sin5t+ 2 sabi 
105 21 


x 


x, 


x, 


I 


=e'cos 4/3t — cos8t 


sin 2t = a cos (2t — 0.46) 


1 
=—cos2t + d 
2 


= 4cos3r + 2sin3¢ = V20 cos (3 — 0.46) 


=10.09e sin50V191; q = —— 
250 


1-@ cos50V191t - 1 ops sin 50V19t 
Vi9 


14.54. 


14.56. 


14.58. 


14.60. 


14.62. 


14.64. 


14.66. 


14.68. 


14.70. 


14.72. 


14.74. 


14.76. 


14.78. 


14.80. 
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I= Be cos 6t + Be ee sin 6t 
5 5 
2 
+—cos2t — § sin 2¢ 
5 5 


50 425 ‘ 
I =—-——e™ cos3t —- ——e™ sin 3t 


150 225. . 
+ —cos3t + reas 


—2001 


1s err ree 
IT =-e°"' cos 400¢ + —e™ sin 400t 


+cos 200t — 2sin 200t 


-10t —10t 


q= on cos50t + 20 sin 50t 
61 6l 


- oe 60t — cae 60t 
61 61 


1.28 ft = 15.36 in submerged 
x =-0.260 cos (5t — 0.876) 


x =—0.236 cos 6.47t 


(a) @=5 Hz; (b) f=5/(2m) Hz; 
(c) T=277/5 sec 


No equilibrium position; it sinks. 


x =—4.80 sin 10.42 


0.236 ft = 2.84 in 


CHAPTER 15 


15.18. 


15.20. 


[3 -1 
2 -1 


14.55. 


14.57. 


14.59. 


14.61. 


14.63. 


14.65. 


14.67. 


14.69. 


14.71. 


14.73. 


14.75. 


14.77. 


14.79. 


14.81. 


15.19. 


15.21. 


T= 24te 


6. 
sin 2t = 


2 
I, = =cos2t 
“5 


I= mo Conse he 
“52 52 


s 


=5.2cos (3t — 0.983) 


I, =cos 200t — 2sin 200t 
5 cos (2007 + 1.11) 


q, = as 60t — a2 sin 60¢ 
; 61 61 


=-—0.64 cos (60r — 0.69) 


(6392cost + 320sintr) 
640,001 


1 

x =——cos5t — Dee 
6 5 

0.764 ft submerged 


(a) @=6A47 Hz; (b) f= 1.03 Hz; 
(c) T=0.97 sec 


No equilibrium position; it sinks. 


9.02 cm submerged 


2 2 
xX =C, COS al t+c,sin is t; 
m m 
paz [am 
rV¥ p 
159.15 Ib 


cos(2t +4 


1.25) 
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(a) T=2n Bucs ; ; (b) period is reduced by 1/2 
wip’ 
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15.22. Not defined 
= 6 ll 
15.24. (a) i ee (b) 
-7 2 5 7 


15.26. ae 
-1 -2 


8 0 ill 5 7 2 
15.28. (a)|-5 0 -7/(b)| 4 6 1 
40 7 10 14 4 


15.30. Not defined 


15.32. 42-1=0;A4;=1,=-1 


15.34. 4? -2-1=0;A, =14+2,A, =1- 2 


15.36. 7-101 + 24=0; A; =4, A) =6 


15.38. (-A) (A7—5A) =0; Ay =0, A =0, 3 =5 
The eigenvalue A = 0 has multiplicity 
two, while A =5 has multiplicity one. 


15.40. (St—A) (A2— 257) =0; Ay = St, Ay =5t, Ay 


—2sin2t 
15.42. ; 
(1+ 6f°)e* 


CHAPTER 16 


16.13. Ay=o = |* 
Zz 0 eo 


16.15. hy zishy =n] —2e' 3e' -3e | 


—2e' +2e' —2e'+3e" 


16.17. i, =-2t,A, =-Tt; 


i) Je?! —2e77! ett et 
5|-14e% 4+14e" 26% 4+7e" 


—St 


15.23. 


15.25. 


15.27. 


15.29. 


15.31. 


15.33. 


15.35. 


15.37. 


15.39. 


15.41. 


15.43. 


16.14. 


16.16. 


16.18. 


Not defined 


A? 24 +13=0;A, =14 2v3i 
A, =1-23i 


7-9 =0; A, =3,a.=-3 


> 


(1-A) (74+ 1) =0; A, =1, 5 


Each eigenvalue has multiplicity one. 


-i, A; 


V -3tA +17 =0;A, [+35 } 
2 2 


n= (5-5 } 


2 2 


A, =—t,A, =5t; 
1] 4e%+2e" 2e% —2e7 
we —4e" 2e% + « 
A, =2t,A, =-4t; 
1|4e%+2e% e%-e™ 
awe —8e" 26% +4e 


1 0 
d, =A, = 20; e7 
0 1 


| 
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16.19. A, =A, =21 2" ; 16.20. 4, =2ti,, =—24i; 
cos2t + 2sin2t (5/2)sin2t 
—2sin2t cos2t —2sin2t 
4cos2t in 4t 1+8t t 
(6 ewe 16.22. 4, =, =—8he* 
. 4|-1l6sin4t 4cos4t . -64t 1-8 
14+2t t 6cos6t in 6t 
16.23, 2, =A, =-2te™ 6; Dane 
= —4t 1-2t 6| —36sin6t 6cos6t 
"1 3cos3t + 4sin3t in 3t 
ies: 31,2423. sea ere 
3 —25sin 3t 3cos3t — 4sin 3t 
31) 15 15t + sin ¥15t —2sin V15t 
16.26. 2, =(3+Vi5it,2, = — Visi; | V15 cos sin J sin J15: 
V15 8sin J15t V15 cosV15t —sin V15t 
1 ¢ rp 100 
16.27. A,=A,=A,=26e"/0 1 1 16.28. 4, =A,=A,=2e"]0 1 t 
00 1 0 0 1 
1 0 O 
16.29. A, =-t,A, =A, =24; 16.30. 2,=),=A,=0;/0 1 0 
; Qe" -3e' +3e"% ee —e" +3te” 0 0 
2t 2t 
3 2 9e Ste (see Problem 16.12) 
0 9e*" 
1 ¢t O 1 0 O 
16.31. A, =A,=0,A,=6/0 1 0 16.32. 2, =A, =0,A,=6] ¢ 1 0 
00 eé e-1 0 ée 
CHAPTER 17 
lx, (¢) ] 0 1 0 1 
1710. x@=|"] awe f(1) = c=|_] 1,=1 
Ln (d) | -1 2 +1 2 
r 4 0 1 
t 0 1 
wat. x@=|"?} awe! 4 f()=|_ | c=] | 4 =0 
x, (t) -~ 0 2e 1 
- 7 2, 
ee 0 
t 0 3 
17.12. x(t)= ae A(t) = f=] sint| c= ty =2 
x,(t) t ia 4 
= = t 
ly, | Oo 1 0 11 
17.13. x=|" | aw f()=|, | c=|.| 4 =0 
| y(t) | 2t —-5 r+l 12 
l y(t) | 0 1 0 
17.14. x(= n@) A(t) = f(j= c and fj not specified 
L yo) | 6 5 0 
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[ x, (2) | Oo 1 0 0 1 
17.15. x(t)=|x,)} AM=/0 O 1 | fH=l/0} c=/0} t,=-1 
| x3(t) | 1 -e" te" 0 1 
ly, | 0 1 0 0 -1 
17.16. x(t)=|y,)| AM=} 0 O 1 f(t) = 0 e=|-2| t= 
| y(t) | 25 2 -15 0.527 + 8r +10 3 
x,(t) | 0 10 0 0 
17.17. x(t)=|x,(t)| AM=/0 0 1] f@=|0] c=|0} 4, =0 
x, (0) | 000 t 0 
l x,(t) | 01000 0 1 
x,(t) 0101-1 t 15 
17.18. x()=|y()]} AM=/0 0 0 1 OO} f=! O c=| 0] 4, =1 
y,(t) t 02 1 0 rPt+i ~7 
| z(t) | 1o-11 1 0 4 
l x,(t) | 0 1 0 0 0 
17.19. x(t)=|x,()| AM=|0 2 5] f@=/3] e=/0] 1, =0 
Ly@ | Oo -1 -2 0 1 
[x,(1)] 1 0 2 
17.20. = A(t) = f(t) = = =7 
x(t) Fol (1) } | (4) a c Ei ty 
CHAPTER 18 
18.17. See Fig. 18-20. 
\ _ VE / / / / = 
a Z / / vA Z he 
/ ae 
Zz - 


a a i es ee 


aS SC SO SS SC SC SO SC SC SC 


SS OCC MC OC EEC 


“N 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 


a a oe 


Fig. 18-20. 


SC CC CC "CMOS 
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18.18. See Fig. 18-21. 


Fig. 18-21. 


18.19. See Fig. 18-22. 


Fig. 18-22. 
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18.20. See Fig. 18-23. 


Fig. 18-23. 


See Fig. 18-24. 


18.21. 


Fig. 18-24. 
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18.22. Four solution curves are drawn, beginning at the points (1, 3), (1, —3), (-1, —3), and (—1, 3), respectively, and 
continuing in the positive x-direction. See Fig. 18-25. 


18.23. 


18.25. 


18.27. 


18.29. 


18.31. 


See Fig. 18-17. 
See Fig. 18-15. 
See Fig. 18-16. 
See Fig. 18-14. 


See Fig. 18-18. 
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Straight lines of the form y =x + (1 —c) 
Vertical straight lines 

Horizontal straight lines 

Parabolas of the form y =x? +c 


Curves of the form y= sin x —c 


For comparison with other methods to be presented in subsequent chapters, answers are carried through x = 1.0, and are 


given for additional values of h. 
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18.33. Method: EULER’S METHOD 


Problem: y’ = —y; y(0)=1 


True solution 
Y(x) =e~* 


1.0000 


0.9048 


0.8187 


0.7408 


0.6703 


0.6065 


0.5488 


0.4966 


0.4493 


0.4066 


0.3679 


18.34. Method: EULER’S METHOD 


Problem:  y’ = 2x; y(0) =0 


True solution 
Y(x) =x? 


0.0000 


0.0100 


0.0400 


0.0900 


0.1600 


0.2500 


0.3600 


0.4900 


0.6400 


0.8100 


1.0000 
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18.35. Method: EULER’S METHOD 


Problem: y’ =-y+x+2; y(0)=2 


True solution 
Y(x)=e*4+x4+1 


2.0000 


2.0048 


2.0187 


2.0408 


2.0703 


2.1065 


2.1488 


2.1966 


2.2493 


2.3066 


2.3679 


18.36. Method: EULER’S METHOD 


Problem: y’ = 4x*; y(0) =0 


True solution 
Y(x) =x* 


0.0000 


0.0001 


0.0016 


0.0081 


0.0256 


0.0625 


0.1296 


0.2401 


0.4096 


0.6561 


1.0000 
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19.13. Method: MODIFIED EULER’S METHOD 


Problem: y’ =-y+x+2; y(0)=2 


True solution 
Vn Y(x)=e*4+x4+1 


— 2.000000 2.000000 


2.000000 2.005000 2.004837 


2.014500 2.019025 2.018731 


2.037123 2.041218 2.040818 


2.067096 2.070802 2.070320 


2.103722 2.107076 2.106531 


2.146368 2.149404 2.148812 


2.194463 2.197210 2.196585 


2.247489 2.249975 2.249329 


2.304978 2.307228 2.306570 


2.366505 2.368541 2.367879 


19.14. Method: MODIFIED EULER’S METHOD 


Problem: yy’ =—y; y(0)=1 


True solution 
Yn Y(x) =e™ 


1.0000000 1.0000000 


0.9000000 0.9050000 0.9048374 


0.8145000 0.8190250 0.8187308 


0.7371225 0.7412176 0.7408 182 


0.6670959 0.6708020 0.6703201 


0.6037218 0.6070758 0.6065307 


0.5463682 0.5494036 0.5488116 


0.4944632 0.4972102 0.4965853 


0.4474892 0.4499753 0.4493290 


0.4049777 0.4072276 0.4065697 


0.3665048 0.3685410 0.3678794 
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19.15. Method: MODIFIED EULER’S METHOD 


2 2 


Problem: ee ;y0)=3 
xy 


True solution 
Y(x)=xV94Inx? 


3.0000 


3.6722 


4.3542 


5.0444 


5.7419 


6.4456 


19.16. The true solution is ¥(x) = x?/2 — 1, a second-degree polynomial. Since the modified Euler’s method is a second-order 
method, it will generate the exact solution. 


19.17. Method: MODIFIED EULER’S METHOD 


Problem: y’ = —4x°; y(2) =6 


True solution 
Vn Y(x) =x*- 10 


6.0000 6.0000 


12.4000 13.4592 13.4256 


21.9776 23.2480 23.1776 


34.3072 35.8080 35.6976 


49.8688 51.6192 51.4656 


69.1808 71.2000 71.0000 
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19.18. Method: RUNGE-KUTTA METHOD 


Problem: y’ =y+x +2; y(0)=2 


h=0.1 True solution 
Vi Yx)=e*+x4+1 


2.000000 2.000000 


2.004838 2.004837 


2.018731 2.018731 


2.040818 2.040818 


2.070320 2.070320 


2.106531 2.106531 


2.148812 2.148812 


2.196586 2.196585 


2.249329 2.249329 


2.306570 2.306570 


2.367880 2.367879 


19.19. Method: RUNGE-KUTTA METHOD 


Problem: y’ =—y; y(0)=1 


h=0.1 True solution 
Yn Y(x) =e™ 


1.0000000 1.0000000 


0.9048375 0.9048374 


0.8187309 0.8187308 


0.7408 184 0.7408 182 


0.6703203 0.6703201 


0.6065309 0.6065307 


0.5488119 0.5488116 


0.4965856 0.4965853 


0.4493293 0.4493290 


0.4065700 0.4065697 


0.3678798 0.3678794 
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19.20. Method: RUNGE-KUTTA METHOD 


2 2 
Problem: y= ud ; yd) =3 
xy 


True solution 
Y(x) =xJ/9 + Inx? 


3.0000000 3.0000000 


3.6722028 3.6722045 


4.3541872 4.3541901 


5.0444406 5.0444443 


5.7418469 5.74185 14 


6.4455497 6.4455549 


19.21. Since the true solution Y(x) = x*— 10 is a fourth-degree polynomial, the Runge-Kutta method, which is a fourth- 
order numerical method, generates an exact solution. 


19.22. Method: RUNGE-KUTTA METHOD 


Problem: y’ = 5x*; y(0) =0 


h=0.1 True solution 
Yn io=2 


0.0000000 0.0000000 


0.0000104 0.0000 100 


0.0003208 0.0003200 


0.00243 13 0.0024300 


0.0102417 0.0102400 


0.0312521 0.0312500 


0.0777625 0.0777600 


0.1680729 0.1680700 


0.3276833 0.3276800 


0.5904938 0.5904900 


1.0000042 1.0000000 
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19.23. Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y’ = y; y(0) =1 


True solution 
Yn Y(x) =e™ 


1.0000000 1.0000000 


1.1051708 1.1051709 


1.2214026 1.2214028 


— 1.3498585 1.3498588 


1.4918201 1.4918245 1.4918247 


1.6487164 1.6487213 1.6487213 


1.8221137 1.8221191 1.8221188 


2.0137473 2.0137533 2.0137527 


2.2255352 2.2255418 2.2255409 


2.4595971 2.4596044 2.459603 1 


2.7182756 2.7182836 2.7182818 


19.24. Method: ADAMS—-BASHFORTH-MOULTON METHOD 


Problem: y’ =-y +x +2; y(0) =2 


True solution 
Y(x)=e*4+x4+1 


2.000000 2.000000 


2.004838 2.004837 


2.018731 2.018731 


— 2.040818 2.040818 


2.070323 2.070320 2.070320 


2.106533 2.106530 2.106531 


2.148814 2.148811 2.148812 


2.196587 2.196585 2.196585 


2.249330 2.249328 2.249329 


2.306571 2.306569 2.306570 


2.367880 2.367878 2.367879 
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19.25. Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y’ =—-y; y(0) = 1 


True solution 
Yn Y(x) =e 


1.0000000 1.0000000 


0.9048375 0.9048374 


0.8187309 0.8187308 


— 0.7408184 0.7408 182 


0.6703231 0.6703199 0.6703201 


0.6065332 0.6065303 0.6065307 


0.5488 136 0.5488110 0.5488116 


0.4965869 0.4965845 0.4965853 


0.4493302 0.4493281 0.4493290 


0.4065706 0.4065687 0.4065697 


0.3678801 0.3678784 0.3678794 


19.26. Method: ADAMS-BASHFORTH-MOULTON METHOD 


P 2 + 2 
Problem: y =7 7). yl) =3 
xy 


True solution 


Y(x) =xJ/9 + In x? 


3.0000000 3.0000000 


3.6722028 3.6722045 


4.3541872 4.3541901 


— 5.0444406 5.0444443 


5.7419118 5.7418465 5.7418514 


6.4455861 6.4455489 6.4455549 
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19.27. Method: MILNE’S METHOD 


Problem: y’ =—y+x+2; y(0)=2 


True solution 
Yn Yq) =e*+x4+1 


2.000000 2.000000 


2.004838 2.004837 


2.018731 2.018731 


— 2.040818 2.040818 


2.070323 2.070320 2.070320 


2.106533 2.106531 2.106531 


2.148814 2.148811 2.148812 


2.196588 2.196585 2.196585 


2.249331 2.249329 2.249329 


2.306571 2.306570 2.306570 


2.367881 2.367879 2.367879 


19.28. Method: MILNE’S METHOD 


Problem: y’ =—y; y(0) =1 


True solution 
Yn Y(x) =e 


1.0000000 1.0000000 


0.9048375 0.9048374 


0.8187309 0.8187308 


— 0.7408 184 0.7408 182 


0.6703225 0.6703200 0.6703201 


0.606533 1 0.6065307 0.6065307 


0.5488138 0.5488114 0.5488116 


0.4965875 0.4965852 0.4965853 


0.4493306 0.4493287 0.4493290 


0.4065714 0.4065695 0.4065697 


0.3678807 0.367879 1 0.3678794 
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CHAPTER 20 

20.15. y’ =z, 2 =—y; (0) = 1, 2(0) =0 

20.16. y’=z, 2 =y +x; y(0) =0, 20) =— 1 

20.17. y’ =z, 2 =2xyz —(sinx)y* + a yd) =0, z(1) =15 

y 
2 
20.18. =z, 2’ =w,w’ =aw —<2: yO) =1, 20) =2, w(0) =3 
x 
20.19. Method: EULER’S METHOD 
Problem: y’+y=0; y(0)=1, (0) =0 
x, h=0.1 . 
True solution 
Yn <n Y(x) = COS X 

0.0 1.0000 0.0000 1.0000 
0.1 1.0000 —0.1000 0.9950 
0.2 0.9900 —0.2000 0.9801 
0.3 0.9700 —0.2990 0.9553 
0.4 0.9401 —0.3960 0.9211 
0.5 0.9005 —0.4900 0.8776 
0.6 0.8515 —0.5801 0.8253 
0.7 0.7935 —0.6652 0.7648 
0.8 0.7270 —0.7446 0.6967 
0.9 0.6525 —0.8173 0.6216 
1.0 0.5708 —0.8825 0.5403 


20.20. Since the true solution Y(x) =—x, a first-degree polynomial, Euler’s method is exact and generates the true solution 


Y,=—X, at each x,,. 
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Method: 


RUNGE-KUTTA METHOD 


Problem: y” + y=0; y(0) 


Yn 


Zn 


1, Y(0) =0 


True solution 
Y(x) = cos x 


1.0000000 


0.0000000 


1.0000000 


0.9950042 


—0.0998333 


0.9950042 


0.9800666 


—0.1986692 


0.9800666 


0.9553365 


—0.2955200 


0.9553365 


0.9210611 


—0.3894180 


0.9210610 


0.8775827 


—0.4794252 


0.8775826 


0.8253359 


—0.5646420 


0.8253356 


0.7648425 


—0.6442172 


0.7648422 


0.6967071 


—0.7173556 


0.6967067 


0.6216105 


—0.7833264 


0.6216100 


0.5403030 


—0.8414705 


0.5403023 


20.22. Since the true solution is Y(x) = —x, a first-degree polynomial, the Runge-Kutta method is exact and generates the 
true solution y, =—x, at each x,. 


20.23. Method: ADAMS-BASHFORTH-MOULTON METHOD 


Problem: y” — 3y’ + 2y=0; y(0) =—-1, y'(0) =0 


£n 


True solution 
Y(x) = e?* — 2e* 


—1.0000000 


0.0000000 


—1.0000000 


—0.9889417 


0.2324583 


—0.9889391 


—0.9509872 


0.5408308 


—0.9509808 


—0.8776105 


0.9444959 


—0.8775988 


—0.7582805 


1.4670793 


—0.7581212 


1.4674067 


—0.7581085 


—0.5793682 


2.1386965 


—0.5791739 


2.1390948 


—0.5791607 


—0.3243735 


2.9954802 


—0.3241340 


2.9959702 


—0.3241207 


0.0273883 


4.0822712 


0.0276819 


4.0828703 


0.0276946 


0.5015797 


5.4542298 


0.5019396 


5.4549628 


0.5019506 


1.1299923 


7.1791788 


1.1304334 


7.1800757 


1.1304412 


1.9519493 


93404498 


1.9524898 


9.3415469 


1.9524924 
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Method: 


ADAMS-BASHFORTH-MOULTON METHOD 


Problem: 


y” +y=0; y(0) 


1, y(0)=0 


Yn 


Zn 


True solution 
Y(x) =cos x 


1.0000000 


0.0000000 


1.0000000 


0.9950042 


—0.0998333 


0.9950042 


0.9800666 


—0.1986692 


0.9800666 


0.9553365 


—0.2955200 


0.9553365 


0.9210617 


—0.3894147 


0.9210611 


—0.3894184 


0.9210610 


0.8775837 


—0.4794223 


0.8775827 


—0.4794259 


0.8775826 


0.8253371 


—0.5646396 


0.8253357 


—0.564643 1 


0.8253356 


0.7648439 


—0.6442153 


0.7648422 


—0.6442186 


0.7648422 


0.6967086 


—0.7173541 


0.6967066 


—0.7173573 


0.6967067 


0.6216119 


—0.7833254 


0.62 16096 


—0.7833284 


0.6216100 


0.5403043 


—0.8414700 


0.5403017 


—0.8414727 


0.5403023 
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20.25. Since the true solution is Y(x) = —x, a first-degree polynomial, the Adams—Bashforth—Moulton method, is exact and 


20.26. 


Method: 


generates the true solution y, = —x, at each x,. 


MILNE’S METHOD 


Problem: 


y” — 3y’ + 2y =0; y(0) =—1, yO) =0 


Zn 


True solution 
Y(x) = e”* — 2e* 


—1.0000000 


0.0000000 


—1.0000000 


—0.98894 17 


0.2324583 


—0.9889391 


—0.9509872 


0.5408308 


—0.9509808 


—0.8776105 


0.9444959 


—0.8775988 


—0.7582563 


1.4671290 


—0.7581224 


1.4674042 


—0.758 1085 


—0.579345 1 


2.1387436 


—0.5791820 


2.1390779 


—0.579 1607 


—0.3243547 


2.9955 182 


—0.3241479 


2.9959412 


—0.3241207 


0.0274045 


4.0823034 


0.0276562 


4.0828171 


0.0276946 


0.5015908 


5.4542513 


0.5019008 


5.4548828 


0.5019506 


1.1299955 


7.1791838 


1.1303739 


7.1799534 


1.1304412 


1.9519398 


9.3404286 


1.9524049 


9.3413729 


1.9524924 
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20.27. 


20.28. 


20.29. 
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Method: 


MILNE’S METHOD 


Problem: 


y” +y=0; y(0) 


1, (0) =0 


Yn 


Zn 


True solution 
Y(x) =cos x 


1.0000000 


0.0000000 


1.0000000 


0.9950042 


—0.0998333 


0.9950042 


0.9800666 


—0.1986692 


0.9800666 


0.9553365 


—0.2955200 


0.9553365 


0.9210617 


—0.3894153 


0.9210611 


—0.3894183 


0.9210610 


0.8775835 


—0.4794225 


0.8775827 


—0.4794254 


0.8775826 


0.8253369 


—0.5646395 


0.8253358 


—0.5646426 


0.8253356 


0.7648437 


—0.6442148 


0.7648423 


—0.6442178 


0.7648422 


0.6967086 


—0.7173535 


0.6967069 


—0.7173564 


0.6967067 


0.6216120 


—0.7833245 


0.6216101 


—0.7833272 


0.6216100 


0.5403047 


—0.8414690 
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1 1 1 1 
k, =hf\ x, +—h,y +—k,,z,+—-L,w,. +—m 
3 i a) vn a ea) : 
1 1 1 1 
betes t ght phos tha | | 
1 1 1 1 
mats, ayn ae show t 5m | 


ky= hf (X_)+ h, Yat k3, Zn ls, Wat m3) 
lg=hg (x, +h, y,+k3, Z, +13, W, +m) 


mg= hr (x, +h, yy + k3, 2, + 1g, Wy + M3) 


20.30. Same equations as given in Problem 20.13 with the addition of 
PW 41 =W,,-3 + Sew, why | 2wi_») 
h , , , 
Way = Waar +3 PW | 4w, +w,_1) 
CHAPTER 21 
21.27. 2 21.28. v5 
s s 
21.29. J 21.30. : 
HD: s+6 
aii. 2192). == 
ss s° 
21.33. — he eee 
aes, s° +16 
7 i i 
s+b (s +8) 
Ce a1ae:. © 
(s —b) s* 
-2s Ln ges —(s-1) _ ,-4(s-1) 
2139, I-¢ 40. AF 4" 
s s s-l 
2s 
2.41. 20-2) aaa, Aber) 
s s 
2 ‘aa 
2143, 2 As: 
° (s° +9) 
120 : 
21.45. 7 21.46. = 
(s +1) RY 
a7. | 21.48, 2 
1+3s 14+3s 
mids, 21a 21.50. 
s(s° +12) s +125 s+5 
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at, Be 2 Be 
sr +1/4 457 +1 


21.53. -0.9J/ns-” 


2 
21.55. GD +4 
s—3 
21.57. (@—3) +4 -3)) +4 
21.59. VF, -5)* 
2 
2 


21.61. (s+2)[(s +2) +4] 


5 7 
20: Sot 
es, oe 

Ss Ss" 
73 Fei 

s +9 

2 

aie9, 40 #DIG +)? +3] 
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1 " 
21.71. avn (s —2)” 
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ae s|(s—3)? +1 
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7s. Joe ee 
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CHAPTER 22 


22.20. x 
22.22. x 

22.24. 3/6 
22.26. —2e* 


22.28. 1a 7 


22.30. 2x36" 
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21.52. 


21.54, 


21.56. 


21.58. 


21.60. 


21.62. 


21.64, 


21.66. 


21.68. 


21.70. 


21.72. 


21.74, 


21.76. 


22.21. 


22.23. 


22.25. 


22.27. 


22.29. 


22.31. 


—S 
sv +19 
2 
(s +1) +4 


stl 
(s+1)? +4 


s—3 
(s — 3)? +25 


Va 


S(a5"" 
ra ) 


8(3s7 —16) 
(s° +16) 


sd+e”) 


(stDe* +541 
(1 _ erty 


ce 
see x +x COS x) 


22.32. 


22.34. 


22.36. 


22.38. 


22.40. 


22.42. 


22.44. 


22.46. 


22.48. 


22.50. 


22.52. 
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B singe + V3x cos/3x) 


2 
= e**sin 3x 
3 


2e*cosV7x + ee'siny Tx 


= 


e* sin x 


(1/2)x 


1 ' 
e”*cos 2x + rial 


sin 2x 


e*+cosx+sin x 


cos x — e* + xe* 
=x + 3x? 


8 
2x? + =x” 


Vn 


3 2 (12)x Qs V3 
e 
2° WB 2 


ne ee 


-——e* +-—e "cosh —x 
2 


1 (1/2)x,s V5 


+—~esinh — x 
24/5 2 


CHAPTER 23 


23.20. 


23.22. 


23.24. 


23.26. 


23.28. 


23.30. 


23.32. 


23.34. 


7/6 


e** — (2x + 1) 


e“-x-1 


3 
—(1-—cos 2x 
i ) 


201 -e*) 


x— szsins/3x 


B 


1 —cos 3x 


22.33. 


22.35. 


22.37. 


22.39. 


22.41. 


22.43. 


22.45. 


22.47. 


22.49. 


22.51. 


22.53. 


23.21. 


23.23. 


23.25. 


23.27. 


23.29. 


23.31. 


23.33. 


23.35. 


1. 
—sin 2x 
2 
. i 
e*cosV5x — —=e™*sinV/5x 
V5 
: sin : x 
v2 V2 
e~* cos 2x +e™ sin 2x 
7 8?*cog vil ee A cog VU 
2° Vi 2 
1 x 1 <x 
—e* —-e 
2 2 
xt+x 
x7/2 +. x4/8 


—1+e** cos 3x 


1 
—x sin 3x 
6 


=k. 1 Kas. 1 
e “cos—x —e “sin—x 
2 2 


(e* = e°*) 


xe*+2e*%+x—-2 


l-—cosx 


1 
—(1-cos 2x 
aS ) 


1 
x ——sin 3x 
3 
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23.36. See Fig. 23-9. 


f@) 
A 
27 *————_ 
I I 
i | qa 
I 
a es, ee Cee os? 
1 2 3 4 6 
Fig. 23-9. 
23.38. u(x) — u(x —c) 
23.40. See Fig. 23-12. 
> x 


Fig. 23-12. 


23.37. See Fig. 23-10. 


SQ) 


Fig. 23-10. 


23.39. See Fig. 23-11. 


FQ) 
A 


Fig. 23-11. 


23.42. 


23.44. 


23.46. 


23.48. 


23.50. 


23.52. 
23.54, 


23.56. 


23.58. 
23.60. 


g(x) = u(x 
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— 3)f(x — 3) if f(@~) =x +4. 


Then G(s) =e** (4+ ‘| 
Sos 


ee) 


s—l 


B(x) = u(x 


— 2)f (x — 2) 


if f(x) =2° + 6x7 +: 12x +9. 


Then G(s) =e” ( 


4 a aD 
S 


6 12 12 9 
++ 
Ss RY RY 


si — 5) sin 2(x —5) 


2u(x — 2)e 


3(x — 2) 


7u(x—2)(x-2) 


Kf (x)* g(x 


y= f Oge—nat 


=kf f@)ge—nat 
0 
= kf (x)* @(x) 


y(x) = e* + xe* 


yx) = 0 


CHAPTER 24 


24.17. 


24.19. 


24.21. 


24.23. 


24.25. 


24.27. 


24.29. 


24.31. 


24.33. 


1 


y =—(609e** + 30 sin 2x — 3 cos 2x) 


101 


e id cos 2x b sin 2x 
65 65 


1 v37 


—e OY eosh er (x —4) 
3 2 


7 


eo GIG-Dei ah ae —A4) Ju(x -— 4) 


23.43. 


23.45. 


23.47. 


23.49. 


23.51. 


23.53. 
23.55. 


23.57. 


23.59. 


24.18. 


24.20. 


24.22. 


24.24, 


24.26. 


24.28. 


24.30. 


24.32. 


24.34. 


g(x) =u — 3)f(x — 3) if f@~) =x+3 
Then G(s) = e (-- 4 *] 
ss 


s-l1 
u(x — 3) cos 2(x — 3) 


sur —7)sin 2(x —7) 
8u(x — De3e-) 


(x — Mu(x — 7) 


y(x) =—3e™* + 3e* — 6x 


y(x) = cos x 


yel 
y= ee 1) 


y =2e* + xe™ 


1. 1 = 1 
Le CO ane * (4 =Cy a 
yar 

=-e' +—e*+=xe" 
ar’ 


3 ugg. 2g 13 : 
y=te™* +=e™“cos 2x + e“'sin 2x 
3 2 10 


y=sinx 
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24.35. 


24.37. 


24.39. 


24.41. 


24.43. 


24.45. 
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5 10. ise. 43 


y=-5+—e*+—e cos — x 
3 3 2 


“Y 1+ = 
=e x +— 
: 60 


T = 100e* 


v=de "+16 (dy =cy — 16) 


x =—2e*™ sin 3¢ 


CHAPTER 25 


25.7. 


25.9. 


25.11. 


25.13. 


25.15. 


25.17. 


u(x) =27 +x V(X)=x-1 
u(x) = 2e* + 6e* v(x) = e* + 2e™* 


yx) = e* zx) = e* 


w(x) = cos x + sin x 


y(x) =cosx—sinx z(x)=1 
u(x) =e*+1 v(x) =2e*-1 


w(x) =sinx y(x) =— 1+cosx 


2x) = sin x — cos x 


CHAPTER 26 


26.9. 


26.11. 


26.13. 


26.15. 


26.17. 


26.19. 


1 2 2 aG- 
=e tl) 4 F o2e-D 
3 3 


x 


a1 4e-n a lacey il 
6 3 2 


x 


x=k, cost+k,sint 


x=-—cos(t—1)+t 


y=et+e7 


24.36. 


24.38. 


24.40. 


24.42. 


24.44, 


24.46. 


25.8. 


25.10. 


25.12. 


25.14. 


25.16. 


26.10. 


26.12. 


26.16. 


26.18. 


26.20. 


N = 5000¢°°8% 


T =710e* + 30 


t 


4 8. 4 
q= e +—sin 2t + —cos 2t 
5 5 5 


x=2(1 +1) e 


q= J (110e" —10le™” +13sint 
500 


u(x) = e* + 2e* v(x) =e +e* 
yx) =1 2x)=x 


w(x) =e" —e* +1 


y(x) = 2e* +e* — 1 


u(x) =—e*+e~ v(x) =e*-e* 


w(x) =x? yx) =x zx) =1 


votes lp 
6 2 
1 

x=te™ ag ! 
6 3 

x=0 


y=ket + kye”! 


9cost) 
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26.21. y= ae + =e" + ze 26.22. z= = (13sint — 9cost —90e~ + 99e7") 
26.23. x=e%4+2e7 y=e%+2e7 26.24. x=2e'+6e' y=e'+2e7 

26.25. x=P4+t y=t-1 26.26. x=kye*+kyet y =2k,e% — kye™ 

26.27. x= a + 6t 26.28. x=-e'+e% y=e'-et 


26.29. x=-—8cost—6sint+8+6t y=4cost—2sint—3 


CHAPTER 27 

27.26. Ordinary point 27.27. Ordinary point 
27.28. Singular point 27.29. Singular point 
27.30. Singular point 27.31. Singular point 
27.32. Ordinary point 27.33. Singular point 


27.34. Singular point 


3 
2 x 


27.35. y=a,+a, [e+e lee +c,e", where c) = dp — a, and c) =a, 


27.36. RF (recurrence formula): a, = oy 
“  (n+2)(n+1) 


y=a,| 1 14 : xote Ital x Ee ! xT ee 
6 180 12 504 


n-1 


78%. BK 6922 
(n+ 2) 
y=a,|l+x°+—x*+—2x°4 ta} x+ix+—x 4 By 
15 105 
-l 
27.38. RF: a,,,=———a,_, 
(n+2) 
1 1 1 
=a,\1—-—x° + ey ta|x—-—x* 4 14 
y | 18 ) ( 4 28 
7a: Rea. = a 
(n+2)(n +1) (n+2)(n +1) 


y=Q, (edges liye ts so lta gt ea boty : open 
2 24 20 6 12 120 
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27.40. 


27.41. 


27.42. 


27.43. 


27.44, 


27.45. 


27.46. 


27.47. 


27.48. 


27.49. 
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a,+42 = <_g. 
(n+2)(n+1) "~ 


RF: Gy +2 = 


n-l 


—————_ 4 
(n+2)(n +1) 


1 


RF: OC, ee a 
(n+2)(n +1) 


(a, +4a,_;) 


504 


yH=a fee : xo te lta, pe Ea 
6 180 12 


_ cel 2,1 , 1 et 
y a) i+$00 1) rae 1) ae 1+ 


n+ 


1 1 
ta|(x-1)+—(x-1)*4 x-lite: 
it ) 6° ) or ) 
RF: 4,..= daa a,-1 Bid a, + : a 
(n+2)(n+1) (n+2)(n+1) n+2 


1 ra 
y=a1 AG + 2)° Bott | 


ta[r42) 42042) 426042) 42040) +-| 


n—-n+l 


RF: an+2 =—5. A ae et 
A(n +2)(n +1) 


1 


y= I 3 Tg hic +a} 1 Mity 
24 1920 8 


n 


RF: a4. =O ant 
(n+2)(n +1) 


n>2 


a 


ye-FOr-W? +a +43 +e 1)’ 


n 


(-1)" 


a, +2 = a, + 
(n+2)(n +1) n(n +2)(n +1) 


1 
x-1) +: 
rh ) 


2 6 8 30 


1 1 1 1 
v-( x ax? +—x* amfeg 


1 1 , 
jelsee se x" 


y=2x D+F 1? +(x-1° 


als 


| 
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CHAPTER 28 
28.25. RF (recurrenceformula): a, = ! dn 
[2(A +n) -1][A+n)-1 
neoman[t ax = ~ x +) 


28.26. 


28.27. 


28.28. 


28.29. 


28.30. 


28.31. 


1 1 
xy=aVx\l4ext—x7 +—x3 4-5: 
WAD=% 6 90 


a, ep, 
(A +n) —-1 


roman -3x4 : x | ve] 


RF: 


15 105 
1 1 1 
x)=a,Vx|1-Lxt—x2? -— x3 + 
Yl) dy 2 8 48 
= 


n 


= a,-2 
[3(A +n) +1][(A +n) -2] 


neomar[t Pe , tv bia 


26 1976 
1 1 1 
x)=a,x"} 1 x x* Xone 
me 2 40° 2640 
For convenience, first multiply the differential equation by x. Then 
ao: il 
n (x ae ny n-1 


1, 1.3; 
X)=Q)x| 1+x+—x°+—X 4+°: 
y4(2) > rane 


sada cone tal —2— Fe +) 


RF: a 
(A+n) 
1 , ia 
x)=a,|1--—x' + xo pee 
v(x) | a + 


2 4 1 , 
x)=y,(x)Inx +a,| —x° -——x°+-:- 
yp(X) = y, (x) cE a ) 


pe 
(A+ n) +1 


neomar{1 t ax xo + ! Ben eEate 1-x) 
x 


12 60 
1 1 
nuedeage'(Ltx Tol gt ts pare 


For convenience, first multiply the differential equation by x. Then 
1 
Gy = Oy aaa hl 
(A+n)-2 
y,(x) =ayx"| 1+x4 12 ees aa ae 
oo 21" "31 0 


y,(x) =—y,(x) Inx + a,(l— x — x +0x° ++) 
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-l 


28.32. a, =——————4,,__ 
"2A+n)-1"" 
1 1, 1 =, 
H=as/2|\ lo eto oe Be 
yi (X) =a ( 2 8 48 
1 12 1,,3 33 
x)=—y,(x)+ax "| 1-=x° +—x' +-:: 
yy (x) a 0 - 5 
28.33. a ae a 
(A+n)-2 
2 1, 1s, ; 2-x 
y, (x) =ayx°] 1 ate a" bess |= a)x e 
5) 11 
x) =y,(x)Inx + ayx?| x x +—xi He 
¥2(%) =, ) 0 ( 4 36 
28.34. y=eyx!? + ex!" 28.35. y=cyx? + cox? Nx 
28.36. y=ex!? +eox4 28.37. y=cyx! + cox? 


28.38. y=c, + cx! 


CHAPTER 29 
29.9. J (4x? — 2)(8x3 -12x)e™ dx =0 29.10. Hs(x) =32x° — 160x* + 120x 
29.11. P(x)= (633 —70x* +15x) 29.12. P(x)= (2313 —315x* +10x? —5) 
29.14. T5(x) = 16x° — 20x° + 5x 
2 
29.15. 5 29.16. 4 


29.18. Ay(x) =2x 
29.19. L2(x) =-6x +18; L(x) =4x° — 48x7 +144x - 96 


29.20. (a) no; (b) yes (3 and 6); (c) no; (d) yes (7 and 8); (e) yes (2 and 11) 


CHAPTER 30 

30.19. 1.4296 30.20. 2.6593 

30.21. 7.1733 30.22. —0.8887 
1i/(1 

30.23. 3.0718 30.24. 15] 


30.25. rq) = i 
2 2 


30.26. First separate the k =0 term from the series, then making the change of variables j = k — 1, and finally change the 
dummy index from j to k. 


30.29(b). sui + JI 
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CHAPTER 31 


31.16. (a) harmonic; (b) harmonic; (c) not harmonic; (d) harmonic; (e) not harmonic 
31.17. x cos y+ f(y), where f(y) is any differentiable function of y 

31.18. sin y+f(x), where f(x) is any differentiable function of x 

31.19. 3y+4x4+1 


31.20. x°y+x+cosh y 
3 
31.21. hal + xg(y) + h(y), where g(y) and A(y) are any differentiable functions of y 


31.22. u(x, y) =x’y* + g(x) + A(y), where g(x) is a differentiable function of x, h(y) is a differentiable function of y 
31.23. u(x, y) =—x°y + g(x) + xh(y), where g(x) is a differentiable function of x, and h(y) is a differentiable function of y 


31.24. u(x, t)=5 sin 3x cos 3kt— 6 sin 8x cos 8kt 


CHAPTER 32 

32.22. y=0 32.23. y=x- Ssinx 

32.24. y=sinx 32.25. y=x+ C = x fins — cos x 
32.26. y=Bcos x, B arbitrary 32.27. No solution 

32.28. No solution 32.29. y=x+B cos x, B arbitrary 
32.30. A=1,y=c\e~ 32.31. No eigenvalues or eigenfunctions 


32.32. X=2,y=coxe and A= 7 y =¢,(-3 + xjer? 
32.33. AH=1, y=coe™ (Cp arbitrary) 


32.34. 2, =—-n’7,y, =A, sin na (n=1,2,...) (A, arbitrary) 


2 
1 1 1 1 
32.35. A, = mt ,y, =B 1 =1,2,...)(B, arbitr 
n & | Yn os 5 of (n ) (B,, arbitrary) 


32.36. A, =n", y, =B, cos nx (n= 1,2, ...) (B, arbitrary) 
32.37. Yes 32.38. No, p(x) =sin zx is zero atx=+1,0. 


32.39. No, p(x) =sin x is zero at x =0. 32.40. Yes 


ae ‘ 3 ‘ 
32.41. No, the equation is not equivalent to (29.6). 32.42. No, w(x) =— is not continuous at x =0. 
2 
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32.43. Yes 32.44. I(x) =e'; (ey) +xe“*y + Ae*y =0 


32.45. I(x) =x; (xy’)’ + Ay =0 32.46. A, =n7; e,(x) =cos nx (n=0, 1,2, ...) 


2 


32.47. d= 3e,(8) =sin (n=1,2,...) 


CHAPTER 33 
21 ; 6 (-l" . nax 
33.12. —) —[1-(-))"]sinnazx 33.13. sin 
nl oy a> n 3 
33.14. 17 +4 cal cosnx 33.15. zs >a go cos id 
3 n=1 Nl 3 T= 3 3 
33.16. 1 
33.17. Dy 4 sin isle + 2 cos é cos nm Pika 
nell NI 2 nt 2 mT 2 
33.18. = cos| n : Xx 33.19. =>) CD > sin] n : x 
oi n=l 1 2 TU = 1 2 
n-— oO 
2 2 


33.20. (a) yes; (b) no, lim f(x) =; (c) no, lim F(x) =°; (d) yes, f(x) is continuous on [-1, 5] 


x>2 x>2 
33.21. (a) yes; (b) yes; (c) no, since ra Inlxl=—-°0; (d) no, since lm ope = 
CHAPTER 34 
34.17 (a) n; (b) u; (c) 7; (d) nonlinear; (e) homogeneous 
34.18 (a) k; (b) w; (c) 1; (d) nonlinear; (e) nonhomogeneous 
34.19 (a) t; (b)z; (c) 3; (d) linear; (e) homogeneous 
34.20 (a) m; (b) g; (c) 13; (d) linear; (e) homogeneous 
34.24 k(—17)", where k is any constant 
34.25 c,(-1)"+ c,(12)", 34.26 = c,(10)” + con(10)", 

where c, and c) are any constants where c, and c, are any constants 
34.27 5(5) 34.28  k(2)" —n* —2n—3, where k is any constant 
34.29 10(2)"—n?-2n-3 3430 — (Sy 4)" 

2V5|| 2 2 


34.31 $18,903.10 
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CHAPTER 35 


See solutions to these problems by comparing with corresponding numbered problems in this Answer Section. They are 
found in Chapters 4, 6,9, 10,11, 12, and 13. 


CHAPTER 36 


36.11. xf] 9 (2+e" hk —Cl+e" Jy), ytt] > 2(-1+e™ )k, +(1+2e* )k,) 


36.12. x[t] > 2Cos[8t]+Sin[87], y[t] > —2(Cos[ 8+] —2Sin[8r]) 


36.13. x[t] > -23e' -17e" ,y[t] 9 46e7 +51e" 


36.14. x[t]> a (-7Cos[2t]+7e* Cos[2r? +2” Cos[2¢]? +12Sin[2t]+ 7e”Sin[2r]’ +2e71Sin[2r]’), 
y[t]o 567 2Cosf21]-8e"Cosl22} +2e"'1Cos[2t]? +7Sin[21¢]—8e" Sin[2r]’ +2e7'tSin[2¢]°) 


(Note in Mathematica, Cos[2t/’, signifies Cos’[2t].) 


36.15. x[t] > -934+92e7 + 71t+28e"t—241° +40? y[t] > -64+7e" +6r—-39° +9° 


—2t 


36.16. x[t]>1-e, y[t] > -14+e" +8et, eft] 9-143e 


—2r 2 2 -2r 2 
Sei: a i See ree a Se 
4 4 22 2 4 4 22 


36.18. No solution exists. 


CHAPTER 37 


37.6. y= Oisa sink. 

37.7. y = 2 isa sink and y=3 is a source. 

37.8. y= 0 isa saddle point and y=3 is a source. 

37.9. y= Oisa source and y=2 is a sink. 

37.10. y = 0 is a source and y=3 is a line of sinks. 

37.11. y= 0Oisa source. 

37.12. y =~-4, -2, 0, 2, 4 are all sources and y = —3, —/, /, 3 are all sinks. 


37.13. y = 10 isa sink. 
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CHAPTER 38 
See solutions to these problems by comparing them with their corresponding numbered problems in this Answer Section. 


They are found in Chapter 18. 


CHAPTER 39 


All solutions are given at the end of Chapter 39 of this book. 


Adams-—Bashforth—Moulton method, 177 
for systems, 196, 207 
Addition of matrices, 131 
Amplitude, 118 
Analytic functions, 262 
Applications: 
to buoyancy problems, 116 
to cooling problems, 50 
to dilution problems, 52 
to electrical circuits, 52, 115 
to falling-body problems, 51 
of first-order equations, 50 
to growth and decay problems, 50 
to orthogonal trajectories, 53 
of second-order equations, 114 
to spring problems, 114 
to temperature problems, 50 
Archimedes principle, 116 
Autonomous differential equations, 339 


Bernoulli equation, 14, 42 

Bessel functions, 295 

Bessel’s equation, of order p, 296 
of order zero, 299 

Bifurcation, 356 

Boundary conditions, 2, 309 

Boundary-value problems: 
definition, 2, 309 
Sturm-Liouville problems, 310 

Boyle’s law, 10 

Buoyancy problems, 116 


Cayley—Hamilton theorem, 133 
Characteristic equation: 
for a linear differential equation, 83, 89 
of a matrix, 133 
Characteristic value (see Eigenvalue) 
Charles’ law, 12 
Chebyshev’s differential equation, 290 
Chebyshev’s polynomials, 291 


Circular frequency, 118 
Coefficient matrix, 335 
Competing armies, 357 
Complementary solution, 74 
Completing the square, method of, 224 
Constant coefficients, 73, 83, 89, 94, 254 
Constant matrix, 131 
Convolution, 233 
Cooling problems, 50 
Critically damped motion, 117 
Critical points, 339 
saddle point (semi-stable/attractor-repeller), 342, 344, 345 
sink (stable/attractor), 344-346 
source (unstable/repeller), 342, 344, 345, 346 


Damped motion, 117 
Decay problems, 50 
Derivative: 
of a Laplace transform, 211 
of a matrix, 132 
Difference, 325 
Difference equations, 9, 325 
Differential equation, 1 
Bernoulli, 42 
with boundary conditions, 2, 309 
exact, 15,31 
homogeneous, 15, 21, 73 (See also Homogeneous 
linear differential equations) 
with initial conditions, 2, 110 
linear, 14, 42, 73 (See also Linear differential 
equations) 
order of, | 
ordinary, 1 
partial, 1, 304 
separable, 15, 21 
solution of (see Solutions of ordinary differential 
equations) 
systems of (see Systems of differential equations) 
Differential form, 14 
Dilution problems, 52 
Direction field, 157 
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e“, 140, 254 
Eigenfunctions, 307, 310, 318 
Eigenvalues: 
for a boundary-value problem, 307, 310 
of a matrix, 133 
for a Sturm—Liouville problem, 310 
Eigenvectors, 334 
Electrical circuits, 52, 115 
Equilibrium point: 
for a buoyant body, 116 
for a spring, 114 
Euler’s constant, 300 
Euler’s equation, 287 
Euler’s method, 158, 348-351 
modified, 177 
for systems, 196 
Euler’s relations, 87 
Exact differential equation, 15, 31 
Excel®, 348-351 
Existence of solutions: 
of first-order equations, 19 
of linear initial-value problems, 73 
near an ordinary point, 262 
near a regular singular point, 275 
Exponential of a matrix, 140 


Factorial, 266, 298 
Falling-body problem, 51 
Fibonacci numbers, 326, 327, 329 
First-order differential equations: 
applications of, 50 
Bernoulli, 14, 42 
differential form, 14 
exact, 15,31 
existence and uniqueness theorem, 19 
graphical methods, 157 
homogeneous, 15, 22, 29 
integrating factors, 32 
linear, 14, 42, 73 
numerical solutions of (see Numerical methods) 
separable, 15, 21 
standard form, 15 
systems of (see Systems of differential equations) 
Fourier cosine series, 319 
Fourier sine series, 319 
Free motion, 117 
Frequency, circular, 118 
natural, 118 
Frobenius, method of, 275 


Gamma function, 295 
table of, 297 
General solution, 74 (See also Solutions of ordinary 
differential equations) 
Graphical methods for solutions, 157 
Growth problems, 50 


INDEX 


Half-life, 57 
Harmonic function, 308 
Harmonic motion, simple, 118 
Heat equation, 304 
Hermite’s differential equation, 290 
Hermite’s polynomials, 291 
Homogeneous boundary conditions, 309 
Homogeneous boundary-value problem, 309 
Sturm-—Liouville problem, 310 
Homogeneous difference equation, 325 
Homogeneous linear differential equation, 73 
characteristic equation for, 83, 89 
with constant coefficients, 83, 89, 254 
solution of (see Solutions of ordinary differential 
equations) 
with variable coefficients, 262, 275 
Homogeneous first-order equations, 15, 22, 29 
Homogeneous function of degree n, 29 
Hooke’s law, 115 
Hypergeometric equation, 288 
Hypergeometric series, 288 


Ideal Gas law (see Perfect Gas law) 
Identity matrix, 132 
Indicial equation, 276 
Initial conditions, 2, 148 
Initial-value problems, 2 
solutions of, 2,21, 110, 242, 254, 264 
Instability, numerical, 158 
Integral of a matrix, 132 
Integral equations of convolution type, 239 
Integrating factors, 32 
Inverse Laplace transform, 224 
Isocline, 157 


I(x) (see Bessel functions) 


Kirchhoff’s loop law, 116 


L(y), 73 
Laguerre’s differential equation, 290 
Laguerre’s polynomials, 291 

Associated polynomials, 294 
Laplace differential equation, 305 
Laplace transforms, 211 

applications to differential equations, 242 

of convolution, 233 

of derivatives, 242 

derivatives of, 211 

of integrals, 212 

inverse of, 224 

of periodic functions, 212 

for systems, 249 

table of, 359 

of the unit step function, 234 


Legendre’s differential equation, 269, 290 
Legendre’s polynomials, 269, 291 
Limiting velocity, 52 
Line element, 157 
Linear dependence of functions, 74 
Linear difference equation, 325 
Linear differential equations: 
applications of, 50, 114 
characteristic equation for, 83, 89 
with constant coefficients, 73, 83, 89,94, 254 
existence and uniqueness of solution of, 73 
first-order, 14, 42 
general solution of, 74 (See also Solutions of ordinary 
differential equations) 
homogeneous, 73, 262 
nth-order, 89 
nonhomogeneous, 73, 94, 103 
ordinary point of, 262 
partial differential equation, 304 
regular singular point of, 275 
second-order, 83, 262, 275 
series solution of (see Series solutions) 
singular point, 262 
solutions of, 73 (See also Solutions of ordinary 
differential equations) 
superposition of solutions of, 80 
systems of (see Systems of differential equations) 
with variable coefficients, 73, 262, 275 
Linear independence: 
of functions, 74 
of solutions of a linear differential equation, 74 
Logistics population model, 12, 57,355 


Mathematica®, 330 

DSolve, 330-337 

Expand, 335 

Plot, 341 

Show, 341 

Simplify, 332 

StreamPlot, 339 

UnitStep, 357 
Mathematical models, 9 
Matrices, 131 
e“!, 140, 254 
Method of Frobenius, 275 
general solutions of, 276 
Milne’s method, 177 
for systems, 207 
Modeling (see Mathematical models) 
Modeling Cycle, 9, 10 
Modified Euler’s method, 177 
Multiplication of matrices, 132 
Multiplicity of an eigenvalue, 133 


n!, 266, 298 
Natural frequency, 118 
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Natural length of a spring, 115 
Newton’s law of cooling, 50 
Newton’s second law of motion, 51, 115 
Nonhomogeneous boundary conditions, 309 
Nonhomogeneous boundary-value problem, 309 
Nonhomogeneous difference equation, 325 
Nonhomogeneous linear differential equations, 73 
existence of solutions, 74 
matrix solutions, 254 
power series solutions, 263 
undetermined coefficients, 94 
variation of parameters, 103 
Nontrivial solutions, 307, 310 
Numerical instability, 158 
Numerical methods, 176 
Adams-Bashforth—Moulton method, 177, 196, 207 
Euler’s method, 158, 196 
Milne’s method, 177, 207 
Modified Euler’s method, 177 
order of, 178 
Runge-Kutta method, 177, 196 
stability of, 158 
starting values, 178 
for systems, 195 


Order: 

of a difference equation, 325 

of an ordinary differential equation, 1 

of a numerical method, 178 

of a partial differential equation, 304 
Ordinary differential equation, 1 
Ordinary point, 262 
Orthogonal trajectories, 53 
Orthogonality of polynomials, 291 
Oscillatory damped motion, 117 
Overdamped motion, 117 


Partial differential equation, 1, 304 
Partial fractions, method of, 224 
Particular solution, 74 

Perfect Gas law, 10 

Period, 118 

Periodic function, 212 

Phase angle, 66, 118 

Piecewise continuous function, 318 
Piecewise smooth function, 318 
Power series method, 263 

Powers of a matrix, 132 
Predator-Prey model, 12 
Predictor-corrector methods, 176 
Pure resonance, 122 


Qualitative approach in modeling, 10, 339 
Quasi-linear partial differential equations, 304 
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RC circuits, 45 
RCL circuits, 115 
Recurrence formula, 263 


Reduction to a system of differential equations, 148 


Regular singular point, 275 

Resonance, 122 

RL circuit, 45 

Runge-Kutta method, 177 
for systems, 196 

Rodrigues’ formula, 290 


Scalar multiplication, 132 
Second-order linear equations, 83, 262, 275 
(See also Linear differential equations) 
Separable equations, 15, 21 
Separation of variables, method of 
for partial differential equations, 306 
Series solutions: 
existence theorems for, 263 
indicial equation, 276 
method of Frobenius, 275 
near an ordinary point, 263 
recurrence formula, 263 
near a regular singular point, 276 
Taylor series method, 273 
Simple harmonic motion, 118 
Singular point, 262 
Solutions of difference equations: 
general, 326 
particular, 326 
Solutions of ordinary differential equations, 2, 73 
boundary-value problems, 2, 309 
from the characteristic equation, 83, 89 
complementary, 74 
for exact, 31 
existence of (see Existence of solutions) 
general, 74, 276 
by graphical methods, 157 
homogeneous, 21, 74, 83, 89 
by infinite series (see Series solutions) 
for initial-value problem, 2, 73, 110 
by integrating factors, 32 
by Laplace transforms, 242 
for linear first order, 42 
linearly independent, 74 
by matrix methods, 254 
by the method of Frobenius, 275 
by numerical methods (see Numerical methods) 
near an ordinary point, 262 
particular, 74 
by power series, 263 
near a regular singular point, 275 
for separable equations, 21 
by superposition, 80 
of systems, 195, 249, 254 
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Solutions of ordinary differential equations (Cont.): 
by undetermined coefficients, 94 
uniqueness of (see Uniqueness of solutions) 
by variation of parameters, 103 

Spring constant, 115 

Spring problems, 114 

Square matrix, 131 

Standard form, 14 

Starting values, 178 

Steady-state current, 65, 117 

Steady-state motion, 117 

Step size, 158 

Sturm-Liouville problems, 310, 318 

Superposition, 80 

Systems of differential equations, 249 
homogeneous, 254 
in matrix notation, 148 
solutions of, 195, 249, 254 


Taylor series, 163, 273 
Temperature problems, 50 
Transient current, 65, 117 
Transient motion, 117 
Trivial solution, 307, 310 


Underdamped motion, 117 
Undetermined coefficients, method of 
for difference equations, 326 
for differential equations, 94 
Uniqueness of solutions: 
of boundary-value problems, 310 
of first-order equations, 19 
of linear equations, 73 
Unit step function, 233, 357 


Variable coefficients, 73, 262, 275 
Variables separated 

for ordinary differential equations, 15 

for partial differential equations, 305, 306 
Variation of parameters, method of, 103 
Vectors, 131 
Vibrating springs, 114 


Wave equation, 304 
Weight function, 291 
Wronskian, 74 


Zero factorial, 298 


